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ABSTRACT. Let K be a field of characteristic 0 and let (G (X))nZo be
a linear recurring sequence of degree d in K[X] defined by the initial
terms Go,...,Ga—1 € K[X] and by the difference equation
Gn+d(X) = Ad_l(X)Gn+d_1(X) + ...+ Ao(X)Gn(X), for n > 0,
with Ao,...,Aq—1 € K[X]. Finally, let Q(X,Y) € K[X,Y]. In this
paper we are giving conditions depending only on Go,...,Gg4—1, on @,
and on Ao, ..., Ag—1 under which the Diophantine equation
Gn(z) = Gm(y) with Q(z,y) =0

has only finitely many solutions (n,m) € Z2. This paper is a contin-
uation of the work of the authors on this equation in the special case
of Q(X,Y) =Y — P(X) (cf. [7, 6, 8]) and of a recent result due to U.
Zannier [14].
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1. INTRODUCTION

Let K denote an algebraically closed field of characteristic 0, and let
Ao, ..., Aq-1,Go,...,Gg-1 € K[X] and (G (X))52, be a sequence of poly-
nomials defined by the d-th order linear recurring relation

(1) Gnra(X) = Ag1(X)Grya_1(X) + ... + Ag(X)Gn(X), for n > 0.

Furthermore, let P(X) € K[X],deg P > 1. Recently, the authors investi-
gated the question, what can be said about the number of solutions of the
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Diophantine equation
(2) Gn(X) = G (P(X)).

The problem was motivated by properties of families of orthogonal polyno-
mials. For example, the Chebyshev polynomials of the first kind , which are
defined by

T,,(X) = cos(n arccos X),

have the well known property that
Ton(X) =T,(2X2 - 1)

for all integers n. Let us mention that all orthogonal polynomials satisfy a
second order linear recurring sequence, e.g. for the Chebyshev polynomials
we have Tp(X) = 1,T1(X) = X and Ty 42(X) = 2XT,11(X) — T (X),n =
0,1,2,....

Recently, the authors [7] were able to formulate conditions for sequences
of polynomials satisfying a second order linear recurrence under which they
could conclude that (2) has only finitely many solutions m,n € Z,m,n >
0,m # n. For the proof they used the Main Theorem on S-unit equations
over finitely generated fields of characteristic zero [3, 5|. Furthermore, they
were able to quantify their results by transforming their problem in the
function field generated by the characteristic root of the recurrence over the
rational function field K(x).

The first author gave suitable extensions of the above results for third
order linear recurring sequences (cf. [6]). Later on, the authors generalized
their results to linear recurring sequences G, (X) of arbitrary large order
[8]. The conditions are somehow complicated to state, essentially, they en-
sure that there exist valuations in the underlying function field, which have
special properties. Let

GX,T)=T%— Ay (X)T9 1 — ... — Ap(X) € K[X][T]

denote the characteristic polynomial of the sequence (G (X))>2, and D(X)
be the discriminant of G(X,T). We let o, ..., a, denote the distinct roots
of the characteristic polynomial G(X,T') in the splitting field L of G(X,T).
It is well known that (G, (X))52, has a nice “analytic” representation. More
precisely, there exist polynomials C1(T),...,C.(T) € L[T] such that

(3) Gn(X)=Ci(n)al + ...+ Cr(n)a),

holds for all n > 0. Assuming that G(X,7") has no multiple roots, i.e.
D(X) # 0, we have that the C;(T)) = ¢; are all constant for all i =
1,...,7 = d. Assume now that the d-th order (d > 2) linear recurring
sequence (Gn(X))se, and the polynomial P € K[X] satisfy the following
conditions:

(1) None of the roots and the quotients of distinct roots of the charac-
teristic polynomial of (G, (X))22, is an element of K*,
(2) deg P > 2 and deg D > 1,
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(3) ged(D, Ap) =1 and
(4) ng(D, R(Ao, ce ,Ad, Go, ceey Gd)) = 1,
for some polynomial R(Ao, oAy, Go,y .l Gd) € Q[Ao, oo Ag,Go, .., Gd]
(for details we refer to [8]). Then equation
(4) Gn(X) = cGn(P(X)),
where ¢ € K* = K\{0} is variable, has at most
C(d,Ao, D, P) =

