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Number systems in integral domains, especially in orders
of algebraic number fields

B. KOVACSY) and A. PETHO?)

1. Introduction

Let R be an integral domain, a€R, & ={ny, n,, ..., n,}"Z, where Z denotes
the ring of integers. {«, A"} is called a number system in R if any y€R has a unique
representation

1.1 y=cotera+...+co cie N (=0,1,...,h), ¢, %0, if h=0.

If #/=A4;={0,1, ..., m} for some m=1, then {a, A} is called canonical number
system. In the sequel « will be called the base and A the set of digits of the number
system.

If the characteristic of R is p, then we may identify any n€Z with n€R,
where O=n,<p and 1 is the identity element of R. Hence, in this case we may
assume without loss of generality that A" S{0, ..., p—1}.

This concept is a natural generalization of negative base number systems in
Z considered by several authors. For an extensive literature we refer to KNUTH
[10, 4.1]. The canonical number systems in the ring of integers of quadratic number
fields were completely described by KATAr and SzABO [7], KATAl and KovAcs [3], [6]-

Kovéacs [8] gave a necessary and sufficient condition for the existence of can-
onical number systems in R. In [9] we proved that for any ¢€Z, g<—1 there
exist infinitely many A"CZ such that {g, #°} is a number system.

In this paper we first characterize all those integral domains which have num-
ber systems. If the characteristic of R is a prime, then we are able to establish all
number systems in R. This problem is more difficult if the characteristic of R is 0.
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It is considered for orders @ of algebraic number fields. In Theorem 3 and 4 we
give necessary and sufficient conditions for {, 4"} to be a number system in 0.
Theorem 5 effectively characterizes the bases of all canonical number systems of 0.
This solves a problem of GILBERT [3]. Combining results of GAAL and SHULTE [2].
and the enumeration technique of FINCKE and Ponst[1] with our Theorems we
computed the representatives of all but one classes of basis of canonical number
systems in rings of integers of totally real cubic fields with discriminant =564.

2. Results

In the sequel R will denote an integral domain, Z the ring of integers, Q the
field of rational numbers, K an algebraic number field of degree n, with ring of
integers Zg. If o is algebraic over Q, Z[o] denotes the smallest ring of Q(a) con-
taining Z and «. Finally F, denotes the finite field with p elements, where p is a
prime. With this notations we have

Theorem 1. There exists a number system in R if and only if
(i) R=ZJ[o] for an a, algebraic over Q, if char R=0,
(ii) R=F,[x], where x is transcendental over F,, if char R=p, p is a prime.

This theorem generalizes a result of KovAcs [8], where integral domains with
canonical number systems were characterized.
If char R=p, then R=F,[x] and we can describe all number systems.

Theorem 2. {a, A"} is a number system in F,[x] if and only if a=a,+a,x,
where a,,a,€F,,a;%0 and /'=H;={0, 1, ...,p—1}.

From now on we are dealing with integral domains R with char R=0. If R
has a number system, then there exists an a€R, algebraic over Q, such that R=Z[a].
Let K=Q(x) be of degree n, and denote by y=7®, ...,y™ the conjugates of a
yeK. If {B, #'} is a number system in Z[o], then Q(a)=Q(p), hence the dis-
criminant of p, D(B)#0. In the following two theorems we give necessary and
sufficient conditions for {B, #"} to be a number system in Z[a], where a is an
algebraic integer over Q.

Theorem 3. Let a be an algebraic integer over Q. Let BcZlo], A CZ and
put A= max lal. {B, ¥’} is a number system in Z[a] if and only if

@) 19 =1 for j=1,2,...,n,
(i1) A is a complete residue system mod INK‘,Q(ﬂ)I containing 0,

(iii) a€Z[f],
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(iv) all yeZla] with
) A _
2.1) 9 = BT’ (G=1..,n

have a representation (1.1) in {8, 4'}.

This theorem is well applicable in practice, because there exist only finitely
many y€Z[«] with (2.1). The disadvantage of condition (iv) is that it is not clear,
if the representability of y€Z[x] can be decided in finitely many steps. Therefore
we give another characterization.

Theorem 4. Let the notation be the same as in Theorem 3. {B, &'} is a num-
ber system in Z[«] if and only if (i), (ii), (iii) and

=1
2; a; B
v R /
hold for any a;c &, (i=0, ....k—1), a;50 for at least one 0=j=k—1 and

_ 2t A+1) 4/ = 1 ]2 n(”_l)/z]" log(4A+1)
0 <tz (25U S (i) eiape-ve] o Jo5eD,

where t denotes the number of non-real conjugates of K, and

|8l = max |BY).

