ON A FAMILY OF THREE TERM NONLINEAR INTEGER RECURRENCES

P. KIRSCHENHOFER, A. PETHO, AND J. M. THUSWALDNER

ABSTRACT. In the present paper we study sequences defined by the recurrence relation
ants = — |an + XNant1 + Nani2]

for n > 0, where A = # the golden ratio. These sequences are related to shift radix systems
as well as to B-expansions with respect to Salem numbers.

1. INTRODUCTION

In [1] the following notion of shift radiz system was introduced. Let d > 1 be an integer and
r=(ry,...,7q) € R Tor we associate 7, : Z¢ — Z< as follows: if a = (ay,...,aq) € Z% then
we let

Tr(a) = (a27 <o, Q4 —Lraj),
where ra = riay + - - - + rqaq is the inner product of the vectors r and a.
If iterates of 7 always end up at zero, i.e., if

(1.1) for all a € Z? there exists k > 0 with 7*(a) = 0

holds, we will call 7 a shift radiz system (SRS for short). For simplicity, we write 0 = (0, ...,0).

In the present paper we are interested in parameters r such that 7, is eventually periodic for each
starting value. Let Dy be the set of all d-dimensional vectors r having this property. Moreover,
let

(1.2)  &q:= {(rl, cooyrg) €ERY XY 4y X971 ... 4 1) has only roots y € C with |y| < 1} .
It is not hard to see (cf. [1, Section 4]) that
€4 C Dy C &y

Thus the problem that remains is to find out for which parameters r € 9€; do we have r € Dy.
This question was addressed for the two-dimensional case in [3, Section 2]. It is easy to see that
D, is (apart from its boundary) an isosceles triangle. In [3, Section 2] 9Dy was characterized for
two sides of this triangle. To characterize which points of the third side of this triangle belong to
Dy turned out to be a hard problem. In particular, what remains to be proved is

{(Ly) |yl <2} C Da.

Using the definition of 7, this reads as follows. Let |A| < 2 and let (a,)52; be a sequence of
integers which satisfies

0<ap+ Aapt1+apio <1 (n € N).
Then (a,)22, is periodic.
Results concerning this conjecture are contained in [2]. Especially, in that paper it is shown
that the conjecture is true for A = 1+T\/5
In the present paper we want to start with the consideration of dDs. Up to now nothing is

known about the periodicity properties of 7. with r € 9D3. Here we want to study the behavior
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of certain sequences related to a point in r € 0D3. In particular, we study the behavior of the
sequences defined by the initial values ag = a; = 1,a2 € N and

Ap+3 = — I_an + >\2an+1 + >\2an+2j

for n > 0, where A = 1+2‘/5 the golden ratio. Equivalently a,3 is the unique integer solution of
the inequality

(1.3) 0 <an+MNany1 +Nani2 +anis < 1.

Our aim is to characterize for which values of as the sequence is periodic and for which it becomes
divergent. We will show (see Theorems 4.1, 5.1, 5.2 and 5.3) that the behavior of the sequence
depends on the starting digits of the Zeckendorf representation of as.

Notice that the characteristic polynomial of the linearized sequence

_ _ 2_ 2_
Gp43 = —0p — A Ap41 — A Ap+42

is 2% + A\?22 + N2+ 1 = (x+1)(22 + Az + 1), whose zeros are roots of unity, thus {a,} is periodic.

2. PRELIMINARIES

To prove our result we need some well-known properties of A and the Fibonacci sequence (cf.
[4]). The number X is a zero of the polynomial 22 — x — 1. Its algebraic conjugate, which is the

other zero of 22 — x — 1 will be denoted by )\’:1%‘/5:—%:1—)\.
3 5 74+ 3v5
N=\+1= +2\[, N =2\A+1=2+5, )\4:3)\+2:%[,
X2:X+1=3_2\/5, N3 =2\ +1=2-/5, )\’4:3)\’—1—2:77_23\/5.

