
Connections between power integral bases and

radix representations in algebraic number fields

Attila Pethő∗
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1 Radix representation in algebraic number fields

Let g ≥ 2 be an integer. Then every n ∈ Z can be represented in the form

n = ±
∑̀

j=0

nig
i, 0 ≤ ni < g.

This classical representation has a disadvantage that it cannot be generalized
to more general algebraic structures (e.g. to algebraic number fields), because
there exists no natural separation between positive and negative elements. V.
Grünwald [7] introduced the radix representation with respect to negative bases
on the following way: Let g ≤ −2 be an integer. Then every n ∈ Z can be
represented in the form

n =
∑̀

j=0

nig
i, 0 ≤ ni < |g|.

This concept does not use the dichotomy of positive and negative numbers and
allows a far reaching generalization, which was started by Knuth [12], see also
[13] and worked out by Kátai and Szabó [11], Kátai and B. Kovács [9, 10] and
by Gilbert [6]. Let ZK be the ring of integers of the algebraic number field K.

{α,N}; α ∈ ZK, N = {0, . . . , |Norm(α)| − 1}
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is called a canonical number system, in short CNS, if every ν ∈ ZK can be
represented in the form

ν =
∑̀

j=0

niα
i, ni ∈ N .

Remark that Gilbert used the notion of radix representation instead of canonical
number system. In this note we follow the Hungarian tradition.

2 CNS polynomials

To characterize bases of canonical number systems it is useful to generalize the
concept. Observe that if ZK is monogenic then ZK = Z[α] for some α ∈ ZK. This
means ZK is isomorphic to the quotient ring Z[x]/P (x)Z[x], where P (x) is the
minimal polynomial of α. Moreover, {α,N} is a CNS in ZQ(α) means nothing
else that every coset of Z[x]/P (x)Z[x] has an element (a representative) such
that its coefficients belong to the interval [0, |p0| − 1]. This point of view does
not depend on the algebraic number field Q(α), but only on the polynomial
P (x)!

A monic polynomial P (x) = xd+pd−1x
d−1+· · ·+p0 is called CNS polynomial

if every coset of Z[x]/P (x)Z[x] has an element

a0 + a1x + · · ·+ akxk (1)

such that 0 ≤ ai < |p0|.
The set of CNS polynomials of degree d will be denoted by Cd and (1) will

be called a CNS representation.

3 Algorithmic properties of Cd.

The first problem is to find a method, with which it is possible to compute the
CNS representation of elements Z[x]/P (x)Z[x] with respect to a given polyno-
mial P (x) = pdx

d + pd−1x
d−1 + · · ·+ p0 ∈ Z[x] with pd = 1. As every coset of

Z[x]/P (x)Z[x] has a unique element of degree d− 1 with integer coefficients say

A0 + A1x + · · ·+ Ad−1x
d−1 (2)

it is natural to use the following process. Let Z′[x] = {A(x) ∈ Z[x] : deg A < d}
and

TP (A) =
d−1∑

i=0

(Ai+1 − qpi+1)xi,

where Ad = 0 and q = [A0/p0]. Then TP : Z′[x] → Z′[x] and

A = a0 + xTP (A), with a0 = A0 − qp0 ∈ {0, . . . , |p0| − 1}.
A polynomial A ∈ Z′[x] is called a periodic point of TP , if there exists an

integer k > 0 such that T k
P (A) = A. It is very easy to prove our first statement.
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Theorem 1. P (x) ∈ Cd if and only if the only periodic point of the mapping
TP is the zero polynomial.

Hence it is enough to study the map TP : Zd → Zd defined as

TP ((A0, . . . , Ad−1)) = (A1 − qp1, . . . , Ad − qpd).

The next theorem gives sufficient conditions for P (x) to be an element of Cd.

Theorem 2 (Analytical conditions). If P (x) ∈ Cd then

(i) |α| > 1 for all roots of P (x) and

(ii) α < −1 for all real roots of P (x).

Proof (i) If |α| < 1 for a root of P (x) then the sum

|n0 + n1α + · · ·+ nkαk|, ni ∈ N
is bounded.
(ii) If α > 0 for a real root of P (x) then the sum

n0 + n1α + · · ·+ nkαk, ni ∈ N
is always non-negative.

Corollary 1. If P (x) ∈ Cd then p0 ≥ 2 and for given d and p0 there exist only
finitely many CNS polynomials of degree d and with constant term p0.

4 Early characterization results

The next theorem is due to Kátai and Szabó [11] for the ring of Gaussian integers
and Kátai and B. Kovács [9, 10] in the general case. It was proved independently
by Gilbert [6]. Thuswaldner [22] gave a different proof based on the theory of
automata.