1=j=n
For an algebraic integer « let A;(x)={0, 1, ..., [Ngio(@)]—1}.

Theorem 5. Let O be an order in the algebraic number field K. There exist
s oo %O 1y, .., m€Z, Ny, ..., N, finite subsets of Z, which are all effectively
computable, such that {u, A(2)} is a canonical number system in O, if and only if
a=o;—h for some integers i, h with 1=i=t and either h=n, or heEN;.

3. Number systems in integral domains

To prove Theorem 1 we need two Lemmas.
Lemma 1. If {«, A"} is a number system in the integral domain R, then 0c.N.
Proof. Assume that 0¢.#". Then there exist b,cA", (i=0, ..., k), such that
3.1 0=>by+bo+...+ba*, b, =0.
Let 0s#ycR, then there exist c;c.4", (i=0,...,h) with
3.2 Yy =coteat ... e, ¢ = 0.
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From (3.1) and (3.2) it follows easily that Os=ya***¢R has at least two different
representations. Thus Lemma 1 is proved.

Lemma 2. Let {a, #'} be a number system in R with char R=p. Then
N =H(p)=1{0,1, ...,p—1}.

Proof. We may assume by char R=p, that 0=a<p holds for all acA.
Obviously 0./ by Lemma 1. Assume now that there exists an O<a<p with
a¢ 4. Then there exist ;€ A, i=0, ..., k, ¢,#0 with

3.3) a = co+cio+ ... +cok.

This implies that « is algebraic over F,. Hence RCF,[«] is finite. But the number
of different representations (1.1) in {«, 4} is infinite. Hence there exists y€R
with infinitely many different representations. This contradiction proves Lemma 2.

Proof of Theorem 1. First let char R=0. Assume that there exists a num-
ber system {x, A/} in R. Let N= max |a|+1.Then N=1, because R {0}. Since

NER, there exist k=0, ¢, A, i=0, ...,k with N=cy+c,a+...+c,0". We have
k=0 because (N—co)#0. Therefore a is algebraic over Q. All ycR have representa-
tions (1.1), whence R=Z][a].

On the other hand, by [8, Theorem 1] there exists a canonical number system
in Z[«], which proves the first assertion of Theorem 1.

Let now char R=p, where p is a prime, and let {o, 4"} be a number system
in R. Then by Lemma 2, A =4;, i.e. {&, A} is a canonical number system in R.
This implies by [8, Theorem 2] that R=F,[x]. On the other hand there exists a num-
ber system in this ring.

Proof of Theorem 2. Let {«, #} be a number system in F,[x]. Then by
Lemma2, 4 ={0,1,...,p—1}. Let a=P(x)€F,[x], then the degree of P in x
is at least 1. On the other hand there exist k=1, ;¢ /", 0=i=k, a,#0 with x=a,+
+a,(P(x))+...+a,(P(x))f. This implies that P(x)|(x—a,), hence deg P(x)=1.
Combining the inequalities for deg P(x) we conclude a=ay+a,x with ;0.
Thus the condition is necessary.

Let now a=a,+a;x, a;#0. From x=a;'(x—a,) it follows that all elements
of F,[x]is representable in {o, A}. Theorem 2 is proved.
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4. Number systems in Z][o]

The main purpose of this section is to prove Theorems 3, and 4. We shall use
the notation introduced in Section 2.

Lemma 3. Let a be algebraic over Q, of degree n. If {B, N} is a number systenv
in Zlo], then |pP|=1 for all j=1,...,n.

Proof. Assume that there exists a j, 1=j=n with |f¥]<1. Suppose that
y€Z[a] has the representation y=a,+a; +...4ap" in {, #}. Then

; 1
W = 4

where A4=max |a|. But this is impossible because Z[x“)] has elements with ab-

solute value larger than Lemma 3 is proved.

A
From now on « will denote an algebraic integer of degree n over Q. Let K=Q (o)
and denote Zy its ring of integers. '

Lemma 4. Let BEZyg be of degree n, such that |f9|>1, j=1,...,n; and
N CZ a complete residue system mod |Ngo(B)l. Put A= max lal. Then for
any y€Z[B] and k€Z, k=1 there exist ay, ..., q_€N and Y €Z[P] such that

k-1 )
4.1) 1= ZO a;p'+v B*
and
7(j) ]:"U)} A .
(4’2) I'}’ g I = |ﬂ(])lk + I,B(‘])I‘—l 2 (] = 19 "'Qn)'

Proof. Let x"+b,_;x" *+...+b, be the defining polynomial of f. Then
|bel = Ngio(B)l- Let y€Z[B]. The assertion is trivially true for k=1. Assume that
it holds for a k=1, i.e.