We also need the following relations, which are very easy to prove

o0

. 1 1
12 _ _ —
e S = g
(oo} A,
1254+1 —
(2.2) j_Z:O/\ "= =L
o0
(2.3) 1< ) a N <,
§=0

where in the third relation as ; € {0, 1}.

The members of the Fibonacci sequence are defined by the initial terms F; = F5 = 1 and by
the recursion F,1o = F, 11 + Fp,n > 0. It is well known (cf. [5]) that any positive integer, e.g.
as has a unique representation

00
(24) ag = ZCLQJF]‘
j=2

such that as ; € {0,1}, a2 jas j+1 = 0,7 > 2 and ag ; = 0 for all but finitely many indices j. This
is called the Zeckendorf representation.
If n > 2 then it is easy to show, that

(2.5) F A2 =Fig— N

We now study a family of sequences, which is periodic and helps to prove the periodicity of
other sequences. For z € R let ||z|| denote the distance of x to the nearest integer. We also need
the nearest integer to x, which is |z + 3.
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Lem~ma 2~.1. Iietk >3 and fo=fi=0and fo =35 f2,;Fj, where fo; € {0,1}, f2j f2 j41 = 0.
Let fo=f1=fa=0 and for h >0
" . 1
fris = o+ (fner + fry2)A? and  frys = — {f}wg + 2J :

Then the sequence { fr} is periodic with minimal period length 10 and its members and upper bound
for || frll are given in Table 1.

h mod 10 0 1 2 3 4
In 0 0 Yo fa by | =X faiFire | X faF e
[ fnll < IN[F (N 0 [N |\ [*
h 5 6 7 8 9
fn =23 foiFjta | 2> foiFjra | = foiFiva | D failive | =2 f2F)
[ full < X[k N 0 (X[t |\ ]F

Table 1. Behavior of f,

Proof. We prove the statement only for h = 5, because the other cases are similar. By using the
properties of the Fibonacci numbers and (2.5) we get

fs = fot(fs+ fo)?

= Zf2,ij+ *ZfQ,ijHJerz,jFHs A?

3>k izk izk
= Y foiFi+ Y foy (Fjs — Fipa) N
j>k j>k
= D foFi+ ) foiFira— ) fo AT
i>k i>k ik
= 22 fg,ij+2 — Z f2,j/\/j+1.
i>k i>k

We can estimate the second summand by using (2.3), which gives
[ D7 Fo XTI < AN = X5,
>k
As k > 3 we have |\'*| < I, thus
I1f51 < [\
implies

fs= _2Zf2,ij+2'

Jjzk

To the sequence (ay,) satisfying (1.3) we associate the sequence (a,,) by the rule
Gn = Qg + Nan_o+ Nan_1 + an, N € 7.
We have 0 < a,, < 1 for any n € Z. The following lemma will be used later frequently.

Lemma 2.2. Let (a,) be a sequence, which satisfies (1.3). Assume that there exists a k > 3 such
that

|/\/|k—1 <a,<1- |)\/|k—1
holds for any n € Z. Then the sequence (a, + frn), where (f,) is defined in Lemma 2.1, satisfies
(1.8) too. Moreover, if (ay) is periodic with period length p, then (a, + fn) is periodic too with
period length lem(p, 10).
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Proof. We have
N |
an73+fn73+(an72+fn72+an71+fn71))\2+an+fn = an+fn_ {fn+2J

an £ [| full-
By Lemma 2.1 || .|| < |[N[¥~1, thus the lemma is proved. O

3. THE FIRST SIX TERMS OF THE SEQUENCE

Set ap = a1 = 1,as € N. Starting from the Zeckendorf representation (2.4) of ay we establish
the Zeckendorf representation of as, ..., ag.
To find a3 we have to find the integer part of

S = ap+ (a1 + CLQ))\Q

L)
1+ |1+ Z a27ij /\2
=2

1+ )\2 + ZazijjH — Z(LQJ)\Ij
j=2 Jj=2

3+ ZGQ’ij+2 + A—1-— Zag’j)\/j.
Jj=2 Jj=2

Using (2.1) and (2.2) we obtain

0SA—T=D> N <A=1=) a7 <A—-1-> N =)+ )N =1
j=1 j=2 j=1

Thus
az = -3 — Za27ij+2.
j=2
If ag 2 = ag 3 = 0 then we have the stronger estimate
(3.1) NZ=A—T= NI <A=1-) ag A7 < A— 14+ X" =2\2
j=4
Using a, as, a3 we will compute ay.

