NUMBER SYSTEMS OVER ORDERS

ATTILA PETHO AND JORG THUSWALDNER

ABSTRACT. Let K be a number field of degree k£ and let O be an order in K.
A generalized number system over O (GNS for short) is a pair (p, D) where

p € O[z] is monic and D C O is a complete residue system modulo p(0). If

each a € O[z] admits a representation of the form a = Z?;é d;jz? (mod p)

with ¢ € N and do,...,d¢—1 € D then the GNS (p,D) is said to have the
finiteness property. Using fundamental domains F of the action of Z* on R*
we define classes Gr := {(p, Dr) : p € O[z]} of GNS whose digit sets Dr are
defined in terms of F in a natural way. We are able to prove general results
on the finiteness property of GNS in Gr by giving an abstract version of the
well-known “dominant condition” on the absolute coefficient p(0) of p. In
particular, depending on mild conditions on the topology of F we characterize
the finiteness property of (p(x &= m), D) for fixed p and large m € N. Using
our new theory, we are able to give general results on the connection between
power integral bases of number fields and GNS.

1. INTRODUCTION

In the present paper we introduce a general notion of number system defined
over orders of number fields. This generalizes the well-known number systems and
canonical number systems in number fields to relative extensions and allows for the
definition of “classes” of digit sets by the use of lattice tilings. It fits in the general
framework of digit systems over commutative rings defined by Scheicher et al. [32].

Before the beginning of the 1990s canonical number systems have been defined
as number systems that allow to represent elements of orders (and, in particular,
rings of integers) in number fields. After the pioneering work of Knuth [23] and
Penney [28], special classes of canonical number systems have been studied by Kétai
and Szabé [22], Kdtai and Kovécs [20, 21], and Gilbert [15], while elements of a
general theory are due to Kovécs [24] as well as Kovécs and Pethé [25, 26]. In 1991
Pethd [29] gave a more general definition of canonical number systems that reads
as follows. Let p € Z[x] be a monic polynomial and let D be a complete residue
system modulo p(0). The pair (p, D) was called a number system if each a € Zx]
allows a representation of the form

(1.1) a=dy+diz+ - +di_1z'"t (mod p) (doy.-.,de—1 € D).

If such an expansion exists it is unique if we forbid “leading zeros”, i.e., if we
demand dy—; # 0 for @ # 0 (mod p) and take the empty expansion for a = 0
(mod p). Tt can be determined algorithmically by the so-called “backward division
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mapping” (see e.g. [1, Section 3] or [32, Lemma 2.5]). Choosing the digit set
D ={0,1,...,|p(0)] — 1}, the pair (p,D) was called a canonical number system,
CNS for short. An overview about the early theory of number systems can be
found for instance in Akiyama et al. [1] and Brunotte, Huszti, and Pethd [10].

Let p € Z[z] and let D be a complete residue system modulo p(0). With the
development of the theory of radix representations it became necessary to nota-
tionally distinguish an arbitrary pair (p, D) from a particular pair (p, D) for which
each a € Z[z] admits a representation of the form (1.1). Nowadays in the litera-
ture an arbitrary pair (p, D) is called number system (or canonical number system if
D ={0,1,...,[p(0)| —1}), while the fact that each a € Z[x] admits a representation
of the form (1.1) is distinguished with the suffix with finiteness property. Although
there exist many partial results on the characterization of number systems with
finiteness property with special emphasis on canonical number systems (see for in-
stance [2, 3, 7, 9, 12, 24, 33, 35]), a complete description of this property seems to
be out of reach (although there are fairly complete results for finite field analogs,
see for instance [5, 13, 27]).

If (p, D) is a number system and a € Z[x] admits a representation of the form
(1.1), we call £ the length of the representation of @ in this number system (for
a =0 (mod p) this length is zero by definition).

In the present paper we generalize the CNS concept in two ways. Firstly, instead
of looking at polynomials in Z[z] we consider polynomials with coefficients in some
order O of a given number field of degree k, and secondly, we consider the sets
of digits in a more general but uniform way (see Definition 2.1). Indeed, for each
fundamental domain F of the action of Z*¥ on RF we define a class of number
systems (p, Dx) where F associates a digit set D with each polynomial p € Olx]
in a natural way. Thus for each fundamental domain F we can define a class
Gr :={(p,Dr) : p € Olz]} of number systems whose properties will be studied.

Our main objective will be the investigation of the finiteness property (see Def-
inition 2.7) for these number systems. For a given pair (p, D) this property can be
checked algorithmically (cf. Theorem 2.9). This makes it possible to prove a strong
bound for the length of the representations (given in Theorem 2.10), provided it
exists.

The “dominant condition”, a condition for the finiteness property of (p, D) that
involves the largeness of the absolute coefficient of p, has been studied for canonical
number systems in several versions for instance in Kovécs [24, Section 3], Akiyama
and Pethd [2, Theorem 2], Scheicher and Thuswaldner [33, Theorem 5.8], and
Pethd and Varga [31, Lemma 7.3]. The main difficulty of the generalization of
the dominant condition is due to the fact that in O we do not have a natural
ordering, hence, we cannot adapt the methods that were used in the case of integer
polynomials. However, by exploiting tiling properties of the fundamental domain
F we are able to overcome this difficulty, and provide a general criterion for the
finiteness property (see Theorem 3.1) that is in the spirit of the dominant condition
and can be used in the proofs of our main results. In particular, using this criterion,
depending on natural properties of F we are able to show that (p(z+m), D) enjoys
a finiteness property for each given p provided that m (or |m|) is large enough. This
forms a generalization of an analogous result of Kovdes [24] to this general setting
(see Theorem 4.1 and its consequences). In Theorem 5.2 we give a converse of this
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result in showing that (p(z —m), Dx) doesn’t enjoy the finiteness property for large
m if F has certain properties.