(43) r= 3 a4 np
where a4, i=0,1,...,k—1 and y€Z[p]. Z[p] is an order in K, hence there
exist ¢, ..., ¢,_1€Z with
| Y= CotciB+...+c—
Let ac A" with co=a (mod |b|) and h=(co—a)/b,. Then
Ve = Y—hBo+bi B+ ... +b,_ 11+ B =

= a+(c,—hb) B+ ... +(Cn—1—hbn—1)ﬁn_l_hﬁn = a+ Bys1-
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Inserting this into (4.3),
and k=0.

Taking conjugates in (4.1) we obtain

we get (4.1) for k41, which proves (4.1) for any ycZ[]

k—

" ;
.y(J) - 2 ai(ﬂ(l))l+y’(l)(ﬁ(l))k

i=0

for any j=1,...,n. This implies

o h,(j)l k-1 e
Y = W“LW% lail [B),

from which (4.2) follows immediately. Lemma 4 is proved.

Proof of Theorem 3. First we prove the necessity of the conditions. Let
{B, #} be a number system in Z[a«]. Then B€Z[«] and so Bc Zg. By Lemma 1,

0eA, and by [3], / is a complete residue system mod [Ng/o(B)]. This proves (ii).

By Lemma 3 we have |§9)|=1, j=1, .
sible, because in this case [Ngjo(B) =
Hence there exists 1=j=n with (B9

st [BD=1, j=1,...n is not pos-
1 and so 4" may contain only one integer.
=1. Ifforan/ (1=¢=n) we have B9 =1,
then ) is not real. Taking L=Q(B'+pY, then L is real and we have [K¥: L]=2,
hence ) is a relative unit in K, but then Bisaunit and so there existsa i (1=h =n)
with |f®]<1, which is impossible by Lemma 3.

(iii) and (iv) are obviously necessary for {B, #'} to be a number system in Z[a].

We proceed now to the proof of sufficiency. Let ycZ[q]. By (iii) Z[«]cZ[f]
and so y€Z[B]. There exists by (i) for any ¢>=0 an integer k=k(e) with

Wl <elpPF, j=1,. .. n

It is possible to find by Lemma 4 acN, i=0,....,k—1 and 7EZ[B] such that
' k=1 '
4.4 7= 2 af
and

[y9] 4

. A .
e < =+ 150 1= ¢tpor— /=1..,n
BT 18D BV —1

This inequality has only finitely many solutions for ¢=1. This means,
choose ¢ such that for the corresponding k (2.1) holds.
desired representation of 7. Theorem 3 is proved.

that we can
By (iv) and (4.4) we get the

Proof of Theorem 4. In the proof of Th

eorem 3 we have seen that @), (i)
and (iii) are necessary conditions for {8,

A’} to be a number system in Z[e]. As-
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sume now that there exist a 0<k and a4/, i=0,...,k—1 such that

:2—0'1 a;p
0#—y= WGZW],
then
k=1
4.5) y= 2 api+yf

But y€Z[p] implies the representability of y in the form
(4.6) y=cot+ciB+...t+cBt €N, 1=ish

Inserting (4.6) into the right-hand side of (4.5) we get a second finite representation
of yin {B, #°} which is not allowed. Hence assumption (v) is necessary.
To prove the sufficiency of (v), it is enough to show that any ycZ[a] with

A+1

<48 .
@7 W = Garege = L

have a representation (1.1) in {B, #7}.

Let KD, ...,K® be the real, K**%, ..., K¢*® the non-real conjugates of K;
s+2t=n. Then (4.7) implies
A+1

h,(j)l = W’ j= 1, cen g Sy
4.8)

A+1

[Re .},(s+j)|, [Im .y(sﬂ')] = -Iﬁ—T")ITl J=1 anlt

Write y=cy+c B+...+¢,—1 B with ¢,€Z, i=0,...,n—1. The number of
solutions of (4.8) in ¢, ..., c,_1, and so, the number of ycZ[«] satisfying (4.7) is
bounded above by

24+ 2T T "
[ Dgﬂ)jz ) ,-571[15071—1) (”"3'"’("_1"2] ‘

Let ycZ[ua] satisfying (4.7). Choose k so that

Iy 9| A+1 1

1BOF = BOFQFOI—1) — BO—1

holds for any j=1,...,n, ie. let

5 log(A+1)
o I
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Then by Lemma 4, there exist Gy, ..., @_1€A" and y,€Z[a] such that - . ..
k=1
v= 3 af+np

and y, satisfies (4.7). Repeating the application of Lemma 4 to 7: instead of y we get
a sequence p, y;, y,, ... of elements of Z[a] with (4.7). This procedure either ter-
minates with y,=0 or will be periodic. If it is periodic, then we may assume that it is
purely periodic, i.e.