2d?
= c®"" (log (¢*" deg D(deg P +1)) ) (2ed)™0*"* des Ao dee P

solutions (n,m) € Z? with n,m > 0,n # m. We also obtained the result
under the following conditions:

(1) None of the roots and the quotients of distinct roots of the charac-
teristic polynomial of (G (X))22, is an element of K*,
(2) deg P > 1, and deg D > 1,
(3) deng > 1, R(Ao, ce ,Ad, Go, ce ,Gd) 7§ 0, and
(4) the set of zeroes of Ay is not equal to that of Ay(P).
Then equation (4) has at most C(d, Ag, D, P) solutions (n,m) € Z? with
n,m > 0,n # m.
For the special case of the equation
(5) Gn(X) = Gm(P<X))
we could even show more. Namely, assuming the conditions from above with
(1) None of the roots and the quotients of distinct roots of the charac-
teristic polynomial of (G, (X)), is a root of unity,
instead of (1), respectively, we proved that equation (5) has at most
6(12d)6d,

solutions (n,m) € Z% with n,m > 0,n # m.

Very recently, U. Zannier used elementary method from the theory of
function fields to improve on these results. In fact, he was able to completely
describe the matter: suppose that deg P > 2 and that the recurring sequence
G, (X) is simple with characteristic roots a1, ..., aq satisfying that no ratio
a;/oy, i # j, lies in K. Then if there are only finitely many solutions m,n
of

Gn(X) =cGn(P(X)), m,neN,
where ¢ = c¢(m,n) € K* may depend on m,n, their number is at most 8d°.
If there are infinitely many solutions then for suitable r,s € N we have an
identity

Gsntvo(P(X)) = 0€"Grpguo(X), neN, |r|=]|s|degP >0,

for suitable &, n € K*, and two cases may occur, which he calls the “cyclic”
(which denotes essentially the case G,(X) = X", P(X) = XP) and the
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“Chebyshev” case (which is essentially the example from the motivation,

ie. Gn(X)=T,(X),P(X) =T,(X)). More precisely we have:

Cyclic case: P is of the form X o XP o\ for suitable A\, \' € PGLy(K). Also,
the o; are in K(X), of the form ¢; X% o \, for integers §; and ¢; € K,

Chebyshev case: P(X) = XN oT, 0\, A, X as above. The «; are quadratic
over K(X) and of the form ¢;(X + v X2 —1)% o\,

Our aim is to generalize this result to the equation
(6) Gn(z) = cGm(y),

where ¢ = ¢(m,n) € K* may vary with m,n and where x,y are alge-
braically dependent, i.e. a relation Q(z,y) = 0 holds for some polynomial
Q(X,Y) € K[X,Y]. Moreover, we want to consider arbitrary linear recur-
ring sequences (Gp(X))s2, (and not only simple linear recurrences as be-
fore). This equation can be understood as an identity in K[ X, Y]/(Q(X,Y)),
which denotes the residue class ring of the curve Q(z,y) = 0. Using the
ideas introduced in [14], we want to give necessary conditions under which
the more general problem has at most finitely many solutions.

Observe that we may assume without loss of generality that Q(X,Y) is
absolutely irreducible and we will assume this for the rest of the paper.

2. RESULTS

Before we state our results, let us start with a small discussion about the
polynomial Q(X,Y"), which is assumed to be absolutely irreducible. We can
also assume that the leading coefficient of Y in Q(X,Y’) belongs to K, or
equivalently that y is integral over K(z). Otherwise, there exists a valuation
v in the function field K(z,y), which is a pole of y. But this implies by our
equation G, (r) = ¢Gp,(y) that

0 < v(Gn(2)) = v(Gm(y)) < v(y) <O,

which is a contradiction. Observe that clearly the G, (x) are integral (they
are polynomials). Because of symmetry, we can also assume that z is integral
over K(y) and therefore that the leading coefficient of X in Q(X,Y") does
not depend on Y. Therefore, we have

Q(X)Y) =YI8BRY 4 g (X)ydee@v—lp 4 g X48Qx 4 g,(X),
with ¢, € K, ¢;(X) € K[X],i=1,...,p and degg,(X) < degQx =: p.