Theorem 3. Let x2+p1x+p0 be the minimal polynomial of α. The pair {α,N}
is a CNS in ZQ(α) if and only if p0 ≥ 2 and 0 ≤ p1 ≤ p0.

Later B. Kovács [15] proved the following useful theorem. A different proof was
given by Scheicher [20] using the theory of transducer automata.

Theorem 4. Let P (x) = xd + pd−1x
d−1 + · · · + p0 be the minimal polynomial

of α. If p0 ≥ 2 and pd−1 ≤ · · · ≤ p1 ≤ p0 then {α,N} is a CNS in ZQ(α).

Proof: Let A(x) ∈ Z[x]/PZ[x] be of degree at most d. Adding a suitable
multiple of P (x) to A(x) we can achieve that all of the coefficients of A(x) are
non-negative, which we will assume in the sequel. Let A(x) = a0+a1x+· · ·+adx

d

and q = [a0/p0]. Then

A(x)− qP (x) + xqP (x) = (a0 − qp0) +
d∑

i=1

(ai − qpi + qpi−1)xi + qxd+1
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and a0 − qp0 ∈ N . Let

T̃P (A) =
d∑

i=1

(ai − qpi + qpi−1)xi−1 + qxd.

Then A ≡ a0 − qp0 + xT̃P (A) (mod P ), the degree of T̃P (A) is d and the
coefficients of T̃P (A) are non-negative. Moreover the sum of the coefficients of
T̃ (A) is equal to the sum of the coefficients of A minus a0 − qp0. Hence this
function is decreasing whenever a0 − qp0 > 0. Iterating this process we arrive
after finitely many steps the zero polynomial. ¤

The next theorem gives a qualitative characterization of canonical number
systems.

Theorem 5 (B. Kovács [15]). There exists in ZK a CNS if and only if ZK is
monogenic, i.e. there exists an α ∈ ZK such that {1, α, . . . , αd−1} is an integral
basis in ZK.

Proof: If {α,N} is a CNS in ZK then ZK is obviously monogenic.
Let α be a basis element of a power integral basis in ZK and denote by P (x)
its minimal polynomial. Then there exists a k0 such that the coefficients of
P (x + k) for k ≥ k0 are positive and monotonically increasing. By the last
theorem {α− k,Nα−k} is a CNS in ZK. ¤

Combining this theorem with a deep result of Győry [8] B. Kovács obtained.

Corollary 2. Up to translation by integers there exist only finitely many CNS
in ZK.

Based on this result the following strategy was proposed by Kovács and Pethő
[16] to find all CNS in ZK for a given K:

(i) Find, up to translation, the bases of power integral bases of ZK. Let α one
of them with minimal polynomial P (x).

(ii) Find the smallest k1 such that the coefficients of P (x+ k) are positive and
increasing for all k ≥ k1.

(iii) Find the largest k0 ≤ k1 such that the roots of P (x + k0) satisfy the
analytical conditions, i.e. they are in absolute value larger than one and the
real roots are less than −1.

(iv) Test the remaining, finitely many polynomials, whether they are CNS.

To test conditions (i)-(iii) is easy, therefore we concentrate in the sequel to
condition (iv). For monic P (x) ∈ Z[x] and for c > 0 let

Pc = {A(x) =
d−1∑

i=0

Aix
i ∈ Z′[x] : |Ai| ≤ c, 0 ≤ d− 1}.
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Theorem 6 (Kovács and Pethő [16]). Let P (x) be irreducible and square-free
for which the analytical conditions hold. Then there exists a computable con-
stant c > 0 such that P (x) ∈ Cd if and only if every A(x) ∈ Pc has a CNS
representation.

Pethő [19] generalized this theorem for the case when P (x) is not necessarily
irreducible and Akiyama and Rao [3] removed the square-freeness too. The last
theorem means that the CNS property is algorithmically decidable. On the
other hand the decision procedure can be, and often is, very time consuming.

5 CNS polynomials with large p0

At the end of the 20-th century Akiyama and Pethő [2] realized that if p0 is
dominating among the other coefficients, then the polynomial is CNS. More
precisely they proved the following theorems:

Theorem 7 (Akiyama and Pethő [2]). For polynomials with p0 ≥
∑d

i=1 |pi| the
CNS property can be decided in polynomial time.

Theorem 8 (Akiyama and Pethő [2]). Assume that p2, . . . , pd−1,
∑d

i=1 pi ≥ 0
and p0 > 2

∑d
i=1 |pi| then P (x) ∈ Cd.

The statement of the last theorem was refined by Scheicher and Thuswaldner
[21] and Akiyama and H. Rao [3] to p0 >

∑d
i=1 |pi|.