4.9 Y=a+af+. ... ta,_ fryph

holds with @64/ and h=c. At least one of a;#0, be

_ cause otherwise f# would
be a root of unity. (4.9) implies that

—? = (@ +af+... +a,1 /(B ~ 1)eZ[a],
whi(;h contradicts the assumption. Theorem 4 is proved.

5. Canonical number systems in orders of algebraic number fields

 In the sequel we set A;(x)= {0, 1, ..., la]— 1} for an algebraic number «. Let
the defining polynomial of « in Z[x] be @x"+...+ayx+ay.

Theorem 6. Let o and B be algebraic integers over Q such that Zlo]=Z[f].

Assume that the coefficients of the defining polynomial X'+ +bix+bE€Z[x] of B
satisfy '

(5.1 O<b,.i=..=by, by=2

Then {B, A5(B)} isa canonical number system in Z[o].
| Pfoof. See the proof of Theorem 1 in [8].

Corollary. Let « be an algebraic integer over Q. There exists an NyEZ such
that {a—N, Ao(a—N)} is a canonical number system in Zla] for all N=N,.

Proof. Let the defining polynomial of « over Z[x] be P(x)=a,x"+...+a,x+
+a,. We may assume that a,>0. Let N>0 and P(x+N)=b,(N)xX"+...+b,(N)x+
+bo(N), then b;(N)’s (i=0, 1, -.» 1) are polynomials of degree n—i in N with
positive leading coefficients. Hence for all sufficiently large N, the b,(N) satisfy

(5.1). Therefore by Theorem 6 {a—N, Mp(@—N)} are canonical number systems
in Za].

Lemma 5. Let a be an algebraic integer over Q. There exists an M€z such =
that {a+M, Ny(a+M)} is not a canonical number system in Z[o] for all M=M,."
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" Proof."Let P(x) be as in the proof of the Corollary. Let ‘M =>0 and P(x—M)=
=¢,(M)x"+... +c;(M)x+co(M). Then c¢o(M)=P(—M), hence there exists an
M EZ such that c,(M) is strictly decreasing (strictly increasing if n is even) for
M>M0 Thls means that lco(M)IEJV(oc+M+ 1). We have further -

Ico(M)l _ leo(M)
(oH—M-i-l)—l o+ M

€Z[a),

and so {on +M+1, Aj(e+M+1)} is not a number system in Z[o] by Theorem 4.

Lernma 6. Let o be an algebraic integer over Q. If a®=—1 holds for some
real conjugate of «, then {ot, N5(2)} is not a canonical number system in Z[«].

Proof. Let «® be a real conjugate of a. If {o, A;(2)} is a number system,
then we have |«®|=1 by Lemma 3. a”=—1 is obviously impossible. If a®=1
and a;€ A(x), then a,+a;a®+...+4a/(«®)'=0, ie. the negative integers are not
representable in  {o; A;(«*?)}. Lemma 6 is proved.

Proof of Theorem 5. By the assumption @.is an integral domain of char-
acteristic 0, so if there exists a canonical number system {x, #5(«)} in @, then
0=Z[o], ie. 1,a,...,0" " is a power basis in @, by Theorem 1 GYORY [4] proved
that there exist ﬁnitely many effectively computable element S, f,, ..., f, in @
such that 1,q, ...,0" ! is a power basis in 0, if and only if a=p;+H, for some
integers H, 1=i=t1.

Let 1=i=t¢ be fixed. By Lemma 5, one can find an integer M, such that
{ﬁ +M, #(B;+M)} is not a number system in O for all M>M;. On the other
band, by the Corollary there exists an m;€Z such that {8;+m, A;(B;+m)} is
a number system in 0, for all m=m;. Finally by Theorem 4 it is possible to decide
for every m;<m=M; whether -{f;+m, A;(B;+m)} is a number system in @. Taking

N; = {mlm; < m=M,, {f: +m, N;(B; +m)} is number system in 0}

and n;= —m;, they satisfy the assertion of Theorem 5, which completes the proof.

