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Preliminaries

Definition
Let | be a nonempty interval. Then the function f: I" — R is

Schur-convex if
f(Sx) < f(x)

for all doubly stohastic matrix S and for all x = (xq,--- ,x,) € I".
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Let | be a nonempty interval. Then the function f: I" — R is

Schur-convex if
f(Sx) < f(x)

for all doubly stohastic matrix S and for all x = (xq,--- ,x,) € I".

Let D be a nonempty, convex subset of a linear space X. Then, the
function f: D x D — R is Schur-convex, if

f(tX+(17t)ya(17t)X+ty)§f(Xay)

for all x,y € D, and t € [0,1]. And if the above inequality stands only for
one fixed t €]0,1[ and f is symmetric, we say that f is t-Schur-convex.
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Preliminaries

Definition
Let | be a nonempty interval. Then the function f: I" — R is
Schur-convex if

f(Sx) < f(x)

for all doubly stohastic matrix S and for all x = (xq,--- ,x,) € I".

Let D be a nonempty, convex subset of a linear space X. Then, the
function f: D x D — R is Schur-convex, if

f(tX+(17t)ya(17t)X+ty)§f(Xay)

for all x,y € D, and t € [0,1]. And if the above inequality stands only for
one fixed t €]0, 1] and f is symmetric, we say that f is t-Schur-convex.

It is easy to check, that if f: D x D — R is a Schur-convex and
o f(x,y) =g(x)+ g(y), then g is a Wright-convex function;
e f(x,y) = max{g(x),g(y)}, then g is a quasi-convex.
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Preliminaries

Let us define the function ¢y, : [0,1] — R in the following way J

Oxy(t) = f(tx+ (1 — t)y, (1 — t)x + ty), x,y € D.
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Let us define the function ¢y, : [0,1] — R in the following way

Oxy(t) = f(tx+ (1 — t)y, (1 — t)x + ty), x,y € D.

Theorem

A function f: D x D — R is %—Schur—convex if and only if the function
©x,y has a global minimum at % for every fixed x,y € D.
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and only if for all arbitrarily fixed x,y € D the function ¢, is monotone
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Preliminaries

Let us define the function ¢y, : [0,1] — R in the following way

Oxy(t) = f(tx+ (1 — t)y, (1 — t)x + ty), x,y € D.

Theorem

A function f: D x D — R is %—Schur—convex if and only if the function
©x,y has a global minimum at % for every fixed x,y € D.

Theorem

Let f: D x D — R be a symmetric function. Then f is Schur-convex if
and only if for all arbitrarily fixed x,y € D the function ¢, is monotone
decreasing on [0, %] monotone increasing on [%, 1], and ¢y, has a global
minimum at %

Remark

Olbrys: showed that the corresponding sufficiency part of the previous
theorem is true in the case of Wright-convexity.
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It is easy to see that the above definition can be considered in the
following way: f: D x D — R is t-Schur-convex, if

f((lit 1tt)x>§f(x).

for all x € D?.

Let t = (t1,....to)suchthat ./ ti=1land t;y >t > --- > t, > 0.
We say that the matrix T is t-Schur matrix or shifted matrix generated
by t if it is given in the following way

th B th—1  tp

tr t3 [ t1
T = . .

t, bt th—2 th—1
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General case

Let X be a real vector space, and D C X be a nonempty, convex set and
T beat=(t1, - ,ty)-Schur matrix. A function f : D" — R is T-Schur
convex, if for all x € D",

f(Tx) < f(x).
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Let X be a real vector space, and D C X be a nonempty, convex set and
T beat=(t, - ,ty)-Schur matrix. A function f : D" — R is T-Schur

convex, if for all x € D",

f(Tx) < f(x).
If the above inequality stands for all doubly stochastic matrix, we say
that f is Schur-convex.
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General case

Let X be a real vector space, and D C X be a nonempty, convex set and
T beat=(t, - ,ty)-Schur matrix. A function f : D" — R is T-Schur

convex, if for all x € D",
f(Tx) < f(x).

If the above inequality stands for all doubly stochastic matrix, we say
that f is Schur-convex.

The standard n-simplex is the subset of R" given by

So={(tr,- ta) | D _ti=1,t>0,i€{1,2,...,n}}

i=1
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General case

Let X be a real vector space, and D C X be a nonempty, convex set and
T beat=(t, - ,ty)-Schur matrix. A function f : D" — R is T-Schur

convex, if for all x € D",
f(Tx) < f(x).

If the above inequality stands for all doubly stochastic matrix, we say
that f is Schur-convex.

The standard n-simplex is the subset of R" given by

So={(tr,- ta) | D _ti=1,t>0,i€{1,2,...,n}}

i=1

We would like to characterize Schur convexity with the help of the
»monotonicity” of the function ¢,: S, — R (x € D) defined by

Ox(t1y ..., tn) == F(Tx), (tr,...,t,) €S"
where T is the t = (t1,- - , t;)-Schur-matrix.
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General case

Let t,t' e R", t = (t1,...,tn), t' =(t],...,t,). We say that t’ is
majorized by t and write t/ < t if

(i) 27:1 tj = 27:1 ti;

. k k
(II) Zi:l t[ll.] SZi:l 1l k=1,...,n—1
where t; denotes the ith largest coordinate of t.
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Let t,t' e R", t = (t1,...,tn), t' =(t],...,t,). We say that t’ is
majorized by t and write t/ < t if

(i) 27:1 tj = 27:1 ti;

. k k
(II) Zi:l t[ll.] SZi:l t[,-], k:l,...,n—l
where t; denotes the ith largest coordinate of t.