If p € Z[z] is irreducible then Z[z]/(p) is isomorphic to Z[«] for any root « of p.
Thus in this case the finiteness property of (p, D) is easily seen to be equivalent to
the fact that each v € Z[a] admits a unique expansion of the form

(1.2) y=do+dia+ - +di 0t

with analogous conditions on dy, .. .,ds—1 € D asin (1.1). In this case we sometimes
write (a, D) instead of (p, D), see Section 6 (note that [p(0)| = |Ng(a)/q(@)|). This
relates number systems to the problem of power integral bases of orders. Recall
that the order O has a power integral basis, if there exists a € O such that each
~v € O can be written uniquely in the form

Y=go+gra+-+ ge1a"!

with gg,...,9xk—1 € Z. In this case O is called monogenic. The definitions of
number system with finiteness property (1.2) and power integral bases seem similar
and indeed there is a strong relation between them. Kovacs [24, Section 3] proved
that the order O has a power integral basis if and only if it contains « such that
(,{0,...,[Ng(ay/o(a)] —1}) is a CNS with finiteness property. A deep result of
Gydry [16] states that, up to translation by integers, O admits finitely many power
integral bases and they are effectively computable. Combining this result of Gyéry
with the above mentioned theorem of Kovécs [24, Section 3], Kovdcs and Pethd [25]
proved that if 1,a,...,a*"! is a power integral basis then, up to finitely many
possible exceptions, (a — m, Ny(a — m)),m € Z is a CNS with finiteness property
if and only if m > M(«), where M () denotes a constant. A good overview over
this circle of ideas is provided in the book of Evertse and Gy6ry [14].

Using Theorem 4.1 we generalize the results of Kovécs [24] and of Kovacs and
Pethd [25] to number systems over orders in algebraic number fields, see especially
Corollary 4.3. Our result is not only more general as the earlier ones, but sheds
fresh light to the classical case of number systems over Z too. It turns out (see
Theorem 6.2) that under general conditions in orders of algebraic number fields the
power integral bases and the bases of number systems with finiteness condition up
to finitely many, effectively computable exceptions coincide. Choosing for example
the symmetric digit set, the conditions of Theorem 6.2 are satisfied and, hence,
power integral bases and number systems coincide up to finitely many exceptions.
This means that CNS are quite exceptional among number systems.

2. NUMBER SYSTEMS OVER ORDERS OF NUMBER FIELDS

In this section we define number systems over orders and study some of their
basic properties. This new notion of number system generalizes the well-known
canonical number systems defined by Pethé [29]. Before we give the exact definition,
we introduce some notation.

Let K be a number field of degree k. The field K has & isomorphisms to C, whose
images are called its (algebraic) conjugates and are denoted by KM, KF), We
denote by a) the image of @ € K in KU, j =1,...,k. Let O be an order in K,
i.e., a ring which is a Z-module of full rank in K. For a(z) = Y-, a;a’ € O[z] the

quantity H(a) = max{|al(j)|, 1=0,...,n, j=1,...,k} is called the height of a.
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Definition 2.1 (Generalized number system). Let K be a number field of degree k
and let O be an order in K. A generalized number system over O (GNS for short)
is a pair (p, D), where p € O[z] is monic and D C O is a complete residue system
modulo p(0). The polynomial p is called basis of this number system, D is called
its set of digits.

Remark 2.2. Note that GNS fit in the more general framework of digit systems
over a commutative ring defined in Scheicher et al. [32]. Indeed, [32, Example 6.6]
provides an example of a digit system over a commutative ring that corresponds
to the case O = Z[i] of our definition and uses rational integers as digits. Our
more specialized setting allows us to prove results that are not valid for arbitrary
commutative rings.

Let F be a bounded fundamental domain for the action of Z* on R*, i.e., a set
that satisfies R¥ = F + ZF without overlaps. Such a fundamental domain defines a
set of digits in a natural way. Indeed, let wy = 1,ws,...,ws be a Z-basis of O and
let a € O be given. Define

k
(2.1) D]:’a:{TGO : gz;rjwj, (rl,...,rk)e}'}.
=

Lemma 2.3. The set Dr , is a complete residue system modulo c.

Proof. Let 8 € O. Then, because 8¢ K, and wy,...,w is a Q-basis of K, there

(03
exist by, ...,b, € Q with g = Z?Zl bjw;. Since F is a fundamental domain for
the action of Z* on R¥ there is a unique vector m = (my,...,my,) € Z* satisfying
(bi,...,br) € F+m. Let p = 25:1 mjw;, then ¢ € O. Setting v = 8 — pa we
have v € O and £ = Zle(bj —mj)w; with (by —ma,..., by —my) € F, hence,
v € Dr . Thus for each 8 € O there is v € Dr 4 such that v = (mod «).
Let now 71,7 € Dr o be given in a way that 7y = 75 (mod «). Then there is

(re1,...,mex) € F such that 7 = Z?Zl rejw; for £ € {1,2}. As P="2 ¢ O, the

differences r1; — rg; are all in Z and, hence, (ri1,...,71%) — (ro1,...,72%) € Zk.
Because F is a fundamental domain for the action of Z* on R¥ this is only possible
lf (7”‘11, e ,le) — (7”‘21, Ce ,Tgk) =0. ThUS T1 = T2. |:|

We now show that each digit set D is of the form (2.1) for a suitable choice of
F.

Lemma 2.4. Let (p,D) be a GNS over O. Then there is a bounded fundamental
domain F for the action of Z* on R* such that D = D p0)-

Proof. Let 1 : K — R” be the embedding defined by Y 7;jw; = (r1,...,7%). Then
there is a unique matrix P satisfying ¢(p(0)ar) = Pu(ax) for all a € K. For each
d =Y djw; € D define a cube Cq = [[[d; —1,d;+1). Then set F = P~'{J,cp Ca.
It is easily verified that this is a fundamental domain satisfiying D = Dz ). 0O

If the polynomial p is clear from the context we will use the abbreviation Dr ,, =
Dzr. We call a fundamental domain F satisfying the claim of Lemma 2.4 a fun-
damental domain associated with (p, D). In view of this lemma we may assume in
the sequel that a number system (p, D) has an associated fundamental domain F.
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On the other hand, a fixed fundamental domain F defines a whole class of GNS,
namely,

Gr:={(p,DF) : pe€ Olx]}.

Example 2.5. We consider some special choices of F corresponding to families Gr
studied in the literature.