We do not immediately start with our special case: first we study the
general situation of intersections of two linear recurrences defined over a
function field. The following proposition is a generalization of [14, Corollary
2] to the case of arbitrary (also non-simple) linear recurring sequences G,
and H,, given by

Gn = Ci(n)af + Ca(n)ay + ...+ Cy(n)ay,
Hy = Di(n)B1" + D2(n)B3 + ...+ Dy(n)By,
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where o, 3; € L* and 0 # C;, D; € L[X] and L is a function field in one
variable over K, and which is therefore of interest on its own.

Theorem 1. Assume that no o; or 3; and no ratio oy/oj or Bi/Bj,i # j
lies in K*. Then the equation Gy, = ¢ Hy,,c = c¢(n,m) € K* has at most

€20d
C(ord Gy, ord Hy,) := 9d*(3d*> + e+ rd?)

solutions (m,n) € Z2, where d = max{ord G,,,ord H,} and r is the rank of
the multiplicative group generated by the oy and (3;, unless there are integers
ng, Mo, 1, s, with rs # 0, elements £&,n € K* and polynomials 0 # P,Q €
K[X] such that the identity

P(m
Gno—i—?’m = QETrL;ngmHmo—i-sm
holds for m € Z.
Moreover, in this case we have that there exist Si,...,S, € L[X] such

that
Ci(no +7X) = na; ™ P(X)Si(X) and Dy (mo + sX) = B10Q(X)Si(X),

and for the corresponding roots af/ﬁ;(i) eK fori=1,...,p=q and where
7 is a permutation of the set {1,...,p}.

The proof of this result follows the line of proof from [14, Corollary 2]
and uses a result due to Shorey and Tijdeman, which is shown by Baker’s
method of linear forms in logarithms of algebraic numbers (see [12, pp. 84-
85] and [4, Lemma 3]). Some more remarks are in order.

Remark 1. First of all, it is quite clear that there can exist infinitely many
solutions and that the statement about the polynomials P, () is necessary.
Because, if we assume that

Gn = P(n)S,, H,=Q(n)Sy,

where P, () € K[X] and (S,,)22, is a linear recurring sequences defined over

L, then we have G,, = ¢ H, with ¢ = % for all n € Z.

Remark 2. We want to mention that such a conclusion also appears in
a similar context about arbitrary (non-simple) linear recurring sequences.
Namely in [2], Corvaja and Zannier proved that if G,,/H,, is an integer for
infinitely many n, then there exists a polynomial P such that P(n)G,/H,
is a linear recurring sequence for all n in an arithmetic progression.

Remark 3. If we are interested in solutions of the equation G, = H,,,
then infinitely many solutions can come only from an identity of the form
Gnotrm = Hpmy+sm for all m € Z, which means that

Ci(no +rX)ai® = nDy ) (mo + sX)ﬂ:zg), ne K and af/ﬂ;(i) c K
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fori=1,...,p = q and where 7 is permutation of {1,...,p}.

Now, we are ready to come to our special case, where G,, = G,(z) and
H,, = G,(y). From the above Theorem it follows at once that either equation
(6) has at most C'(ord Gy, ord G,) many solutions or an identity of the above
type must hold. We investigate the latter case in this more special situation
and we prove the following theorem.

Theorem 2. Assume that the d-th order (d > 1) linear recurring sequence

(Gn (X)), and the irreducible polynomial Q(X,Y) € K[X,Y] satisfy the
following conditions:
(i) None of the oy and the ratios o/, i # j is an element of K*, and
(ii) the set of zeros of the polynomial Ag(X) is not equal to that of
Resy (4o(Y),Q(X,Y)).
Then there are at most C(ordGy,) pairs (m,n) € Z? for which equation (6)
holds, where

~ eQOd
C(d) :=9d*(3d* + e +rd?)
and where r is the rank of the multiplicative group generated by the ;.

As usual Resy (f, g) denotes the resultant of the two polynomials f, g with
respect to Y.

The question now is the following: do there occur infinite families of solu-
tions other then those in the cyclic and Chebyschev case from above, when
we consider curves Q(x,y) = 0, which are not of the form y = P(x)?

Remark 4. First of all, it is clear that additional infinite families of solu-
tions may appear. For example we have for

Q(x,y) =acz™ —ay™ —b(1—¢c) =0
with a,b,c € K,m > 3 and P(X) = aX"™+b that P(y) = ¢ P(x). Therefore,
we get for G () = P(x)",n € Z that
Gn(y) = P(y)" = (cP(x))" = "P(x)" = "Gn(x)
for all n € Z. By [13, V1.3.3. Example, page 197] the genus of Q(z,y) = 0 is

g= W > (0. This example shows that at least in the case of positive

genus also other infinite families may occur.

