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1 Introduction

Let IK be a cubic extension of the rational
number field Q . Denote by Zk the ring of
integers of IK and by Ny ,o(y) the norm of
v € K. Let P(x) = 2% + cx + d € Z[z] and
a,b,ny,ny, n3, € ZZ. In this paper we give nec-
essary and sufficient conditions for the exis-
tance of cubic number fields IK and elements
n € 2k such that

Nk o(n) = m
Nijg(n—a) = n2 (1)
Nio(n—»5) = ns3
Niq(n) = n

{ Ni/o(P(7)) = na. @)

If (1) as well as (2) is solvable in the sense de-
scribed above, our theorems immediately im-
ply methods for determining all solutions.

The problem originates from the theory of el-
liptic curves over algebraic number fields, and
is closely related to the determination of tor-
sion groups as described in Fung et al. [2].

Let
E:Y?=X3+AX +B, (A,BcK)

be an elliptic curve in short Weierstrass form.
E has discriminant

5y = 4A3 + 27B?
and absolute invariant

4A3
=123 —
J %

(cf.[9]). We consider the abelian group of ra-
tional points of E over IK

E(K) = {P = (z,y) € K?|y? = 2+ Az+B}U{0},

where the point at infinity 0 = (oo, 00) serves
as the neutral element of addition. By the
Mordell-Weil Theorem (see [9]), this group is
finitely generated so that we have

E(K) ~ Eror(K) & Z"



with the finite torsion group Er,,(IK) and the
rank r € INg of E over IK. Fung at al.[2] deter-
mined the torsion groups

Er.r(K) < E(K)

of all elliptic curves E with integral j-invariant
over pure cubic fields IK. Using well-known re-
sults on elliptic curves, they transformed this
problem into that of solving finitely many sys-
tems of equations of the form (1) or (2). For
the resolution of (1) and (2) they used de-
tailed knowledge of the arithmetic of pure cu-
bic number fields. For example, they used an
explicit form of integral bases of these num-
ber fields. Similar techniques were used by
Wentz [8], who partially determined the tor-
sion groups of elliptic curves E with integral
j-invariant over cyclic cubic number fields. We
show in this paper that by computing the
Grobner bases of suitably defined ideals in
Q[X,Y, Z], it is possible to determine all cu-
bic number fields K in which (1) as well as
(2) has solutions, and we are able to find all
solutions without using any knowledge on the
arithmetic of IK. For the theory of Grobner
bases, we refer to Buchberger [1]. In

a forthcoming paper we shall generalize the
results of Fung et al.[2] to arbitrary cubic
number fields. All computations were per-
formed by means of the computer algebra sys-
tem MAPLE on a SUN 4-60 workstation of
the Fachbereich 14 - Informatik, Universitét
des Saarlandes.

2 The resolution of (1)

In this section let a, b, n1, no, ng, € 7 such that
a # band ab # 0.
Put

ni(a —b) + bng — ang
ab(a — b) ’

my =

n1(a? — b?) + b?>ngy — a’n3
ab(a — b) ’

mo =
and

p3(2) = 2% — (a+b+my)2% + (ab+mo)z —ny.

Using this notation we prove

Theorem 1 Suppose that there exists a cubic
number field IK and an integer n € Zk such
that (1) is satisfied. Then we have mi,my €
Z, and n is a zero of ps3(z). Conversely, if
mi,ma € Z and p3(z) is irreducible in Q[z],
and 1 is a zero of p3(z), then up to isomor-
phism I = Q(n) is the unique cubic number
field for which (1) is solvable.

Proof: Let

F={fi = zyz—ny, fo = (z—a)(y—a)(z—a)—n2, f3 = (x—b)(y—b)

be a basis of the ideal I in Q[z,y, z]. Comput-
ing the Grobner basis G of I, corresponding to
the lexical ordering < with = < y < z of the
power product, we get

G = {p1 = ab(a=b)(x+y+z—(atbtmi)), p2(y, 2), ab(a—b)ps(2)},

where

degypa(y, z) = 2.

