A GENERALIZATION OF THE HYERS-ULAM-AOKI TYPE
STABILITY OF SOME BANACH LATTICE-VALUED FUNCTIONAL
EQUATION

NUTEFE KWAMI AGBEKO AND PATRICIA SZOKOL

ABSTRACT. We obtained a generalization of the stability of some Banach lattice-valued
functional equation with the addition replaced in the Cauchy functional equation by lattice
operations and their combinations.

1. INTRODUCTION

All along (X, Ax, Vx) will stand for a normed Riesz space and (), Ay, Vy) for a Banach
lattice with Xt and Yt their respective positive cones. Let us pose the following problem.

Problem 1. Given three numbers e, p, q € (0, 00), two Riesz spaces Gi and Gy with Gy

being endowed with a metric d(-,-), four lattice operations Af, , AG, € {Aay, Va,} and
&y AG, € {AGos Ve ), does there exist some real number § > 0 such that, if a mapping

F: Gi — Gy satisfies

(1.1)

a ((F (77 2]) A, (17 [y))) A%, (F (7 |el) AZ, (07 o)) » (7 (2]) A%, (7 F (lg]))) < 8

forall z, y € Gy and all T, n € [0, 00), then an operation-preserving functional T : G; —
Gy exists with the property that

d(T(x),F(x)) <e
for all x € Gy and all T, n € [0, c0)?

If in (1.1) we let 7 = n = 1, then the above problem reduces to the problem posed and
treated in [5].

The study of functional equations and inequalities in lattice environments is motivated
by the fact that many addition-related results or theorems can be extended and can be
proved mutatis mutandis. For more references about the earliest extensions of the kind,
we would refer the reader to the papers [1-4].

The main goal of this communication is to show how Ulam-Hyers-Aoki styled version of
perturbation (1.1) leads to the unique solution of the functional equation

(1.2) (T (" |2) A% (" yD)) Ay (T (7 |=]) A% (0 [y]))) = (7T (|=])) Ay (0T (|yl))
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for all z,y € X and all 7,7 € [0, 00), where A%, A¥ € {Ax, Va} and A3, A} ¢
{Ay, Vy} are fixed lattice operations.

Remark 1.1. If we let n = 7 andy = z in equation (1.2), then we observe that
(1.3) T (r?[x]) = 7T (|)
for all z € X and all T € [0, c0).

The results we obtained are straightforward generalizations of Agbeko [3,5,6] and Salahi
et al [16]. For an additional reference we would like to mention the paper [7| where we
proved separation and stability results for operators mapping a semi-group with values in
a Riesz lattice.

We recall that a functional H : X — ) is cone-related if H(X1) ={H (|z|):x € X} C
VT (see more about this notion in [3,4]).

Some few references about Hyers-Ulam stability problems and solutions can be found in
[8,11,13-15].

Our theorems will be deduced from the following Forti’s result [10].

Theorem 1.1 (Forti). Let (X, d) be a complete metric space and S an appropriate set.
Assume some functions f: S - X, G:S =S, H: X —- X and 0 : S — [0, 00) satisfy
the inequality

(1.4) d(H (f(G(x))), [ (x)) <0(z),
for all x € S. If function H both is continuous and satisfies the inequality
(1.5) d(Hu),H W) <e¢(d(u,v), uvelX,

for a certain non-decreasing subadditive function ¢ : [0, co) — [0, 00) and the series
(1.6) 2_¢ (67 @)
=0

is convergent for every x € S, then there exists a unique function F : S — X solution of
the functional equation

(1.7) H(F(G () =F(z), z€b,

and satisfying the following inequality:
(1.8) d(F(z),f(2)) <) & (6 (G ().
j=0

The function F is given by
(1.9) F(z)= lim H" (f (G" (x))).

n—oo
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2. THE MAIN RESULTS

Theorem 2.1. Given a pair of real numbers (p, q) € (0, 00) x (0, 00), consider a cone-
related functional F : X — Y for which there are numbers 9 > 0 and « with qo € (p, o0)
such that