Classical CNS: Canonical number systems as defined in the introduction form
a special case of GNS. Indeed let K = Q and O = Z. Then k = 1, since
Q has degree 1 over Q. Now we choose F = [0,1) which obviously is
a fundamental domain of Z acting on R. We look at the class Gr :=
{(p, DF) : p € Z[z]}. Since for an integer o > 2 we have

Df,a:{fez : Izr,re[o,1)}:{o,...,|a|_1},
(8%

which is the digit set of a canonical number system, we see that the class
Gr coincides with the set of canonical number systems in this case.
If, however, o < —2 then

sz{rez : gzr,re[0,1)}:{a+1,...,0,}:—{O,...,|a\—1}.

Symmetric CNS: Symmetric CNS are defined in the same way as CNS, apart
from the digit set. Indeed, (p,D) is a symmetric CNS if p € Z[z] and
D= [ — @, “’(Q—O)‘) N Z. These number systems were studied for instance
by Akiyama and Scheicher [4, Section 2] and Brunotte [8] (see also Kéatai [19,
Theorem 7] for a slightly shifted version and Scheicher et al. [32, Defini-
tion 5.5] for a more general setting). They are easily seen to be equal to
the class Gr := {(p, DF) : p € Z[z]} with F = [-1, 1) of GNS.

The sail: Let K = Q(v/—D) with D € {1,2,3,7,11} be an Euclidean qua-
dratic field with ring of integers (i.e., maximal order) O and set

{ vV—-D, if —D=23 (mod4),
w =

rv=D V{D, otherwise.

Defining

1 1
Fo= {(7“1,7“2) ER? : |ry +row| < 1,|ry — 14 7w| > 1, —3 <7y < 5}

(this set looks a bit like a sail) one immediately checks that in Peth and
Varga [31] the class of GNS Gr := {(p, Dx) : p € O[z]} with F = F,, is
investigated. Using the modified fundamental domain

1 1
Fo={rum) €R |yl < Llltn = Lro)lla 2 1, =5 <7 < 5

even yields a class of GNS for any imaginary quadratic number field.

The square: As a last example we mention the number systems over Z[i] stud-
ied by Jacob and Reveilles [18] and Brunotte et al. [11]. They correspond
to the class Gr := {(p, Dr) : p € O[z]} of GNS with K = Q(4), O = Z]i],
and F = [0,1)%

A fundamental domain F induces by definition a tiling of R* by ZF-translates
which in turn induces the following neighbor relation on ZF. We call 2z’ € 7F a
neighbor of z € ZF if F + z “touches” F + 7/, i.e., if (F +2z) N (F +2') # (). Note
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that also z itself is a neighbor of z. Let N be the set of neighbors of 0. We need
the following easy result.

Lemma 2.6. The set of neighbors N of F contains a basis of the lattice Z*.

Proof. Assume that this is wrong and let ~ be the transitive hull of the neighbor
relation on ZF. Tt is easy to see that this is an equivalence relation. By assumption
there is z € Z* such that 0 ¢ z and, hence, there are at least two equivalence classes
of ~. Let C be one of them. Then C and Z* \ C are contained in pairwise disjoint
unions of equivalence classes. Since F is bounded and the union J, ,(F + 2)
is locally finite this implies that the nonempty sets A = (J,c(F +2) and B =
Uzez’c\c (F + z) satisfy AN B = § and, by the tiling property, AU B = R*. This
is absurd because it would imply that R* is disconnected. O

Let (p, D) be a GNS and a € O[x]. We say that a admits a finite digit represen-
tation if there exist £ € N and dy,...,dy_1 € D such that

-1
a= Zdjxj (mod p).
j=0

If dp—1 # 0 or £ = 0 (which results in the empty sum) then ¢ is called the length
of the representation of a. It will be denoted by L(a). A “good” number system
admits finite digit representations of all elements. We give a precise definition for
GNS having this property.

Definition 2.7 (Finiteness property). Let (p, D) be a GNS and set
-1

R(p,D) := {a €O0x] : a= Zdjxj (mod p) with ¢ € N and do,...,ds—1 € D}.
3=0

The GNS (p, D) is said to have the finiteness property if R(p,D) = Olx].

As in the case O = Z with canonical digit set (see [29, Theorem 6.1 (i)]), also
in our general setting the finiteness property of (p, D) implies expansiveness of the
basis p in the sense stated in the next result. (Note that its proof is also reminiscent
of the proof of Vince [34, Proposition 4]; this is a related result in the context of
self-replicating tilings.)

Proposition 2.8. Let (p,D) be a GNS with finiteness property. Then all roots of
each conjugate polynomial p(j)(x), Jj€{1,...,k}, lie outside the closed unit disk.

Proof. Assume that there exists |a| < 1 which is a root of pt¥)(x) for some j €
{1,...,k}. By the finiteness property of (p, D) for each m € N C O[z] there exists
a(xz) € D[z] such that m = a(z) (mod p). Thus, taking conjugates implies that
m = a¥)(z) (mod pY)), where a9 (x) € DYU[z] with D) = {BW) . B € D}.
Inserting o in the last congruence we get m = a)(a). As DU) is a finite set and
la| < 1 the set of the numbers |m| = |a¥) ()| is bounded, which is a contradiction
to m being an arbitrary rational integer. Since j was arbitrary, |a| > 1 has to hold
for all roots of pi/) () with j € {1,...,k}.

Assume now that |a| = 1 holds for a root a of p¥)(z) for some j € {1,...,k}. The
element « is an algebraic integer, and a root of the polynomial Hle p@(z) € Z[z].
By [17, Satz 3] (see the proof of [29, Theorem 6.1 (i)] too), « is a root of unity
of some order, say s. Let g(z) = ged(p¥) (x),z® — 1). Plainly g(z) € OU)[z], and
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deg g > 1 because a is a root of g. Let 2° — 1 = g (x)g(z) and p¥)(z) = ga(2)g(x).
Then
g2(2)(@* = 1) = g1(2)g2(x)g(x) =0 (mod p'V),

thus go(z)(z"* — 1) = 0 (mod p¥)), and equivalently go(x) = go(z)2"* (mod p¥¥))
is true for all h > 1.

Let ho(x) € O[z] be the inverse image of go(x) with respect to the isomorphism
K +— KU, As (p,D) is a GNS with finiteness property, there exists a unique
a(x) € D[z] such that hy(z) = a(z) (mod p). Thus a¥)(z) is the unique element in
DU [x] with go(x) = a¥)(z) (mod p¥)). Let t denote the degree of a(x). Choosing
h so that hs >t we obtain

g2(z) = aV(z) = 2" (z) (mod p)),

which contradicts the uniqueness of a¥/) (z). O

Adapting the proof of Akiyama and Rao [3, Corollary 2.2] or Pethd [30, Theo-
rem 1] to orders one can prove the following algorithmic criterion for checking the
finiteness property of a given GNS (p, D). Note that there exist only finitely many
a € O[z] of bounded degree and bounded height.