Remark 5. We may mention that condition (ii) also naturally appears in
the context of the conditions given in our previous papers (see [7, 6, 8]).
Namely, it is easy to see that we have

Resy (Ag(Y), Q(X,Y)) = (lcA)des @y xdegQ@x+deg Ao o

where lcAg denotes the leading coefficient of Ag. If we additionally assume
that degy @ > 2, we therefore have a valuation v with v(D(y)) > v(D(z)),
which was the main point in our previous considerations.
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We mention that from the proof we see that we must exclude that Aj(y) =
cAo(z)® for some r,s € N,c € K*. Whenever, we can find

Q(X,Y) | Ag(Y)" — cAo(X),

we have other infinite families as described above (observe that the example
before was constructed with the trivial case Q(X,Y) = Ap(Y) — cAp(X)9).
It follows by Schinzel (see [9, page 58|) that if Ag(X) is indecomposable over
K, which means that if Ay(X) = F1(F»(X)), F1, Fo € K[X] then deg F} =1
or deg F5 = 1, and deg Ay > 31, then Ay(Y) — cAp(X)? is irreducible over
K. We conjecture that FI(X,Y) = Ap(Y) — cAp(X)? with Ay indecompos-
able (and it is clear that this is needed) and Ag(y) # B(y)P or —4B(y)* is
always irreducible. Schinzel mentioned to us that this conjecture - if true -
lies deeper than Capelli’s theorem (e.g. see [9, Theorem 19, page 92]), since
it depends on the characteristic of K while Capelli’s theorem does not.

Remark 6. The motivation to look at this generalisation is the following:
if it would be possible to prove that G, (z) = ¢ G, (y) with Q(z,y) = 0 has
no solution unless we have a trivial infinite family, then it would be possible
to handle the Diophantine equation Gy (X) = G, (Y) in integers X,Y by
the method of Bilu and Tichy [1].

3. PROOF OF THEOREM 1

We start by rewriting our equation G,, = ¢ Hy, as
P q
Gn—cHpy =Y Ci(n)af1™ =>  cDi(n)1"B" = 0.
i=1 i=1
We define vectors 4; = (a;,1) € (L*)2 for i = 1,...,p, Apri = (1,8) €
(L*)? for i = 1,...,q and polynomials P, = Ci,i = 1,...,p, Pyy;s = D;,i =
1,...,q, respectively.
Now we apply the following theorem due to Zannier (see [14, Theorem 1]
and also [14, Definition 1]):

Lemma 3. Let Ay,..., A € (L*)" and let Py,...,P, € L[ X4,...,X,] =
L[X] satisfy deg P; < d;. Then the set
S={meZ" : P(m)A",i=1,...,hare linearly independent overK},

(here for A = (ai,...,a,) we define A™ = o™ ---a]"" ) may be expressed
as a union of no more than

(a+ v+ (3))

classes, where we say that S C Z" is a class relative to a nonempty subset
B of {1,...,h}, if
(i) for every m € S the elements P;(m)A™,i € B are linearly indepen-
dent over K and
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(ii) for some mg € S the set S is made up by all m satisfying (i) and
such that for i,j5 € B we have (AiAj*l)m_mO c K*.

Now, we get by applying Lemma 3 that all solutions (m,n) € Z? of our
equation are contained in at most

2
<ord Gy + ord H,, + (p ; q)) < (3max{ord Gy, ord H,}?)”

classes (for a definition of classes see Lemma 3 or [14, Definition 2]).

We are going to estimate the number of solutions in each class €, corre-
sponding to the subset B = B C {1,...,p+ ¢}. As in the proof of [14,
Corollary 2] it is easy to see by [14, Corollary 1(b)] that there are at most
max{ord Gy, ord Hy,} + (p gq) solutions in every class containing distinct in-
tegers ¢,j in [1,p] or [p+ 1,p + ¢, respectively, having Ci(n)---Cp(n) #
0 or Di(n)---Dy(n) # 0, respectively. Since these cases appear for at
most max{ord G,,ord H,} many n, we get that the number of solutions
is bounded by

2 max{ord Gy,,ord H, } + <p ;— q) < 3max{ord Gy, ord H,}%.