(2.1) IIF (0 [2]) A% (" yD) ASF (7 2]) A% (0 [y]) = (7P F ([e) AF (" F (ly]) |
< 20709 ([lz]* + [ly]1*)

Jor all x, y € X and all 7, n € [0, 0c0). Then the sequence (2" F (27" |x|)), ey 5 a Cauchy
sequence for every v € X. Let the functional T : X+ — Y be defined by

— 1§ np —ngq
(2:2) T (|2]) = lim 27 F (277 |2])
for all x € X. Then T both is the unique solution of (1.2) and satisfies inequality
2P o
(2.3) 17 () = F (2Dl < goe—; ll«l

for every x € X.

Theorem 2.2. Given a pair of real numbers (p, q) € (0, 00) x (0, ), consider a cone-
related functional F : X — Y for which there are numbers 5 € [0, 00), ¥ > 0 and « with
qa € (0, p) such that

(2.4) IF (@ J2)) A% 07 yD)) ASF (77 ) A% (0" [y]) = (7F ([21) AT (P F (1y)) |
< B+ 027" (||| + [ly[|)

forall x, y € X and all 7, n € [0, 00). Then the sequence (27"7F (2" |x|)), oy 5 a Cauchy
sequence for every fized x € X. Let the functional T : X — YT be defined by

(2.5) T (|z|) = lim 27"PF (2" |z|)
n—oo
for all x € X. Then T both is the unique solution of (1.2) and satisfies inequality

p2r O] 2%
p_1 ' 9p — Qq

(2.6) 1T (lz]) = F (=)l < 5
for every x € X
Remark 2.1. If the conditions of Theorem 2.1 or Theorem 2.2 hold true, then F (0) = 0.

Proof. The proof is similar to its counterpart in [5,6] under the conditions of Theorem 2.1
or Theorem 2.2 when § = 0. Under the condition of Theorem 2.2 with § > 0, we need to
prove that F'(0) = 0. Suppose in the contrary that ' (0) > 0 were true. Then by letting
x=y=0and n =7 in (2.4), inequality

[1£(0) = 7P F (0)]| < B

follows or equivalently

B

|77 — 1| <
| £ (0)]]

< 0
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which, as 7 tends to infinity, would lead to an absurdity, indeed. Hence the relation
F (0) = 0 must be true. O

Remark 2.2. Let Z be a sel closed under the scalar multiplication, i.e. bz € Z whenever
beRand z € Z. Given a number ¢ € R let the function v : Z — Z be defined by
v(2) = cz. Then v’ : Z — Z the j-th iteration of v is given by 77 (z) = /2 for every
natural number 7 > 2.

3. PROOF OF THE MAIN RESULTS
We shall use the technique in [5] to prove the main theorems.

Proof of Theorem 2.1. First, if we choose 7 = n = 2, y = x and replace x by 279 in
inequality (2.1) then we obviously have

(31) [27F (27 af) = F (2] < 927 o]

Next, let us define the following functions:
G: Xt = X7, G(|z]) =277z|, for all z € X
§: Xt =10, ), § (|Jz|) = v2P—9e ||z||*, forall z € X
¢ : [0, 0c0) = [0, c0), ©(t) =2rt
H:Yyt = YT, H (Jy|) = 27|y, forall y € Y

d(-, ) YT x Yt =10, 00), d(lml, [y2]) = [llyal = [galll, forall yi, yo € V.
We shall verify the fulfilment of all the three conditions of the Forti’s theorem as follows.
(I.) From inequality (3.1) we obviously have
d(H (F(G([z]) , F(|z])) = [[H (F(G(|z])) = F (lz)] =
= ||22F (27]a]) — F (la])|| < 927 |le]|* = 6 |a]) .