Theorem 2.9. Let K be a number field of degree k and let O be an order in K.
Let (p,D) be a GNS over O. There exists a constant C depending only on p and
D such that (p, D) is a GNS with finiteness property if and only if the polynomial

Hle p(z) is expansive and
{a € Olz] : dega < degp and H(a) < C} C R(p, D).

Proof. The necessity assertion is an immediate consequence of Proposition 2.8,
hence, we have to prove only the sufficiency assertion.

Let p € O[] be given in a way that Hle p(z) is expansive. Denote by Ogeg p[7]
the set of elements of O[z] of degree less than degp. For any b’ € O[z] there exists
a unique b € Ogeg plx] such that b = b (mod p). Thus it is sufficient to show that
Ouesplt] © R(p, D).

Let T, : Odegplz] — Odeg plz] the backward division mapping, which is defined

Tp(b)(l‘) — b(.I‘) — q‘i(‘r) B dO’

where dy € D is the unique digit with dg = (0) (mod pg) and ¢ =
T, for h-times we obtain dy,...,d,—1 € D, and r € O[z] such that

h—1
(2.2) b(x) = Z djx? + thZ?(b)(ac) + r(z)p(x).

§=0
Clearly, b € R(p, D) if and only if Tzi‘(b) € R(p, D) for all h > 0. Taking conjugates
in (2.2) we get

as

b(0)—do
po

Iterating

h—1
(2.3) b (z) = 3" dVal + 2T B) D (2) + D (@)pD (@), i=1,... .k
7=0

In the remaining part of the proof, for the sake of simplicity we assume that p
has no multiple roots. The general case can be treated by adapting the proof of
Akiyama and Rao [3, Corollary 2.2] or of Pethé [30, Theorem 1].
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Denote by a; the roots of p(z),i=1,...,k; £=1,...,degp. For fixed i they
are by our assumption pairwise different, and their modulus is larger than one by
assumption. Inserting oy, into (2.3) we obtain

G b (i) = g0 5
Tp(b)(l)(aiz):f— E d; al, ", i=1,...k £=1,...,degp.
al, ;
7 =0

Taking absolute values, choosing h large enough, and using the fact that |a;e| > 1
we obtain

(2.4)

‘Th(b)(i)(a‘gﬂ < max{|d(i)| : dED,i:l’.”’k}
p i) =

|Oél'£‘ -1

+1, i=1,....k; £=1,... degp.

As the polynomial Tz?(b) is of degree at most degp — 1, we may write it in the

form T (b)(x) = Y0P dyja?. Then TI(b) D (z) = S04 di)ad i = 1,... k.

Considering (2.4) as an inequality in the unknowns dﬁfj) we obtain
i) < Cijyi=1,...,k; j=0,...,degp — 1.

Choosing C' = max{C;;,i =1,...,k; j =0,...,degp — 1}, we obtain H(T;(b)) <
C.

Thus for any b € O[] there is a € O[z], namely a = T} (b), such that a € R(p, D)
if and only if b € R(p, D), dega < degp, and H(a) < C. Thus {a € O[z] : dega <
degp and H(a) < C} C R(p, D) implies that (p, D) is a GNS. O

Theorem 2.9 implies that the GNS property is algorithmically decidable. One
has to apply the backward division mapping defined above to all polynomials sat-
isfying dega < degp and H(a) < C iteratively. During the iteration process one
works always with polynomials satisfying these inequalities. More on algorithms
for checking the finiteness property of GNS can be found in a more general context
in Scheicher et al. [32, Section 6].

Theorem 2.9 makes it possible to prove a precise bound for the length of a repre-
sentation in a GNS (p, D) with finiteness property. This is in complete agreement
with an analogous result of Kovédcs and Pethé [26] for the case O = Z.

Theorem 2.10. Let K be a number field of degree k and let O be an order in K.
Let (p,D) be a GNS over O. Denote by oy the zeros of pD(x), i =1,...,k, £ =
1,...,degp. If p is separable and (p, D) satisfies the finiteness property then there
ezists a constant C depending only on p and D such that

{log |a® ()|

L(a) < max
(a) < log ||

i:1,...,k,€:1,...,degp}+0

holds for all a € Olz].

Proof. We will use the notation of the proof of Theorem 2.9. Let a € O[z] and
choose h in a way that
a® ()

R
Qg

<1
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holdsforalli =1,...,k, £ =1,...,degp. Since by Proposition 2.8 we have |a;¢| > 1

foralli=1,...,k £=1,... degp, the choice

log a® (cve)|
log ||

h:max{ i:l,...,k,ﬁ:l,...,degp}

is suitable to achieve the required inequality. Using this choice of h, in the same
way as in the proof of Theorem 2.9 (see in particular (2.4)) we obtain

max{|d?| : d€D,i=1,...,k}
|ovie| — 1

\T;‘(a)(i)(aig)|< +1,i=1,...,k £=1,...,degp.

There exist only finitely many b € O[z] such that

16D ()| < max{|d?| : d€D,i=1,...,k}
' Jvie] — 1

+1,i=1,...,k, £=1,...,degp,

and all of them have finite representation in (p, D) because (p, D) is by assumption
a GNS with finiteness property. Letting C' be the maximal length of the represen-
tations of such polynomials we get L(a) = h + L(b) < h + C, and the theorem is
proved. O

3. A GENERAL CRITERION FOR THE FINITENESS PROPERTY

There exist some easy-to-state sufficient conditions for the finiteness property of
a CNS (p, D) in the case O = Z, see e.g. Kovacs [24, Section 3], Akiyama and Pethd
[2, Theorem 2], Scheicher and Thuswaldner [33, Theorem 5.8], or Peth$ and Varga
[31, Lemma 7.3]. In each of these results [p(0)| dominates over the other coefficients
of p. In general, O does not have a natural ordering. However, inclusion properties
of some sets can be used to express dominance of coefficients in . This is the
message of the Theorem 3.1, which will be proved in this section. Before we state
it, we introduce some notation.