Definition

Let A € [0,1] and Q be a permutation matrix that just interchanges two
coordinates. Then, a linear transformation is called a T — transform if
the matrix of the transformation has of the form

T=M+(1-)Q.
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General case

Let t,t' e R", t = (t1,...,tn), t' =(t],...,t,). We say that t’ is
majorized by t and write t/ < t if

(i) 27:1 tj = 27:1 ti;

. k k
(II) Zi:l t[ll.] SZi:l t[,-], k:l,...,n—l
where t; denotes the ith largest coordinate of t.

Definition

Let A € [0,1] and Q be a permutation matrix that just interchanges two
coordinates. Then, a linear transformation is called a T — transform if
the matrix of the transformation has of the form

T=M+(1-)Q.

Lemma (Muirhead (1903), Hardy, Littlewood, Pdlya (1934))

If x Xy, then x can be derived from y by successive applications of a
finite number of T -transform.
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General case

Theorem

If x <Xy, then x can be derived from y by successive applications of at
most n — 1 T-transforms.
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General case

Theorem

If x <Xy, then x can be derived from y by successive applications of at
most n — 1 T-transforms.

Theorem (Hardy, Littlewood, Pélya (1929))

A necessary and sufficient condition that x <y is that there exist a
doubly stochastic matrix P such that x = yP.
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General case

Theorem

If x <Xy, then x can be derived from y by successive applications of at
most n — 1 T-transforms.

Theorem (Hardy, Littlewood, Pélya (1929))

A necessary and sufficient condition that x <y is that there exist a
doubly stochastic matrix P such that x = yP.

Remark

In general, the matrix P is not unique.

Corollary (Rado, 1952)

The set {x : x <X y} is the convex hull of points obtained by permuting
the components of y.
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General case

Rewriting of the theorems of Judit Maké and Pal Burai:
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General case

Rewriting of the theorems of Judit Maké and Pal Burai:
A function f: D x D — R is (3, 3)-Schur-convex if and only if for all
arbitrarily fixed x € D? the function ¢, : S — R defined by

saco=r((45 7)) el

has a global minimum at (%, %)
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General case

Rewriting of the theorems of Judit Maké and Pal Burai:
A function f: D x D — R is (3, 3)-Schur-convex if and only if for all
arbitrarily fixed x € D? the function ¢, : S — R defined by

saco=r((45 7)) el

has a global minimum at (%, %)

A symmetric function f: D> — R is Schur-convex if and only if for all
arbitrarily fixed x € D? the function ¢, : So — R has a global minimum

at (%, %) and it is monotone increasing with respect to <.
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General case

Theorem

Let n € N and N be the (%, ceey %)—Schur matrix. Then the symmetric
function f: D" — R is N-Schur convex, if and only if, for all x € D" the
function ¢, : S, — R defined by

(1) cpx(tla“-atn) = f(TX)a (tla"' 7tn)€Sn
(where T is the t = (ty,- - , t,)-Schur matrix) has a global mininum at
(X,.... 1) with respect to <.
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General case

Sketch of the proof

@ It is easy to show, that if t = (t1,...,t,) € S, and assume that
tp >0 >ty then (tr,...,t,) = (3,... ).

n?’

Patricia Szokol



General case

Sketch of the proof
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o Let t =(t1,t2, - ,ty) €S, be arbitrary.
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General case

Sketch of the proof

@ It is easy to show, that if t = (t1,...,t,) € S, and assume that
tp >0 >ty then (tr,...,t,) = (3,... ).
o Let t =(t1,t2, - ,ty) €S, be arbitrary. If we sort its coordinates in

descending order, (i.e. t; > --- > t,), then have that
(tr,... ta) = (£,..0 1)
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General case

Sketch of the proof

@ It is easy to show, that if t = (t1,...,t,) € S, and assume that
tp >0 >ty then (tr,...,t,) = (3,... ).
o Let t =(t1,t2, - ,ty) €S, be arbitrary. If we sort its coordinates in

descending order, (i.e. t; > --- > t,), then have that
1 1
(tryoo s ta) = (5,00 )
@ Now, assume that f is N-Schur convex, i.e. for all x € D"

f(Nx) < f(x).
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General case

Sketch of the proof

@ It is easy to show, that if t = (t1,...,t,) € S, and assume that
tp >0 >ty then (tr,...,t,) = (3,... ).
o Let t =(t1,t2, - ,ty) €S, be arbitrary. If we sort its coordinates in

descending order, (i.e. t; > --- > t,), then have that
1 1
(tryoo s ta) = (5,00 )
@ Now, assume that f is N-Schur convex, i.e. for all x € D"

f(Nx) < f(x).

@ Then, we easily have that

1 1
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General case

Sketch of the proof

@ On the other hand assume that for all x € D", ¢, has a global
minimum at (%,---, 1)

’'n
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General case

Sketch of the proof
@ On the other hand assume that for all x € D", ¢, has a global

minimum at (,---,1). Then,
1 1
f(NX) = QOX(*, Tty ;) S @x(laoa e 70) = f(/X) = f(X),
n

which proves that f is N-Schur convex.
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