(IL) d (H (ln]) » H (l2])) = 27 [[lya] = [galll = o (d (3] , [y2])) for all g1, y2 € .
(ITI.) Clearly, on the one hand ¢ is a non-decreasing subadditive function on the positive

half line, and on the other hand by applying Remark 2.2 on both the iterations G’
and gpj of G and ¢ respectively, one can observe that
e S aa)i . 2P
Zso (G () = 0270 [la]* 3 200 = g Jal|* = < oo

J=0

Then in view of Forti’s theorem, sequence (H" (F'(G" |x]))),cy is @ Cauchy sequence for
every x € X and thus so is (2"7F (27" |x])),,cy. Furthermore, the mapping (2.2) satisfies
inequality (2.3).

Next, we prove that T" solves (1 2). In fact, in (2.1) substitute x with 27"z also y with
2 My, and fix arbltrarlly T, n € [0, c0) Then

HF<( |z]) A nq\y|) F(T”JiDA::(nquD)
(e () (e () =20

X

2nq

Y

2nq

]

)
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Multiplying both sides of this last inequality by 2™ yields

p (DS o ()O3 0 D)

2nq 2na

2] vl O Jl=l” + [yl
Y N i | o (o (120

(T K (2”‘1 Ay \mE 2nq = 201=p)  92n(ga—p) -~
Taking the limit in (3.2) we have via (2.2) that

17 (77 |2]) A% (0 [y) AT (77 |2]) A5 (” [y])) = (7T (|=])) A (T (ly])]| = 0
for all 7, n € [0, 00) and all z, y € X, which is equivalent to (1.2). Thus T also satisfies
(1.3) in Remark 1.1. Finally we show the uniqueness, using a technique in [16]. In fact,
assume that there is another functional S : X — ) which satisfies (1.2) and the inequality
1S (Jz|) — F (|Jz])|] < d2]|z||** for some numbers s, d; € (0,00) with gag > p, and for all
r e X. In (2.3) let 0y := 5255, o1 := a and by choosing 7 = 27" in Remark 1.1 one can
observe that for all x € X
IS () = T ()]l = 2" || (27 [a]) — T (27" Ja]) |
< 2| (27 fal) =T (27 al) || + 277 [S (27 fal) — F (27 fa]) |
< 26, |2 | 4 25, |2 |
= oP—gang, ||| 4 292G, ||| 2

2P

(3.2)

Hence
1S (J]) = T (Ja])|| < 2079206y ]| ™ + 2070927 6y |||
which, in the limit, yields ||.S (|z]|) — T (|z|)|| = 0 or equivalently S (|z|) = T (|z|) for all
reX.
This was to be proven. (]

Proof of Theorem 2.2. First, if we choose 7 = n = 27!, y = 2 and replace x by 2¢z in
inequality (2.4) then we obviously have

(3.3) [277F (27 ]]) — F (Ja])|| < 8 + 0277 |||

Next, let us define the following functions:
G: Xt = X7, G (|x]) = 29|x], for all z € X
§: Xt =10, c0), §(|z|) = B+ 0929 P||z||*, forall ze€ X
2+ 10, 50) = [0, 00), o (1) =27t
H:Yyt— Yt H(Jy]) =277]y|, for all y € Y

d(-, ) YEx Yt =10, 00), dlmal s [y2]) = [llyal = [galll, forall yi, yo € V.
We shall verify the fulfilment of all the three conditons of the Forti’s theorem as follows.
(I.) From inequality (3.3) we obviously have

d(H (F(G([z])), F(lz]) = [H (F (G (|2]))) = F (=) =
= [|277F (27[a]) = F (J2))|| < B+ 0297 |l2||* = 5 (|2]).
(IL) d (H (ln]) , H (lg2)) = 277 ] = lwelll = @ (d (], [g2])) for all y, yo € V.
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(II1.) Clearly, on the one hand ¢ is a non-decreasing subadditive function on the positive
half line, and on the other hand by applying Remark 2.2 on both the iterations G’
and ¢’ of G and ¢ respectively, one can observe that

p2r =" 20
J pJj qa—p qa—p)j _
E ¢ (6 (G (|z]))) =8 g 277+ 92 ||| g 2 = 5 1 + % gz < O