For p(z) = 2™ + pp_12" 1t + -+ + pg € O[z] let (p, D) be a GNS and let F be
an associated fundamental domain. Set (letting p, = 1)

k n
(31) A:{anwj : (nl,...,nk)e./\f} and Z:{Zdjpj : (5]'EA},
j=1 j=1

and note that, since F is bounded, these sets are finite.

Theorem 3.1. Let p(z) = " +p,—12" '+ -+py € Olz] and (p, D) be a GNS. Let
F be an associated fundamental domain and define A and Z as in (3.1). Assume
that the following conditions hold (setting p, = 1):

(i) Z+D C Usca (D + pod),
(i) ZCc DU (D —py),
(i) {Zjerj L JC {1,...,n}} C D.
Then (p, D) has the finiteness property.
To prove this theorem we need the following auxiliary result.

Lemma 3.2. Let (p,D) be a GNS. The conditions
(iv) 0 € R(p, D),
(v) for each a € R(p,D) and each o € A we have a + o € R(p, D)
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are equivalent to (p, D) having the finiteness property.

Proof. The necessity of the conditions is obvious, so we are left with proving their
sufficiency. Assume that (iv) and (v) hold. By Lemma 2.6, the signed basis elements
+wi, ..., Twy are all finite linear combinations of elements of A (note that « € A
implies —a € A). Thus, {fwi,...,2wr} C R(p,D), and, hence, by induction
we have Z?:o ujw; € R(p, D) for all u; € Z by (iv) and (v), i.e., O C R(p, D).
This says that all zero degree polynomials in O[z] belong to R(p, D). We now use
induction on the degree of the polynomials in Oz]. To establish the induction step
assume that all b € Ofz] with degb < m belong to R(p,D). Let a € O[z] with
dega =m > 1 be given and write a(z) = Z;.":O ajz’ with ao,...,an, € O.

Assume first that a,, € {fwi,...,£twi}. By the induction hypothesis a(z) —
amz™ € R(p,D) and, hence, we may write a(z) — anz™ = Zﬁ;é djz? (mod p)
with dp,...,ds—1 € D. Then

(3.2) a(z) = z_: djx? + 2™ (a(z) + am)  (mod p)
7=0

holds with a(x) = Zj;in djz?=™ € R(p,D). Since a, € {*w1,...,Lws} by as-
sumption, (v) implies that a(z) 4+ a,, € R(p,D) as well and, hence, (3.2) implies
that a € R(p, D).

The case of general a,,, now follows by a simple induction argument proving that
all polynomials a with dega < m belong to R(p, D). This finishes the proof. O

After this preparation we turn to the proof of Theorem 3.1.

Proof of Theorem 3.1. Our goal is to apply Lemma 3.2. First note that Lemma 3.2 (iv)
is satisfied because 0 € D holds by (iii) (indeed, choose J = §)). Thus, it remains to
derive Lemma 3.2 (v) from our conditions. To this end let a € R(p, D) and a € A
be given. We have to show that a(x) + a € R(p, D).

Since a € R(p, D) we may write a(x) = Zf;é djz? (mod p) with do,...,d¢—1 €
D. For convenience, in what follows we set d; = 0 for j > £ -1, p, = 0, and
p; = 0 for j > n. Then a(z) = Z;’io djz? (mod p). Since a +dy € Z + D (note
that A C Z), condition (i) implies that there is dop € A and by € D such that
o+ dy = by — Jopo. Adding Jop(x) to a(x) + « thus yields

(3.3) alz) +a =by+ Z(dj + dop;)2?  (mod p).

j=1

We want to prove that for each ¢t > 0 the sum a(x) + « can be written in the form

t o)
(34) alx)+a= Z bzl + Z (dj + dopj + 01pj—1 + -+ + &pj—¢)2? mod p
§=0 j=t+1
with b; € D and 6; € A for 0 < j < ¢. Indeed, we prove this by induction. Since
this is true for t = 0 by (3.3) assume that it is true for some given value t > 0. The
coefficient of z'*! in (3.4) is dy41 + s with
§ = 0opi+1 + 01pr + -+ + i1

As p; = 0 for j > n the sum s has at most n nonzero summands each of which is
of the form 0;pi41—; with 0; € Aandt —n+1 <35 <t Thus s € Z and, hence,
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diy1 + s € D+ Z. Now by condition (i) there exists byy; € D and §;41 € A such
that

dir1+8=bi1 — Sp1p0.

Thus, adding &;41p(z)x!™! to (3.4) we obtain a similar expression for a(x) + « with
t replaced by ¢+ 1. Thus, by induction, (3.4) holds for all ¢ > 0. Note that the sum
in (3.4) is finite since p; = 0 for j > n.

Assume now that ¢t > ¢ — 1 in (3.4). Then for j > t + 1 we have d; = 0 and,
hence, the coefficient of 27 has the form dopj + 0ipj—1 + -+ &pj—¢ € Z. By (ii)
this implies that dop; + d1pj—1 + -+ + dpj—¢ € DU (D — po). This entails that
0; € {0,1} for j >t + 1. Hence, if ¢ > £ — 1 + n for each of the nonzero summands
of 6op; + 01pj—1 + - + d:pj—¢ the coefficient §; equals 1 and thus the sum belongs
to D by (iii). Consequently, in the representation (3.4) for ¢ > ¢ — 1 4+ n all the
coefficients belong to D and, since this sum is finite, a(x) + « € R(p, D). Thus also
condition (v) of Lemma 3.2 is satisfied and we may apply the lemma to conclude
that (p, D) is an GNS with finiteness property. This proves the theorem. O

4. THE FINITENESS PROPERTY FOR LARGE CONSTANT TERMS

One of the main results of this paper is a generalization of a result of B.
Kovécs [24, Section 3] that will be stated and proved in the present section. We
begin with some notation. We denote by e; = (1,0,...,0) € R¥ the first canonical
basis vector of RF. Let M C R*. For ¢ > 0 we set

(M), == {x €RF : ||x — y||s < € for some y € M}

for the e-neighborhood of a set M. Moreover, inty is the interior taken w.r.t. the
subspace topology on {(r1,...,7) € R¥ : 71 > 0}. The symbol int_ is defined by
replacing r; > 0 with r; < 0.