6 Affect of a new representation

Brunotte [5] and independently Scheicher and Thuswaldner [21] observed that
the basis transformation

{1, x, . . . , xd−1} → {w1, . . . , wd},

wj =
d∑

i=j

pix
i−j , j = 1, . . . , d

implies a simpler and much nicer transformation. Indeed, if

A(x) =
d∑

j=1

Ājwj then

TP (A) = −qw1 +
d∑

j=2

Āj−1wj .

Hence TP implies the mapping

τP = τ : Zd → Zd

τ(A) =
(
−

[
p1A1 + · · ·+ pdAd

p0

]
, A1, . . . , Ad−1

)
,
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where A = (A1, . . . , Ad). This will be called in the sequel Brunotte’s map-
ping.
Brunotte [5] proved the following theorem.

Theorem 9. Assume that E ⊆ Zd has the following properties

• (1, 0, . . . , 0) ∈ E,

• − E ⊆ E,

• τ(E) ⊆ E,

• for every e ∈ E there exists some ` > 0 with τ `(e) = 0

then P (x) ∈ Cd.

Such a set E will be called the set of witnesses of P ∈ Cd.

7 Trinomials

The quadratic CNS polynomials were characterized by Kátai and B. Kovács
[9, 10] and independently by Gilbert [6]. Scheicher [20] and Brunotte [5] gave
new proofs.

Theorem 10. We have x2+p1x+p0 ∈ C2 if and only if p0 ≥ 2 and 0 ≤ p1 ≤ p0.

Brunotte [5] generalized this statement to higher degree trinomials.

Theorem 11. Let d > 2. Then
(i) xd + bx + c belongs to Cd if and only if −1 ≤ b ≤ c− 2,
(ii) if 1 ≤ q ≤ d and q 6 |d then xd + bxq + c ∈ Cd if and only if 0 ≤ b ≤ c− 2.

8 Cubic polynomials

After characterizing the CNS in quadratic number fields and trinomials, whose
roots are bases of CNS in the corresponding number fields it is straightforward
to analyze the situation for cubic fields. We will show that this problem is much
more complicated as the trinomial case and is far from a complete solution.

Let P (x) = x3+p2x
2+p1x+p0. In 1981 Gilbert [6] formulated the following

conjecture.

Conjecture 1. We have P ∈ C3 if and only if
(i) p0 ≥ 2,
(ii) p2 ≥ 0,
(iii) p1 + p2 ≥ −1,
(iv) p1 − p2 ≤ p0 − 2,

(v) p2 ≤




p0 − 2, if p1 ≤ 0,
p0 − 1, if 1 ≤ p1 ≤ p0 − 1,
p0, if p1 ≥ p0.
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Akiyama, Brunotte and Pethő [1] confirmed his conjecture in several cases.
For example they proved the following statement.

Proposition 1. Let
(i) p1 ≤ −1, p2 ≤ p0 − 2 and −1 ≤ p1 + p2 ≤ 0 or
(ii) p1 ≤ −1, 0 ≤ p2 < min{p0 − 1, 2p0/3} and 1 + p1 + p2 ≥ 0 or
(iii) 1 + p1 + p2 ≥ 0, −p0 + p2 + 1 ≤ p1 ≤ −1
then P ∈ C3.

Summarizing we obtain that Gilbert’s conjecture holds if p1 = −1. On
the other hand they realized (see also [4]) that Gilbert’s conditions are not
sufficient. They presented the following counterexamples.

Counterexamples. (i) p1 ≤ 0.
Let 2 ≤ p1 + p2 ≤ −p1 and p0 ≤ min{p2 − p1, p1 + 2p2 + 1} then (1,−1,−1) is
periodic and the period is always (1,−1,−1); 2, 1,−1,−1.

(ii) 1 ≤ p1 ≤ p0 − 1.
Let 7p0−5p2

6 + 1 ≤ p1 ≤ −p0 + 3
2p2. Then (1,−3, 1) is periodic with period

(1,−3, 1); 3,−2,−2, 3, 1,−3 provided that p0 ≥ 28.

(iii) p1 > p0.
Let p0 + 1

2p2 + 1 ≤ p1 < p0 + 2
3p2 − 1

3 . Then (3,−2, 1) is periodic with
period (3,−2, 1);−2, 1, 1,−2. The same point is periodic, but with period
(3,−2, 1);−3, 3,−2, 1, 1,−2, provided that p0 + 2

3p2 − 1
3 ≤ p1 ≤ 2p2 − 4.

9 Binary CNS polynomials

A CNS polynomial is called binary if its constant term is 2. A. Kovács [14]
computed all binary CNS polynomial up to degree 8. His results are summarized
in the next table.

Degree 3 4 5 6 7 8
Number of CNS Polynomials 4 12 7 25 12 20

He proved for example that x8+2x7+3x6+3x5+3x4+3x3+3x2+3x+2 ∈ C8.
In this case the number of elements of the set of witnesses E is 241719.