Suppose that there exists a cubic number
field K and n € Zk satisfying (1). De-
note by m1,7m2,m3 = mn the conjugates of
n. Then fi(m.n2,m3) = falm,me,ms) =
f3(n1,m2,m3) = 0, hence all polynominals of
I vanish at the point (11,72,n3). Thus 7 is a
zero of ab(a — b)ps(z) , hence of p3(z). As
n € i, we have that either n € Z or
n € Zk\Z. In the second case we imme-
diately get p3(z) € Z[z] and my,mqe € ZL.
If n € Z, then ny = 73, ny = (n — a)® and



nz = (n — b)3 and an easy computation shows
that
my=3n—a—beZ

and

m2=3n2—ab€Z,

so that the first assertion is proved.

Assume now that mq,my € ZZ, and p3(2) is

irreducible over Q[z]. Let 11,712,113 = 1 be the
zeros of ps3(z). It follows from the first asser-
tion that a cubic number field K for which (1)
is solvable is isomorphic to one of the fields
Q(ni),i = 1,2,3. We show that n € Q(n) is
indeed a solution.
As pa(y,n) is a quadratic polynomial over
Q(n)[y], it has two zeros 3,3, in C. For the
pair (8,7n) there exists a unique o € C such
that p1(a, 3,m) = 0. Hence the point (o, 3,7)
is a zero of the ideal I. Especially, we have
fila, B,m) = 0, i.e. a and [ solve the follow-
ing system of equations

a+p =
"o ®

Observe that the irreducibility of p3(z) implies
that 7 # 0. On the other hand, the pair (11, 72)
satisfies (3) too, hence («, ) is a permutation
of (m1,m2). We may assume without loss of
generality that a« = 11,8 = 72. Thus n is a
solution of (1) and the theorem is proved. O

a+b+mi—n
ni
.

Example 1 Let ny = no = ng = 1. Then
m1 = meo = 0 and we get

p3(z) = 2% — (a+ b)2% + abz — 1.

If n € 7 is a solution of (1), then the first
equation of (1) implies n = 1. The second
and third equations are solvable for n = 1
only if a = b = 0. Hence, by means of The-
orem 1, if (a,b) # (0,0) then (1) is solvable
in a cubic number field if and only if ps(z)
is irreducible . And this holds if b # 1 or

(CL, b) 7& (07 O)v (23 2)7 (07 73)7 (*43 2)7 (*23 4)

Remark 1 If (a,b) # (0,0) as well as (¢, d) #
(0,0), then the finiteness of the number of so-
lutions of (1) or (2) follows easily from the
theory of exceptional units. (see [4], [2]). It is
also known that unit equations in two variables
are effectively solvable, [3]. But using this gen-
eral result we were unable to decide for which
cubic number fields (1) or (2) is solvable. Even
for a given number field IK the resolution of a
unit equation turns out to be a hard computa-
tional problem (see [5], [7]).

3 The resolution of (2)

In this section we assume that P(z) = 2?2 +
cx + d € Zx] is irreducible over Q[x]. In the
opposite case, let a, b € Z be the zeros of P(x).
Then we have

Nk,q(P(n)) = Nk/q(n—a)Nk,q(n—>b) = n»

and we get (1), which was studied in section
2.

In the sequel, let D = ¢ — 4d denote the dis-
criminant of P(z). Note that d # 0 by the
irreducibility of P(x). Our main result is

Theorem 2 . Suppose that there exists a cu-
bic number field K and n € ZZk\7Z satisfying
(2). Then there exist w,v,my € Z such that

w? — D(vd + cd — ny)* = 4dny,  (4)

c(vd+ed+ny) +w (5)
2d ’

and n is a zero of the irreducible polynominal

mlzd—

3—v22+m1z—n1.

p3(z) =z
Conversely, assume that there exist integers
w,v,my such that (4) and (5) hold and that
p3(z) is irreducible. Denote by n one of the
zeros of p3(2). Then, in the cubic number field
K = Q(n), (2) has the solution n € k.