In the case that B contains integers g, jo +p with 1 <49 < p,1,< jo < ¢q
it is also plain (by the proof of [14, Corollary 2]) that the solutions in the
class Q correspond to integers m such that

(7) Gno+rm = CHmo-i-sm
with integers ng, mo,r,s,rs # 0.

In this case we first group together in a single 4" two exponentials o™
and 37, which are linearly dependent over K. Namely, if af = (; 5, 5] =
5(1,])7(1,‘]) with 5(17]) € K* we have
(8) Ci(no +rm)a®(i ;) — eDj(mo + sm) B8 ) V(i 5)-

Now, we write

Ci(no +rX)a® = Z mQi(X),
=1

Dj(mg + sX) " = Z Qi (X),
=1

where the p; € L*,l = 1,...,u are linearly independent over K and the
Qir, Qj lie in K[X] for each 4, j,[. Clearly this is possible for some u with,

u < (p+ q) max{deg C1,...,deg Cp,deg Dy, ...,deg D,}.
Thus, (8) becomes

Z (Qil(m) - 05@j)4~2jl(m)) PIY(ig)-

=1
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Up to now we have rewritten (7) as a K-linear combination of expressions
of the from p;7;", where all these expressions are linearly independent and
where ~; = 7(; j) or a, 3;, respectively, depending on whether they could be
paired with some other term in (7) or not. We have two possible cases: those
m for which all coefficients vanish and those for which not all coefficients

vanish. In the latter case the elements p;y;" are linearly dependent over

K, which can happen (by [14, Lemma 2]) for at most (2(ord G”+20rd H”)fl)

many m.

In the first case all terms in Gj4r, must be paired with the terms in
Hyy4sm, so we have p = ¢ and v < 2ordG,,. Moreover, there exists a
permutation 7 of the set {1,...,p} which pairs each a; with some 3; = ;)
such that (7) can be rewritten as

i i (Qil(m) - C5zmc~2w(z')z(m)) oyt = 0.

i=1 I=1
For simplicity we have written here v;, d; instead of v(; r(i)), 0(s,x(s))» Tespec-
tively. Observe that there are at most max{ord G,,ord H,} many m for
which Cj(ng + rm) or Dj(mg+ sm) = 0. For all other m we have

Qzl(m) 5™ — ¢

Qrin(m)

(recall that ¢ here may depend on m) for all ¢, or

Q) Qi) (5" _,

®) Qr(iy(m) Qjr(m) b

0

for all 4,1, j,r.
Now, we pause for a moment to cite the following result from [4, page
148].

Lemma 4. Let P € Q(X) be a rational function with no poles outside the
disc {z € C : |z| < A} and let o € Q. If there are infinitely many pairs of
integers m,n with

m>n>A, P(m)a™ = P(n)a",
then P is constant and o is a root of unity.

We use a specialization argument to reduce our case to the above lemma.
For this let U C K be a finite set consisting of all transcendental elements
from the Qy, Qw(i)l and 9; for all 4,[, together with all possible differences
and all multiplicative inverses of these elements. Then by [5, Lemma 3.1]
there exists a ring homomorphism ¢ : QU] — Q whose restriction to Q is
the identity. Applying this map to (9) leads to

0(Qij(m)) ©(Qnr(jyr(m)) (s@(@))m .
@(Qw(i)j(m)) @(Qjr(m)) ©(0;) '

(10)
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Now, if there are infinitely many such m, then there are infinitely many m, n
such that

P (Qi ( ) ¢(Qn m(m)) <so<6j>>m:

o Qi (m)) 2(Qir(m)) \(5:)
P(Qiy(n) #(Qr(yr(m) <<P(5j))n,
#(Quiiy;(n) #(Qjr(n)

Therefore, max{m,n} — oo and the above lemma implies that ¢(d;/d;)
and therefore also 0;/d; is a root of unity. Moreover,

QX)) Qe QuX) | Qu(X)
Qrin(X)  Qu(iyr(X) Qrin(X)  Qriyr(X)

differ just by a constant (in fact again a root of unity) for all i # j,1 # r
(observe that the equalities follow from (10) at once). It follows that there
exist polynomials P, Q € K[X] such that

P(X)Sy(X) = mQu(X),  Q(X)Sy(X) = i) Qi (X)

for all 4,1 with n;,7,; € K (independent of [) and for some polynomials
S7,(X). From this discussion it follows that this case can only hold for all m
in the intersection of certain arithmetic progressions, which is either empty
or again an arithmetic progression. Moreover, we see that in this case we
have 7j.(;)/n; = n with 1 a suitable root of unity. Therefore, also the second
part of the conclusion of Theorem 1 follows from this.