Theorem 4.1. Let K be a number field of degree k and let O be an order in K. Let
a monic polynomial p € Olz] and a bounded fundamental domain F for the action
of ZF on R* be given. Suppose that

e 0 cint(FU(F —eq1)) and

e 0€ lIlt_;,_(f)
Then there is n > 0 such that (p(x + «), Dr) has the finiteness property whenever
a=mywy + -+ mpwy € O satisfies max{l,|mal,..., |mg|} < nm;.

Remark 4.2. Note that this implies that for each bounded fundamental domain F
satisfying

e 0 cint(FU(F —eq)) and
e 0c 1nt+(]:)

the family Gr of GNS contains infinitely many GNS with finiteness property.

Proof. Our goal is to apply Theorem 3.1.

Choose 1 > 0 in a way that the 1-ball around 0 in R* w.r.t. the norm || - || is
contained in int(F U (F — e;)). Since the union F + Z* is a locally finite union of
bounded sets, the definition of the neighbor set A/ implies that there exists €5 > 0
such that (F)e, N (F+2z) =0 for each z ¢ M. Let now ¢ = min{e1,ea}.
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We write p(x+a) = 2" +p,,_1 (@)™ +- - -+po(a). Then there exist polynomials
g; € Z[z] such that

k k
pla+a) = g@+a)w; =3 (552" +pjn-1(a)s" !+ 4 pjo(a)) w;
j=1 j=1
with pji(a) € Z and §;; being the Kronecker symbol. It is easy to see from the
definition of these coefficients (see also [25, p. 294]) that p1g(a) grows faster than
all the other coefficients if n — 0, more precisely, we have

(4.1) pir(e) <mpio(e),  (G,0) #(1,0), 1<j<k, 0<I<n
for n — 0 (note that n — 0 entails that m; — 00). Moreover, we see that
(4.2) pji(@) < npula), 2<j<k, 0<i<nm,

for n — 0 and,
(4.3) pu(a) >0 for 0 <1 < n and n small (and, hence, m large) enough.

Let now ¢ € Z be given. Then by the definition of Z the estimates in (4.1) imply
that ¢ = Quw1 + -+ + (pwy with
(4.4) G <mpo(a), 1<j<k,
for n — 0.

We now show that ¢ + Dr C Usea(DF + po(@)d) and ¢ € D U (Dr — po(a))
holds for small n. Note first that there exist rq,...,r; € Q with

—_— =W+ TEWE-
po(a)
Since po(a) = Z?Zl pjo(a)w; this implies that
Gui 4+ Gg = (mwn + -+ + rpwr) (Pro(a)wr + -+ + pro(@)wy,).
Now multiplying the brackets on the right hand side and observing that w; = 1 the
estimate in (4.1) yields, setting r = max{|r1|,...,|rx|},
Gwi + -+ Gwr = pro(@)(r1 + O(nr))wy + -+ - + pro(a) (ry + O(nr) )wg.

Let jo be an index with r = |rj,|. For this index we have

Cio = Pro(@)rj, (1 +O(n)).
Using (4.4) this implies that r = |r;,| tends to zero for n — 0. Thus for 1 small
enough we have r < ¢ and, hence, ||(r1,...,7%)||lcc < €. By the choice of ¢ this
implies that ¢ + Dr C Usea(DF + po(a)d) and ¢ € Dy U (Dr — po(c)). Since
¢ € Z was arbitrary we have shown that there is n; > 0 with

(4.5) Z+Dr C | J(Dr+po(a)d)  forn<m
dEA

and

(4.6) Z CDrU (Dr —poa)) for n < n1.

This implies conditions (i) and (ii) of Theorem 3.1.
If we choose (' =} ; p;j(a) for some J C {1,...,n}, there exist r{,...,7, € Q
with ¢

po(a)

/ /
=7riwy+ -+ Wk
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and, hence, writing ¢’ = ({w1 + - - + (Lwk, we get
(4.7) Gui + -+ Gk = (rwr + - -+ rwr) (pro(@)wr + - -+ + pro(@)wy).-

Then by the same arguments as above we derive that

(4.8) [|(r, ... 7)|leo <€ for n small enough.

Observe that by (4.2) and (4.3) we have

(4.9) G<ng  (2<j<k)

and ¢; > 0 for n — 0. Let jo be an index with [} | = max{|ri[,...,[r[} and

assume that jo > 2. Then by (4.7) and (4.1)
G, = pro(@)r (14 0(n)) > pio(@)r] + O(pro(a)nr’)) = (1,
a contradiction to (4.9). Thus jo = 1 and
¢t = pro(@)ri(1+O(n))
and by (4.3) we conclude that

(4.10) ri >0  for n small enough.

Thus, by (4.8) and (4.10) there is 7o > 0 with

(4.11) {ij(a) : Jg{l,...,n}}gD; for n < ns.
Jj€J

This shows that also condition (iii) of Theorem 3.1 is stisfied.
Summing up we see that by (4.5), (4.6), and (4.11) the result follows from The-
orem 3.1 with 7 = min{n;,n2}. O

Theorem 4.1 immediately admits the following corollary.

Corollary 4.3. Let K be a number field of degree k and let O be an order in
K. Let a monic polynomial p € Olz] and a bounded fundamental domain F for
the action of ZF on R* be given. If O € int(F) then there is n > 0 such that
(p(z + ), Dx) has the finiteness property whenever o = mywy + - -+ + mywy € O
satisfies max{1,|ms|, ..., |mx|} < nlmq].

Proof. Again we want to apply Theorem 3.1. Choose €; > 0 in a way that the
g1-ball around 0 w.r.t. || - || is contained in int(F). Since the union F + Z* is
a locally finite union of bounded sets, the definition of the neighbor set A/ implies
that there exists eo > 0 such that (F)., N (F + z) = 0 for each z ¢ N. Let now
€ = min{ey, e}

Define

k n
A= {anwj (s mE) ENU{el}} and Z' = {Z&jpj(a) D05 € A’}.
Jj=1 j=1

Let now ¢ € Z' be given. In the same way as we showed (4.5) and (4.6) in the
proof of Theorem 4.1 we can show, using € as defined above, that { + Dr C
Usea(DF+po(a)d) and ¢ € Dr holds for small 7). Thus, since { € Z’ was arbitrary
and Z C Z', there is 11 > 0 with

Z+DrC U(Df+po(a)5) for n <,
seA
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Z CDr for n < 1.
Moreover, because {Zje}pj(a) JJCA{L,... ,n}} cZz,

{ij(a) : Jg{]wan}}gD]—' fOI"I’]<’I’]1.
JjEJ

This implies conditions (i), (ii), and (iii) of Theorem 3.1 and we are done. O

Remark 4.4. Under the conditions of Theorem 4.1
IM eN: (p(x+m),F) is a GNS with finiteness property for m > M,
while under the more restrictive conditions of Corollary 4.3

IMeN: (p(x£m),F) is a GNS with finiteness property for m > M.