6. Computational results

Let K be an algebraic number field of degree n. Let K@, ..., K® the real and
KE+D,  K6+9, K6+D, KG9 the non-real conjugates of K, n=s+2¢t. Let
@ be an order in K. For the maximal orders of Q and for the quadratic extensions
of Q all canonical number systems are known of [10], [5], [6] For hlgher degree
fields the problem is more difficult.

5%
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Based on Theorem 5 we can give the following algorithm to determine the
canonical number systems in 0: 5 i

1. Compute a;, ..., 0,60 such that 1,a, ..., is a power basis in 0, if
and only if a=a;+H for some 1=i=h and HeZ., S 7

2. If s=0, then find the minimal n;, (i=1,...,h) such that for any m=n,

o—m<—-1 (j=1,..,5) and e+ —m| =1, j=1,..,¢

Otherwise, compute the minimal #; such that P,(—x) is strictly increasing for X=n,,
where P,(x) denotes the defining polynomial of «; over Z.

3. Calculate M; (i=1,...,h) such that for all m=M; the coefficients of the
defining polynomials of «;—m satisfy (5.1). _

4. Decide for every m with n<=m=M; whether {o;—m, #;(;—m)} is num-
ber system in 0. :

The hardest problem in this algorithm is step 1. GYORrY [4] proved that «, ..., o
are effectively computable by giving explicit upper bounds for their heights. His
result is based on A. Baker’s theorem on linear forms in the logarithms of algebraic
numbers, hence in practice it is not applicable at this time. For totally real cubic
fields with discriminant =3137 GAAL and SCHULTE [2] computed such complete
systems, using the Baker—Davenport reduction method.

Using their results we computed — in the sense of Theorem 5 — all but one
canonical number systems in the maximal orders of totally real cubic fields with
discriminant =564.

Steps 2 and 3 are easy to perform. For the computation of M; we remark
that it is the smallest value of mcZ such that the coefficients of the defining poly-
nomial of o;—m satisfy (5.1). Of course assume that

6.1) l=ag =a=aq

and the roots B, B,, B; of the polynomial P(x)=x%+a,x*+a,x+a, are real with
Bi<—1(i=1, 2, 3). This implies a,=4. Since both roots of P’'(x)=3x242a,x+a,
are real and are less then —1 we get

6.2) 4y =2a,—3 = a,+2.

On the other hand P(x+1)=x3+(a1+3)x2+(a2+2a1+3)x+(a3+a2+a1+l).
Using (6.1) and (6.2) we get

G+ata+1=2a,+a,+3,

hence the coefficients of xin P(x+1) satisfy (5.1) too.

To perform Step 4 we have to enumerate all Y€Zg with (2.1) and then to -
check whether they are representable in the corresponding number system. For the ’
enumeration we used the method of FINCKE and PogsT [1].
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In the table we listed the discriminants D of all totally real cubic fields K with
D=564, which have power basis. In the column (x, ¥) we displayed the solu-
tions — computed by GAAL and SCHULTE [2] — of the index form equation of K,
corresponding to an integral basis 1, w,, w, of Zg. Then in the columns P, (x),
(P-(x)) you find the coefficients — starting with the leading coefficient 1 — of
the defining polynomial of B=a+ xw,+yws, (B=b—xw,—yw,) (a, beZ) such that
{o, #45(0)} is a number system in Zy if and only if a=f—h with some integer
h=0. We did not find sporadic cases, i.e. the finite sets N; defined in Theorem 5
were always empty.

The computer program was developed in FORTRAN and was executed on an
IBM PC—AT compatible computer. If the sequence of the coefficients of P, (x)
(P-(x)) is not monotonic, then the execution time depends on the number of solu-
tions of (2.1), which was between 600 and 18 000. The computer tested about 40
solutions of (2.1)/seconds.

For the field with D=229; (x, y)=(508, 273) we were not able to compute
all solutions of (2.1) because of the large number of solutions.

Let 1, &, o be a power integral basis of a totally real cubic field. Our computa-
tion suggests that «®<—1 (i=1,2,3) is a sufficient condition for {o, 5 (@)} to
be a number system in Zg.