S = a1+ (CLQ + a3))\2

= 14+ Zag’ij -3 - ZGQ’]’FJ‘J’,Q A2
=2 =2

= 1- 3)\2 + ZQQJ(F]‘ — Fj+2)>\2
j=2

-7-3V5
= 72 — ZQQ,ij+1)‘2
J

=2
o0 oo
= 777ZaQ’ij+3+)\/4+Za2’j>\/J+l'
=2 =2
To obtain a4 we have to analyze the summand

R=X"+3 ay; \7F

=2
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We distinguish two cases.
Case I. a2 2 = 0. Using again (2.1) and (2.2) we obtain

(3.2) 0=MN4+NAN<R< N4 NI\=)2

Thus we have |S| = -7 — Z;iz as,jFj13. Notice that if as 3 = 0 holds as well, then
(3.3) 0=MN 4+ NAN<R< N+ N0\ = )3,

We need this stronger estimate later.

Case II. ay 2 = 1. In this case a3 = 0, by the property of the Zeckendorf representation and we
obtain

(3.4) 1< M= NP ANBA< R< M+ N3 1 V0 =0,

. oo
hence we obtain [S]| = -8 —3 .7, as jFji3.
Summarizing our result a4 = a4 + Z?iz ao ;Fjy3, where

77 if a2 = 0
a4 .c =
’ 8, if a2 = 1.

Now we turn to establish as. Let

S = ay+ (a3 +as))?

o0 o0
= Y asFj+ [ 34 anc+ Y as(Fjs— Fipo) | N
Jj=2 j=2

= (=34 ar )N+ ap;Fj+ Y az;Fja\

j=2 j=2
o0 o0 o0

= (“3+ar )N+ ap;Fj+ Y az;Fjpz— Y ag A7
Jj=2 j=2 j=2

oo
= 2) ay;Fj2+ R,

=2

where
_ 4)\2 — )\,4 Zj‘;o (,“L27j_~_3)\/j7 if az o = 0
B 5)\2 - )\/3 - )\15 Z]Oio a27j+4)\’j, if a2 = 1.

We estimate R by using (2.3) and get
(3.5) 10<84+V5 =42+ N <R<4X+ N =9+ <11,

ie. |[R] =10 in case a2 = 0.
If ag o = 1 then we get similarly

(3.6) 13<245V5 =5 - M- N4 < R<BN - N2+ N5 =114+V5 < 14,

ie. [R| =13. Thus we have a5 = a5 — 23", az jFji2, where

—10, if az2 = 0
as.c =
' 713, if a2 = 1.
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Finally we compute ag. Let

S = az+ (as+as)\?

-3 - Z as ;i Fijro+ | aac+as.c+ Z az j(Fjy3 — 2Fj1a) | A2
j=2 j=2

=3+ (aae+a5.0)A> = Y az; (Fjz + F;\%)
j=2

= -3+ (04470 + a5vc))\2 -2 Z ag,ij+2 + Z a27j/\'j

j=2 Jj=2
= 722@27]'1‘7]'4_2 +R,
j=2
where .
R —3-3X2 4+ )3 Z;CZO a27j+3)\/], if as2 =0
S BB NN Jan N, i agp =1

We estimate R by using (2.3) and get
(3.7) =16 < -9 M =-3-5A24+ N2 - M <R<-3-5X+)N?-\%=_-11-2/5<-15,
ie. |R] = —16 in the case as s = 1.
If ag o = 0 then
R+11 = )\/4 + )\/3 Z 027j+3)\/j.
7=0
It follows from (2.3) that |R + 11| < 1. Moreover, if as 3 = 0 then