Then in view of Forti’s theorem, sequence (H" (F (G” 17]))),en 18 @ Cauchy sequence for
every x € X and thus so is (27"PF (2" |z])),cy- Furthermore, the mapping (2.5) satisfies
inequality (2.6).
Next, we prove that T solves (1.2). In fact, in (2.4) substitute « with 2"z also y with
2"y, and fix arbitrarily 7, n € [0, c0). Then
[F(2 (7 ) A% (n [y]) ASF (2 (7 ]2]) AF (97 [y])))
— (TPF (2" [2])) A (0"F (27 [y))) || < B+ 27V (|20 + (12" ") -

Dividing both sides of this last inequality by 2™ yields

HF(Q”Q (77 Jz]) A% (" [y])) AL E (2" (7 ]z]) AX (1 ]y1)))

2w

(3.4)
_(FPE(2M [x]) A (0P F (2" [y]))

2np

H < B2 4 27 UG (]| [ly ) 21

Taking the limit in (3.4) we have via (2.5) that
17 (7 [l) A% (n [y1) AT (7 [a]) AF (n [y])) — (7T (|2])) A (P T (|ly])]| = 0

for all 7, n € [0, 00) and all x, y € X, which is equivalent to (1.2). Thus T satisfies
(1.3) in Remark 1.1. Finally we show the uniqueness, using a technique in [16]. In fact,
assume that there is another functional S : X — ) which satisfies (1.2) and the inequality

1S (Jz|) — F (|Jz])|| < Ba + 62 |z||** for some numbers ag, 02 € (0,00), B2 € [0,00) with
qay < p, and for all z € X. In (2.6) let 3; := & pl, 01 := %, a1 := « and by choosing

7 = 2" in Remark 1.1 one can observe that for all x € X
1S (Jz]) = T (|z])[| = 27" |5 (2" [=]) = T" (2" [=])]]
<27 F (20 [af) = T (2 |2 + 27 [[S (2" [2]) — F (2™ [z|)]]
<27 (B + 0 H?"%HM) +277 (B2 + 621272 ]|*?)
= 27 (B + ) + G20 g o 5,200 g

Hence
IS (Jz]) = T (Ja])[| < 27 (B + Ba2) + 612094 7P ||| 4 552000277 || ]| 2

which, in the limit, yields ||.S (|z|) — T (|z|)|| = 0 or equivalently S (|z|) = T (|z|) for all
x € X. This completes the proof. U

To end our paper we give an example showing that stability fails to occur in general.
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Example 1. Fiz arbitrarily 7, n € (0, 2) and consider the function

F:[0,0) = [0, ), F(z) =2, a==.
q

Since F' is increasing the first equality in the chain below is valid, entailing the subsequent
relations:

[F((r%2) V (1)) — (7" F (x)) A (0 = |(r%)* 7V (niy)* T = (P2 A Pyt
S (%) NV () (7P ) A (pPy )
< ( )a—i-l ( )a-l—l (2p$a+1> (zpya+1)
S 2 (xOH*l Vi ya+1) + 2p+q( a+1 A ya+1)

2P+ (xa+1+ya+1)

for all z, y € [0, 00). Now, let T : [0, c0) — [0, 00) be a function such that T (niz) =
pPT (x) for all x € [0, 00) and all p € [0, 00). Since x = (xl/q)q, and « is the ratio of p
and q, we can then note that T (x) = z°T (1) for every x € [0, 00). Now,

o (<))

wp F@-T@I_ )
2€(0, 00) 2p+qxa+1 2€(0,00) 2p+qxa+1
2ot e (1)) 1 T(1)
p— p— 1— pr—
$§2i20> 2prragatt 2rta $£2i€o) T

The above example about the lack of stability on the real line in lattice environments is
the counterpart of the example given by S. Czerwik [9] in the addition environments for
quadratic mappings.
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