D (x, ) Pi(x) C P_(%)

49 (-1,-1
©, 1) } 1 10 31 29 1 8 19 13
(1,0)
(=2, -1)
a, -1 } 1 09 20 13 1 15 68 83
1,2
(=5, -9)
(—4,5) } 1 46 563 769 1 26 83 71
9,9

81 (~3,-2)
(1, 3) } 1 12 27 17 1 21 126 159
2, -1
(—1;, —1)
©, 1) } 1 09 24 19 1 9 24 17
(1,0

148 (=31,14 1 305 23515 39 349 1 154 412 278
(—5 -3 i 18 50 38 1 30 242 250
(-1, -1 1 11 37 37 1 10 30 26
(1,0) 1 9 23 17 1 12 44 46
1,2 1 11 27 19 1 16 72 62

165  {~2, —1)
(1,0) } 1 10 29 25 1 11 36 31
1,1
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229 (=2, 1) 1 22 134 139 1 14 38 29
©, 1) 1 10 28 23 1 11 35 26
,0) 1 9 23 16 1 12 A4 o AT
a, 4) 1 19 43 26 1 35 331 424
@ 1 19 105 134 1 1 - 25 16
(508, 273) 1 3492 3050996 4329199 (1 1749 5975 5108)?

257 (=11, —6) 1 36 121 107 1 66 1141 1695
o, o (TR | 10 29 21 1 11 36 35
1,0 1 09 22 15 1 12 43 41
(s, 2) 1 32 93 71 1 58 873 919
(=2.=3) 1 27 202 259 1 15 34 21
@ 1 17 86 111 1 10 23 15

316 (1,0 1 10 29 22 1 11 36 34
a,2) 1 13 32 22 1 23 152 218

324 (1,0 1 10 29 23 1 11 36 33

R Ry 1 14 59 67 1 10 27 21

364 (—1,1)
©, —1) } 1 13 50 49 1 11 34 31
1,0 '
(—7’ —2)

-2,9 } 1 40 109 77 1 77 1552 2653
(93 ’_7)

404 (1,0) 1 10 28 22 1 11 35 27
a,n 1 11 33 29 1 13 49 43

469 (1,0) 1 10 26 19 1 14 58 61
(=2, =1 1 13 51 56 1 11 35 32

473 (=2, =1 1 13 34 25 1 20 111 107
©, 1) 1 11 32 27 1 13 48 37
a,5) 1 28 63 37 1 53 738 935
I, =3) 1 39 124 103 1 72 1345 1747
1,0 1 12 43 45 1 12 43 43

564 (=3, -7 1 77 1541 2239 1 40 98 62
(=3 =1 1 17 49 39 1 28 214 246
(=3,2 1 41 455 697 1 22 56 38
1,0 1 13 51 57 1 11 35 31

References

[1] U. Fincke and M. PossT, A procedure for determining algebraic integers of given norm, in:
Computer Algebra (London, 1983), Lecture Notes in Computer Sci., 162, Springer (Berlin—
New York, 1983), pp. 194—202.

[2] I. GaAL and N. Scuurte, Computing all power integral bases of cubic fields, Math. Comp.,
53 (1989), 689—696. gy

[3] W. J. Geert, Geometry of radix representation, in: The geometric vein, Springer (New
York—Berlin, 1981), pp. 129—139. :

4 I a2 3 %
s %



Number systems in integral domains 299

[4] K. Gy6Ry, Sur les polynomes a coefficients entiers et de discriminant donne. III, Publ. Math.
Debrecen, 23 (1976), 141—165.

[5] L. KAta1 und B. KovAcs, Kanonische Zahlensysteme in der Theorie der quadratischen Zahlen,
Acta Sci. Math., 42 (1980), 99—107.

[6] I. KATAr and B. KovAcs, Canonical number systems in imaginary quadratic fields, Acta Math.
Acad. Sci. Hungar., 37 (1981). 159—164.

[7] 1. KATA1 and J. SzaBO, Canonical number systems for complex integers, Acta Sci. Math., 37
(1975), 255—260.

[8] B. KovAcs, Integral domains with canonical number systems, Publ. Math. Debrecen, 36 (1989),
153—156.

[9] B. KovAcs and A. PETa6, Canonical systems in the ring of integers, Publ. Math. Debrecen, 30
(1983), 39—45.

[10] D. E. KNutH, The Art of Computer Programming Vol. 2. Seminumerical Algorithms, 2. ed.,

Addison Wesley Publ. Co. (Reading, Mass., 1981).

KOSSUTH LAJOS UNIVERSITY
MATHEMATICAL INSTITUTE
4010 DEBRECEN, P.O. BOX 12
HUNGARY