(3.8) 0< N =N S RAIL =N+ M) g a7 <N = N3 =27,

§=0
ie. |R| = —11. However, if ag 3 = 1 then az 4 = 0 by the property of the Zeckendorf expansion
and we get

o0
R+ 11 = )\14 + )\/3 + )\/5Za2)j+5A/j < )\14 + )\/3 _ )\/5 — 07
j=0
ie. |[R| = —12 in this case. Thus we have ag = ag, + 2 ", az ;Fj12, where
11, if a22 = 023 = 0
ae,c = 12, if az o = O,a273 =1
16, if az2 = 1.
4. THE DIVERGENT CASE, ag2 = az3 =0

We continue our investigation first with the case as2 = a3 = 0 and prove that then the

sequence is divergent. Notice that now ag = —as + 1. The next member of the sequence is defined
by
ay = — La4 + (a5 + ae))\zj =— [a4 + /\2J = —ay — 2.
We prove that ag = —as + 2. To see this we examine the number
S = a5—|—(a6—|—a7))\2—a3+2

—a6+1+(—a5+1—a4—2))\2—a3—|—2
= —(az+ (ag +as)A\? 4+ ag) + 3 — N\

Using (3.8) we conclude
0=3-XN-XN?<S<3-XN=)N?<1,
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which proves our claim.
To prove ag = —as we consider
S = ag+ (&7 + as))\Z )
= 7&54’14’(7&4727@34’2))\27@2
= —(a2+(a3+a4)/\2+a5)+1.

We know that 0 < as + (a3 + as)A\? + a5 < 1, but it cannot be 0, because otherwise as = —as,
which is absurd.
Now we prove that a9 = —4 = —a; — 3 = ag — 5. We have
S = a7+(a8—|—ag))\2—a1—3

—a4 — 2+ (—az3 +2—ax)\* —a; — 3

= —(a1 + (ag + a3)\? +ag) — 5+ 2)\%.
Using (3.3) we get S < —5+2)\2 = -2+ /5 < 1.

0=-5+22+ N3 <S<-5+202=-2+V5<1
We prove that a;; =6 = —ag + 7 = a; + 5. Indeed
S = ag+ (ag +a)N\’ —ag+7

—a3+2+ (—ag —a; —3)A\2 —ag+ 7
= —(ap+ (a1 +ax)\* +az) +9 — 3)\2.

Using (3.1) we get
0<AN?2=9-3X2_-2)2<S<9-3\2-)N?2=2\2<1

and our claim is proved.
Next we prove that ai1o = as — 5. Let

S = a9+(a10+a11))\2+a2—5
= —a2+2)\2+a2—5
= 222 -5=-24+5

and our claim is proved.
Now we can formulate the first theorem.

Theorem 4.1. Ifag=a1 =1 and as = Z;i4 as ;jF;, where as j € {0,1},as jaz j4+1 =0, then
A10n4+2k = Q2 —ON
A10n+2k+1 = G2k+1 1+ ON
holds for anyn € Z and k =0,...,4. Thus the sequence is divergent.

Proof. We proved the statement for a1g,a1; and ai2. Assume that it holds for three consecutive
terms ai1on42k, A10n+2k+15 @10n+2k+2- Lhen

A1on42k43 = — |@10n+2k + (@10n+2k+1 + G10n+2642)A°
= — Lagk — 5n + (a2k+1 +5n + aggq2 — 5n)/\2J
— |asgk + (a2k+1 + azpi2)A* — 5n)

= Qagk43 + ON.
We can now finish similarly the induction in the case where the index of the first term is even.
Finally, the recursive procedure (1.3) is symmetric, thus the induction works for negative indices
too. (]

5. PERIODIC SEQUENCES, a22 =1 OR az2 = 0,a23 = 1.

In this section we prove that the sequences with as 2 =1 or as 2 = 0,a23 = 1 are periodic.
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5.1. The case az2 = 1,a23 = az 4 = 0. We prove the following theorem.