Remark 4.5. Looking back at Example 2.5 we see that canonical number systems
and number systems corresponding to the sail satisfy the conditions of Theorem 4.1.
Symmetric CNS even satisfy the conditions of Corollary 4.3. The number systems
corresponding to the square F = [0,1)? do not fit in our framework. In this case,
F needs to be translated appropriately in order to make our results applicable.

We will see in the next section that (p(z — m),F) doesn’t have the finiteness
property for large m under the conditions of Theorem 4.1.

Before this we deal with the following conjecture of Akiyama, see Brunotte [6]:
let p € Z[z] be a CNS polynomial. Then there exists M such that p(z) +m is CNS
for all m > M. Theorem 4.1 implies results concerning this conjecture even for
polynomials over orders.

Corollary 4.6. Let K be a number field of degree k and let O be an order in K.
Let a monic polynomial p € Olz] and a bounded fundamental domain F for the
action of ZF on R¥ be given. Suppose that O € int(F) then there is n > 0 such that
(p(x) £ o, DF) has the finiteness property whenever o = miwy + - -+ + mypwy € O
satisfies max{1l, |mal, ..., |mg|} < nlmq|.

Proof. Repeat the proof of Corollary 4.3 with p(z) £ « instead of p(z £ ). |

Remark 4.7. If k=1, and 0 < & < 1 then F. = [—¢,1 — ¢) satisfies the conditions
of Corollary 4.6, hence for any p € Z[z] there exists M € Z depending only on &
and the size of the coefficients of p such that (p(x)+m, F) is a GNS with finiteness
property in Z[z].

The assumptions of Theorem 4.1 hold for F; even if ¢ = 0. Hence, if all coefficients
of p are non-negative, then (4.3) holds and we can conclude 7] > 0 as in the proof
of Theorem 4.1. Hence in this case (p(z)+m, Fy) is a GNS with finiteness property
in Z[x].

However, if some of the coefficients of p are negative, then (4.3) and r{ > 0 fails
and, hence, we do not have similar statement. The example p = 22 — 2z + 2 shows
that (p(z) 4+ m, Fo) is not a GNS with finiteness property in Z[z] for any m > 0.

Remark 4.8. If there are infinitely many units in O then for all p € O[z] there exist
infinitely many « € O such that the constant term of p(x) + «, i.e., p(0) + « is a
unit, hence p(x) + « is not GNS with finiteness property. Notice that Condition
(iii) of Theorem 3.1 holds under the assumptions of Corollary 4.6 only if the norm
of p(0) + « is large.
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5. GNS WITHOUT FINITENESS PROPERTY

The main result of this section complements the results of Section 4. We start
with a partial generalization of [25, Theorem 3| to polynomials with coefficients of
O that will be needed in its proof.

Lemma 5.1. Let (p,D) be a GNS. If there exist h € N, dg,dy,...,dp,—1 € D not
all equal to 0 and q1,q2 € Olx] with

h—1
(5.1) Y did? = (" — Dai(2) + g2 ()p(2).

§=0
then (p, D) doesn’t have the finiteness property.

Proof. Assume that (5.1) holds for some h € N, dg,d1,...,dr—1 € D not all equal
to zero and ¢ (z), g2(x) € O[z]. This implies that

{—1 h—1

h—1
—q1(xz) = Z djz? 4+ 2" (—qi(x)) = Z Z dja*" 4 gt (—qy(x))  (mod p)

k=0 j=0

holds for all £ € N. Since D is a complete residue system modulo p(0) this implies
that a possible finite digit representation

L—1
—q1(z) = Z bjxj (mod p)
3=0

must satisfy L > h¢ for all £ € N. Thus L cannot be finite, a contradiction. This
implies that (p, D) does not have the finiteness property. ]

Our main result in this section is the following theorem.

Theorem 5.2. Let K be a number field of degree k and let O be an order in K. Let
a monic polynomial p € Olz] and a bounded fundamental domain F for the action
of ZF on R¥ be given. Suppose that 0 € int_(F — e1). There exists M € N such
that (p(x —m), Dg) doesn’t have the finiteness property for m > M.

Proof. For an integer m set Il (z) = p(x — m). In the sequel we examine the
constant term of II,,(x), which is I1,,(0) = p(—m). We claim that if m is large
enough then I1,,(0) € D p(—m—1)-

Assume that our claim is true. Performing Euclidean division of IT,,, 11 (z) by (z—
1) we obtain a polynomial s,,4+1(z) € O[z] such that II,,41(z) = (£ — 1)spmy1(x) +
I,,4+1(1). As IL,,,11(1) = p(—m) the last identity is equivalent to

p(=m) = (z = D(=sm41(2)) + M p1 (2).

By the claim p(—m) belongs to the digit set Dz ,_m,—1) if m is large enough.
Applying Lemma 5.1 with h = 0, a0 = p(—m), q1(x) = —s$m+1(x),q2(x) = 1, p(x) =
q1(z) and D = Dy p(—m—1) We conclude that (I, 1, DF p—m—1)) is not a GNS
with finiteness property whenever m is large enough.
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-1

It remains to prove the claim. Let p(z) = 2™ + pp—12™ * + -+ + pp. Then

M0 p=m)®
Q) T p(em—1D@
), (0) p(—m—1)

(=m)™ + p  (—m)" ! — (—m = 1) = p{) | (—m — 1"+ O(m™?)
(=m = 1)+ pyLy (=m = )7+ O(m=2)
_(_1)nnmn—1 _|_O(mn—2)
(=m)™ + O(mn-1)

__nr -2
= +O0(m™9),
hence,
%) (0) n
(5.2) o =1—-—+0(m™?)
Hm+1(0) m
fori=1,... k.
Setting
0,0
m —_— . .
(53) Hm+1(0) - Jz:; T’m]w]?

by the definition of Dx ,_m—1) = Dz 11,,,,(0) our claim is proved if we show that
(rmis---,™mk) € F holds for large m. (Note that, as II,;,(0)/IL,,11(0) belongs to
K, we have rpn1,...,7mk € Q.)