Proof: Let

From this system we get a quadratic equation
for my. Since m, must be an integer, the dis-

F ={f1 = v+y+z—v, fo = zyz—na, f3 = P(x) Pégipki{ritrof this equation is a square of an

be a basis of the ideal I in Q[z,y, z]. Comput-
ing the Grobner basis G of I as in the proof of
Theorem 1 we get

G = {flap2(ya Z)vpﬁ(z)}a

where ps(y, z) = nidy® + pa(y, z) with a poly-
nominl ps(y, z) which is linear in y, and

pe(2)

integer w. Computing the discriminant we get
equation (4) for the integers v,w, and equation
(5) for my. This proves the first assertion. The
proof of the second assertion is similar to the
one of the second assertion Theorem 1 and is
therefore omitted.

Corollary 1 If D < 0, than there exist only
finitely many cubic number fields IK for which
(2) is solvable.

= dz5 —20d2® + (v3d — ved + 2d* — cRboofiic)zIf D < 0 , then for any given

+(v?ed + vé®d — 2vd? 4+ vnyc — 2n1d)dPn, € 7L, (4) has only finitely many so-
+(v2d? 4 ved? + vni® + d® — 3ncdutions’in- (1] w)ng)Z22. Hence, the number of

+(vnied — 2nyd? + nyctd + n3e)z

Suppose that there exists a cubic number field
K and an n € Zk\Z such that (2) holds.
Denote by 11,712,135 = n the conjugates of n
and let

p(z) =22 —wv2 +myz—n € 7Z|Z]

be the minimal polynomial of 7 in Q(z). In
order to determine the possible n’s, we have
to find restrictions on the integers v and m;.
As n1 + n2 + 13 = v, the point (11, 172,73) is
a zero of the ideal I. Thus n3 is a common
zero of pg(z) and p(z) in C, and since p(z) is
irreducible, p(z)|ps(2). It is easy to see that

=dz® — dvz® + mez — nid = p3(z),

where mo € 74. Comparing coefficients in
pe(z) and p(2)ps(z), we obtain the following
system of equations for m; and ms.

—ved + 2d2 — 2d — nye
v2d? 4 ved? — 2udng + veng

(6)

mld + Mo
mymsa

+pofilsl ks for mq is finite too, and the asser-
tion is proved. O

Corollary 2 Let D > 0 and suppose that D
18 not a square of an integer. If there exists
a cubic number field K and an n € ZLk\Z
satisfying (2), than there exist infinitely many
distinct cubic number fields K; ¢ = 1,2,...
and elements n; € Z,\ZL satisfying (2).

Proof: By hypothesis, (2) has a non-rational
integral solution. Hence, by Theorem 2, there
exist vy, Wo, M1, € ZZ such that (4) and (5)
hold.

Let D = f2F with f, F € Z and F square free.
Put I = Q(v/F) and O = Z[fVF]. Then O is
an order in IL and the group of its units with
norm 1 has rank 1. Let € be a generator of this
group and put

T, =W, + (vod—l—cd—nl)f\/ﬁ
Then, by the hypothesis

Ni,/q(7,) = 4dny.
€ N,, set

3cdny + n% +nic® — no.
Wi + Om fVE =74 - €™

For m
+d§



With Wy, 0m € ZZ . Then Np, o (7m) = 4dns.
In the sequel denote by & the conjugate of
¢ € L. Then we have from equation (7)

A T€M — m
Oy = ——————
2fVF
and .,
R Te™ 4+ T/’
Wy = ————

2

The sequences {vy, }5°_, and {w,, }5°_, both
satisfy the recursive relation

Ttz = (€ + € )Tmi1 — Ty (8)

Hence the sequence {0,, mod M}S_, is
purelly periodic for any M € ZZ (cf.[6]). Let
p be the length of period of the sequence
{Om mod d}°_,. Then
Upp = Vo =Vod +cd—n1  (mod d).