10 CNS in cubic number fields

Combining results of diophantine equations and the strategy described in Sec-
tion 3 Akiyama, Brunotte and Pethő [1] described in two infinite classes of cubic
number fields all CNS.

Simplest cubic fields: Let t > 0, let ϑ = ϑ1 be the root of X3 − tX2 − (t +
3)X − 1 with t + 1 < ϑ < t + 1 + 1/t.
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Theorem 12. An element γ ∈ Z[ϑ] is the basis of a CNS in Z[ϑ] if and only if
γ = ϑ + n, n ≤ −t− 3,
γ = −ϑ + n, n ≤ −3,
γ = ϑ2 − tϑ + n, n ≤ −t− 5,
γ = −ϑ2 + tϑ + n, n ≤ −1,
γ = ϑ2 − (t + 1)ϑ + n, n ≤ −t− 5,
γ = −ϑ2 + (t + 1)ϑ + n, n ≤ −1.

Pure cubic fields:

Theorem 13. Let m be a positive integer not divisible by 3 such that d = m3+1
is square-free. Put ϑ = 3

√
d. Then γ ∈ Z[ϑ] is the basis of a CNS in Z[ϑ] if and

only if
γ = ϑ + n, n ≤ −m− 2,
γ = −ϑ + n, n ≤ 0,
γ = ϑ2 + mϑ + n, n ≤ −2m2 − 2,
γ = −(ϑ2 + mϑ) + n, n ≤ −m2 − 2.

The last theorem is a generalization of a statement of Körmendi [17], where
he considered the case m = 1. His result was completed by Brunotte [5].

11 CNS in a family of quartic number fields

For a class of quartic number fields Y. Motoda [18] established all power integral
bases.

Theorem 14. Let K = Q(
√

m,
√

n) with m = f2 + 2, n = f2 − 2 and f > 0
odd. Then the generators of a power integral basis of ZK are equivalent to

ϑ1 =
√

m+
√

n
2 or

ϑ2 = f 1+
√

mn
2 +

√
n + (f2 − 1)

√
m+

√
n

2 .

Using this theorem and the general strategy described in Section 3 to find
all CNS in ZK we proved during our stay in Japan in 2003 the following result.

Theorem 15. Let K as above. Then {α,N} is a CNS in ZK if and only if
(i) α = ϑ1 − k, k ≥ f + 1,

(ii) α = ϑ2 − k, k ≥ 3f3+f
2 + 1,

(iii) α = −ϑ2 − k, k ≥ f3−f
2 + 2,

Proof: (i) We have Pϑ1(x) = x4 − f2x2 + 1. If k ≥ f + 1 then ϑ
(i)
1 − k < −1.

A simple computation leads to

Pϑ1(x + f + 1) = x4 + (4f + 4)x3 + (5f2 + 12f + 6)x2 + (2f3 + 10f2 + 12f + 4)x

+ 2f3 + 5f2 + 4f + 2.
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Let pi, i = 0, 1, 2, 3 denote the coefficient of xi in the last expression. Observing
that p0 = p1 − p2 + p3 it is easy to see that if a ≥ 1 then

τ(−a, a− 1,−a + 2, a− 3) =

(
(a + 1,−a, a− 1,−a + 2), if a < p2 − 2p3 + 3

(a,−a, a− 1,−a + 2), otherwise.

Starting from (−1, 0, 0, 0) we arrive after some steps, which depend on f ,
the case a ≥ p2−2p3 +3. Later the first coordinate of the argument vector does
not grow in absolute value. Finally it is easy to see that applying the iterates
of τ to the vector (a,−a, a− 1,−a + 2) we obtain after finitely many steps the
zero vector. By Theorem 9 of Brunotte Pϑ1(x + f + 1) is a CNS polynomial.

(ii) This is obvious.
(iii) With P (x) = Pϑ2(−x− f3−f

2 − 1) we have

P (x) = x4 + (2f3 + 4)x3 + (6f3 + 5f2 + 6)x2 + (6f3 + 10f2 + 4f + 4)x

+ 2f3 + 5f2 + 4f + 2.

This polynomial is not CNS, because τ has a period

(−2, 2,−1, 0); 2,−1, 0, 1,−1, 1,−1, 1, 0,−1, 2,−2

.
However with P (x) = Pϑ2(−x− f3−f

2 − 2) we have

P (x) = x4 + (2f3 + 8)x3 + (12f3 + 5f2 + 24)x2 + (24f3 + 20f2 + 4f + 52)x

+ 16f3 + 20f2 + 8f + 17.

This is already a CNS polynomial with a set of witnesses, which is independent
from f .
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