Theorem 5.1. Let the sequence (a,) be defined by the starting values ag = a1 = 1 and as =
s+ Zj>5 as ;F;, where asj € {0,1}, a2 jas j41 = 0. Then (ay) is periodic with minimal period
length 30.

Proof. Consider first the special case afy = a} = a = Fy = 1. Let @/, = al,_5 + (al,_5+al,_1)\> +
a,,,n € Z. A simple computation shows that (a},) is periodic with minimal period length 30.
Moreover

7)\/3 Sd/n S 17>\16

hold for all n € Z. Thus, if a; = F» + Zj>7 as ;F;, then by Lemma 2.2 for the sequence (a,)
the assertion holds. The sequences with starting values ag = a7 = 1,a5 = Fo + F5 + > ;57 a2, F;
and ag = af = 1,a5 = > + Fs + 355 a2 ;Fj require a more careful analysis. Considering the
auxiliary sequence with starting values by = b} = 1,05, = F5 + F5 a simple computation shows that

/\/4§8;l§1_/\/6

holds except when n = 4,19. (In the exceptional cases ;b, = 1+ X'7.) It follows from Section 3
that a!, = b, + f,, holds for 0 < n < 6, especially

a’l = 1, a'2:F2+F5+Za27ij, aé:73* F4+F7+Za27ij+2 s
27 =7
ail = 8+ F5+F8+Za27ij+3
Jj=7
Thus
(5.1) 0 <dy=al + (a5 +ah) N’ +ay =9 = 3N + XN+ N0+ “ap ;A <1417,
§>7

By the above inequality, which holds for n < 18 and by Lemma 2.2 we have a], = b, + f,, for
0<n<18, e

(1116 = 15—|—2 F4+F7—|—Za27ij+2 5 a’17 =—-14 - F5—|—F8—|—Za2,ij+3 5
327 27
dig = 1+ |FitFrt) az;Fjs
=7
We have

big + fig = —6 — | Fo+ F5 + Za2,ij
i>7

Using these data we obtain

aye + (ayy + aig) N +big + fr9 = 9=3N+ NP+ N0+ Z ag ;A7
Jj=7
~1
= Qg
ie. aly = b9+ f19. Using this and Lemma 2.2 we have a), = b}, + f,, for 20 < n < 30, consequently
for 0 < n < 30.
The proof for the sequence () is similar, therefore we omit it. O
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5.2. The case az2 = 0,a23 = 1,a2.4 = 0. Now we turn to the second kind of periodic sequences.

Theorem 5.2. Let the sequence (a,) be defined by the starting values ag = a1 = 1 and as =
3+ Ej>5 as ;i Fj, where ag; € {0,1}, a2 ja2 ;41 = 0. Then (ay,) is periodic with minimal period
length 30.

Proof. The proof is analogous to the proof of Theorem 5.1, therefore we omit it. O

5.3. The case az9 = 1,a23 = 0,a2.4 = 1. To complete the study of the sequences with starting
values ag = a1 = 1, a2 a positive integer, it remains to consider the case in the title. Now we fill
this gap.

Theorem 5.3. Let the sequence (a,) be defined by the starting values ag = a1 = 1 and as =
o+ Fy + ijﬁ as ;jF;, where azj € {0,1}, a9 ja2 41 = 0. Then (a,) is periodic with minimal
period length 70.

Proof. Considering again the auxiliary sequence with initial values af, = a} = 1,0y, = Fo + F, = 4
we see that (a,) is periodic with length 70 and

0<-NT"<al, <14+\5,

which implies that the assertion is true if we assume j > 8 in the definition of ay. The remaining
cases can be proved by a more careful analysis like in the proof of Theorem 5.1. O

At the end of this note we mention that the same methods also apply for the investigation of
sequences starting with other values than ag = a; = 1. However, the higher the values of ag and
a1 are, the more cases have to be distinguished according to the Zeckendorf representation of as.
Computer experiments suggest that the length of the occurring periods is not bounded.
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