Let wy, = wgp and v, = (Ogp —cd+n1)/d, (k >
0), then vy, € Z, and (7) implies that (wy,vy)
is a solution of (4) for any k£ > 0. Put

c(vgd + cd +nq) + wy
2d

mik = d—

Then one can prove in a similar manner that
m1, € Z for infinitely many £ € IN,,.
Of the polynomials

3 2
P3.k(2) = 2° — vpz” + my k2 — nq,

only finitely many are reducible. By Remark
1, for any fixed number field, (2) has only fi-
nitely many solutions. So the number of dis-
tinct number fields for which (2) is solvable is
infinite. The corollary is proved.

Remark 2 Using the method of proof of the
Lemma in section 7 of [2], it is possible to see
that if D > 0, then there exist only finitely
many cubic number fields with negative dis-
criminant for which (2) is solvable.

Example 2 Take ny = +1,no = +£5 and
P(z) =22 11z —1 in (2). Then (4) becomes
w? — 125(—v 4+ 11 + 1)% = +20.

Hence 5w and so 25 divides the left hand side
but obuviously does not divide the right hand

side of this equation. Thus (2) is not solvable
for those values of the parameters.

Example 3 Taken; = +1,ny = +5% P(z) =
2?2 — 11z — 1 in (2). Then (4) becomes
w? —125(—v 4+ 11 —ny)? = +4- 54
Putting w = 25wy we get
—v+11—m
5

The solutions of this equation are

wi = £(a" + ) = £L,

w? — 5( )2 =44,

and
a — ﬂn

—v4+11—ny =15
! V5

= 45F,,

where o = 1+T\/g and B = 1_7‘/5 Hence
{F.}2, is the Fibonacci sequence, and
{L,}5, is the Lucas sequence.

We have

+55F, + 251,
2

by (5). For any n > 0 these my ’s are in-
tegers because we have F, = L, (mod 2) for
any n > 0. In the following table we listed
the coefficients and discriminants of all cubic
polynomials that generate cubic number fields
with negative discriminants for which (2) is
solvable for the above parameters.

mp=—-1—-11—-—n; +

coefficients in decreasing order

1 -5 =2 -1
1 —-15 3 -1
1 -20 -7 -1
1 -7 17 -1
1 —-25 158 -1

discrimi

—975
—10800
—13575
—65200

—166175



References

1]

B. Buchberger, Fin Algorithmisches Kri-
tertum  fur die Lésbarkeit eines al-

gebraischen Gleichungssystems, Aequa-
tiones Math.,4 (1970) 374-383.

G.W. Fung, H. Stroher, H.C. Williams
and H.G. Zimmer, Torsion groups of el-
liptic curves with integral j-invariant over
pure cubic fields, J. Number Theory, 36
(1990) 12-45.

K. Gyory, On the solutions of linear dio-
phantine equations in algebraic integers of
bounded morm, Ann. Univ. Sci. E6tvos |,
Sect. Math., 22-23 (1979-1980), 225-233.

S. Lang, “Fundamentals of Diophan-
tine Geometry,” Springer-Verlag, New
York/Berlin/Heidelberg/Tokyo, 1983.

A. Petho, Computational methods for the
resolution of diophantine equations, in:
“Number Theory” Ed.: R.A. Mollin, de
Gruyter Verlag, 1988, 479-492.

A. Petho, Divisibility properties of linear
recursive sequences, in: “Number The-
ory” Eds.: K. Gyory and G. Halasz, Coll.
Math. Soc. Janos Bolyai Vol. 51., 1990,
899-915.

B.M.M. de Weger, “Algorithms for Dio-
phantine Equations,” CWI Tract 65.,
1989.

Ch. Wentz, “Die Torsionsgruppe elliptis-
cher Kurven mit ganzer j-Invariante tuber
zyklisch kubischen Zahlkorpern,” Diploma
Thesis, Saarbriicken, 1990.

H.G,. Zimmer, “Zur Arithmetik der ellip-
tischen Kurven,” Bericht Nr. 271 (1986)
der Mathematisch-Statistischen Sektion
in der Forschungsgesellschaft Joanneum,
A-8010 Graz, Austria, Steyrergasse 17.