Taking conjugates, equation (5.3) implies

m
(5.4) E:Ww i=1,...,k.

Hm+1
This is a system of linear equations in the unknowns r,,;,j = 1,...,k with coefli-
cient matrix (wj( )) =1,k As wi,...,wy is a basis of O the determlnant of ( (@ ))

is not zero. Moreover, as w; = 1 the first column of (w j())

consists only of ones.
We estimate the solutions of (5.4) by using Cramer’s rule. If j > 1 then to get

is 1, the vector Wthh

the matrix of the numerator we have to replace the j-th column of (w§i)) by the

1Y (0) () (0) n (1)
vector ( ORI Hiﬂl(o)) 1(1— 2 +0(m™?)). As the first column of (w;”)

was not altered, i.e., it is 1, the determinant of this matrix is O(m~!). As the

determinant of the denominator matrix is constant, i.e., det(wj(-i))7 we get
(5.5) Tmg =O0(m™Y), j=2,... k.

If j = 1 then to get the matrix of the numerator we have to replace the first column

of (wg(‘i)) by the vector ( MO 00 (0) ) =1(1- 24+ 0(m™?)), thus

0 I, 0)

Tm1 =1— ny O(m™2).
m
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This yields that

(56) 1- % <7Tm1 < 1

holds for m large. Thus, since e; € int_(F) by assumption, (5.5), and (5.6) impliy
that (rm1,...,7me) € F for large m and, hence, I1,,(0) € D p(—p—1) for large m,
and the claim is proved. [

6. GNS IN NUMBER FIELDS

As mentioned in the introduction, the theory of generalized number systems
started with investigations in the ring of integers of algebraic number fields. For
an overview on related results we refer to Evertse and Gy6ry [14] and Brunotte,
Huszti, and Peth6 [10]. To clarify the connection of our investigations with the
earlier ones we need some definitions. Let L be a number field of degree I, and
denote its ring of integers by Op. Let a € Op and let A’ be a complete residue
system modulo a. The pair (a, N) is called a number system in Op. If for each
~v € O there exist integers £ > 0, dy,...,ds_1 € N such that

-1
7= d
=0

then we say that (a, N') has the finiteness property. If the digit set is chosen to be
N = No(a) = {0,1,...,|Nrjg()| — 1} then (o, N) is called a canonical number
system in O (CNS for short). (For p being an irreducible polynomial with root
a and Oy, = Za], the finiteness property of (o, A/) coincides with the finiteness
property of (p, N) according to the introduction.) Kovdcs [24] proved that there
exists a canonical number system with finiteness property in O if and only if Of,
admits a power integral bases. Later Kovacs and Pethé [25] proved the stronger
result.

Proposition 6.1 (Kovécs and Pethd [25, Theorem 5]). Let O be an order in the al-
gebraic number field .. There exist ay,...,a; € O, ny,...,ny € Z, and Ny,..., Ny
finite subsets of Z, which are all effectively computable, such that (o, No()) is a
canonical number system with finiteness property in O if and only if « = a; — h for
some integers i, h with 1 < i <t and either h > n; or h € N;.

From Corollary 4.3 we derive that for number systems the relation is usually
stronger, the theorem of Kovacs and Pethd describes a kind of “boundary case”
viz. a case where 0 € OF.

Theorem 6.2. Let I be a number field of degree | and let O be an order in L.
Let F be a bounded fundamental domain for the action of Z on R. If 0 € int(F)
then all but finitely many generators of power integral bases of O form a basis for
a number system with finiteness property. Moreover, the exceptions are effectively
computable.

Proof. By Gy0ry [16] in O there exist up to translations by integers only finitely
many generators of power integral bases, and they are effectively computable. De-
note these finitely many generators by aq,...,a; and denote the minimal polyno-
mial of o; by p;(z), j = 1,...,t. Fix 1 < j <t. Note that p;(z) is monic and
has rational integer coefficients. By Corollary 4.3 (see especially Remark 4.4) there
exists M; € Z, such that (p;j(z £ m),F) is a GNS with finiteness property for all
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m > M;. Fix such an m and its sign 0 too. Denote by D = Dx }, (sm) the digit set
corresponding to F and p;(dm). Notice that D C Z is a complete residue system
modulo p;(dm).

Because of the finiteness property there exist for any v € O digits dp, ...,ds—1 €
D such that

y=do+diz+-+de 2t (mod pj(z + dm)).

Inserting a; — dm into this congruence and taking into consideration that o; — dm
is a zero of p;(x + dm) we obtain

v =do+di(a; —m) + -+ de_1(aj — m) T,

hence, the pair (a; — ém, D) is a number system with finiteness property in O
provided that m > Mj.

If 1,o,...,a7! is a power integral basis of @ then by Gyéry’s theorem there
exist 1 < j <t,6 = £1,m € N such that & = a; — dm. We have seen in the last
paragraph that all but finitely many m the numbers o; — ém together with the
digit sets D form a number system with finiteness property.

Finally for each of the finitely many remaining values of m one can decide algo-
rithmically the finiteness property by Theorem 2.9. O

Remark 6.3. Notice that the assumption 0 € int(F) implies that {—1,0,1} C
Dz p.(5m) for all m large enough. Of course —1 ¢ No(a + m), hence, the proof of
Theorem 6.2 does not work in the case of canonical number systems.

Remark 6.4. Gyéry’s theorem holds for relative extensions as well. More precisely,
if O is an order in an algebraic number field K and p € Olz] is monic and irreducible
then L = O[z]/pOlz] is a finite extension field of K. Gydry [16] proved that if U is
a ring and a free O-module in L, then it admits finitely many classes of O-power
integral bases. A representative of each class is effectively computable. Each class
is closed under translation by elements of O. To generalize Theorem 6.2 to this
situation would require the generalization of Remark 4.4 to all m € O, such that
all conjugates of m are large enough. We have no idea how to prove such a result.
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