Further, equation (10) can have finitely many solutions in the following
two cases: either ¢(d;)/¢(d;) is a root of unity or not. In the second case
the number of m satisfying (10) can be bounded by the zero multiplicity of
the underlying linear recurring sequence, hence by

exp(exp(exp(20(ord G,, + ord Hy,)))

by [10, 11], since the degrees of the polynomials are bounded by the order
of the recurrences. On the other hand, if ¢(d;)/¢(d;) is a root of unity
of order ¢ say, then in the ¢ arithmetic progressions m = kf +r,0 < r <
¢ — 1, we can bound the number of m’s by the degrees of Q;(X)Q;(X)
and Qy1(X)Q;(X), respectively. Therefore, we can bound the number of
solutions coming from this case by the rank of the multiplicative group
generated by ai,...,qp,51,..., 8y, which is an upper bound for ¢, times
ord G, + ord H,.

Altogether, we see that there are at most C(ord G,,ord H,) solutions,
which do not come from a trivial relation, which finishes the proof. O
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4. PROOF OF THEOREM 2
We already know that we have to study the equation

(11) Gno—&—mr(x) = gggﬁfmeoers(y)

with &,n € K*, P(X),Q(X) € K[X] and with integers ng, mg,r,s,rs # 0,
which is an identity in the function field K(z,y). Moreover, we have

Gn(z) = Ci(n)af + ... + Cp(n)ay,

Gn(y) = Di(n)By + ...+ Dp(n) 5y,
where «; are the zeros of G(z,T') and [3; are the zeros of G(y, T'), respectively.
Obviously, the field Ly := K(z,a1,...,0p) and Ly := K(y, f1,...,[p) are

isomorphic over K and we denote the isomorphism (which sends = — y and
a; — ;) by ¥ : Ly — Li. We have the following situation:!

=4K(z,y,a1,...,0p,01,...,0p)0 : K(z, a1, . .. ,ap)%K(y, B, -, Bp)K(z, y)K(z)K(y)(0,0)(1, 1)(

From Theorem 1 we know that there are polynomials S;(X), ..., Sp(X) and
a permutation 7 of {1,...,p} such that Cj(ng + rX) = no; " P(X)S;(X),
Dyiiy(mo + sX) = B;(Z';OQ(X)SZ-(X) and ag/ﬂfr(i) € Kfori=1,...,p
Since by the above isomorphism 1), we have that «; and §; have the same
multiplicity and therefore we have degC; = deg D; for all i = 1,...,p, it
follows that

deg Sy(;) = deg S; + deg Q — deg P
for alli=1,...,p. This implies
deg Srr(;y = deg S; + k(deg @ — deg P)

for every k € N, where 7* denotes as usual the k-th iterate of the map .
Let ¢ be the order of . Then, we get degS; = deg S; + ¢(deg @ — deg P)
and therefore deg () = deg P. This means that a; and ;) have the same
multiplicity as roots of the characteristic polynomial G(z,T) and G(y,T),
respectively.

The proof of Theorem 2 now follows easily from what we have proved
up to now. Namely, by assuming that our equation has infinitely many
solutions we have that the characteristic roots of G, (x) and Gy, (y) satisfy

a; = By
where 7 is a permutation of the set {1,...,p} and ¢ € K* (here ¢ may

depend on i). Moreover, the multiplicities of a; and SB(;) are the same. By

IThe diagram was typsetted with kuvio.tex, which we kindly acknowledge.
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multiplying all these relations according the multiplicities, we therefore get

p degC;+1 p degC;+1
ro_ ro__ s
Ao@)” = JI II ei=11 II <%
i=1 =1 i=1 =1
p degDﬂm s

= ¢([T II Bw| =c4w?,
=1 j=1

where Ag is the constant polynomial in the linear recurring equation. But
now, condition (ii) of our assumptions excludes that this equation can hold.
Therefore, we obtain a contradiction, which shows the finiteness of the num-
ber of solutions in this case. O

10.

11.

12.

13.
14.
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