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Dedicated to Professor Zoltan Dardczy on his 75th birthday.

ABSTRACT. In this paper we study the existence of simultaneous
representations of real numbers in bases p > g > 1 with the digit
set A = {—m,...,0,...,m}. Among other results, we prove if
m =1 and ¢ < 2, then there is a continuum of sequences (¢;) € A>
satisfying > oo, ¢;qg~" = >0, ¢;p~". On the other hand, if m =1
and ¢ > 2+ v/2, then only the trivial sequence (c;) = 0% satisfies
the former equality.

1. INTRODUCTION

Given a finite alphabet or digit set A of real numbers and a real
base ¢ > 1, by an expansion of a real number x we mean a sequence
c = (¢;) € A= satisfying the equality

o
Ci
- = X.
i—1 4
This concept was introduced by Rényi [10] as a generalization of the
radix representation of integers.
Given two different bases p,q we wonder whether there exist real

numbers having the same expansions in both bases:

(1) D=4
i—1 4 i—1 P

In case 0 € A a trivial example is x = 0 with (¢;) = 0. If the alphabet
A contains no pair of digits with opposite signs, then this is the only
such example. Indeed, if for instance all digits are nonnegative and
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0% # (¢;) € A%, then for p > ¢ we have

&0 . i .
SRS
i—1 P im1 4

by an elementary monotonicity argument.

Even if the alphabet A contains digits of opposite signs, the existence
of common expansions (1) seems to be a rare event.

Similar phenomena appears with the common radix representation.
Indlekofer, Katai and Racsko [4] called a € Z¢ simultaneously repre-
sentable by q € Z%, if there exist integers 0 < my,...,my < Q =
|q1 - - - qa| such that

i
_ J C_
a; = E miq,, 1=1,...,d.
Jj=0

If ¢1,...,95 > 0 then apart from the zero vector no integer vectors
are simultaneously representable by q. If, however, some of the base
numbers are negative, then simultaneous representations may appear.
For example take ¢; = —2 and ¢o = —3 then we have (101);9 =
(1431335045) 5 = (1431335045)_3.  Changing the sign of the “dig-
its” with odd position we get a common representation of 101 in bases
2 and 3 with digits from {—6,...,0,...,6}. Pethd [8] gave a crite-
rion of simultaneous representability on the one hand with the Chinese
reminder theorem and, on the other hand with CNS polynomials. A
similar result was proved by Kane [7].

No results on simultaneous representability of real numbers in non-
integer bases seem to have appeared in the literature. In this paper
we start such a study by investigating the case of the special alphabets
A={-m,...,0,...,m} for some given integer m > 1. Let us denote
by C(p, q) the set of sequences (¢;) € A satisfying

(2) Zq— -y &
=1

r
i=1 p

We call C(p, q) trivial if its only element is the null sequence.
Our main result is the following:

Theorem 1. Let p > g > 1.
(i) If ¢ < (1 4++/8m+1)/2, then C(p,q) has the cardinality of the

continuum.

(i) If 1++v8m+1)/2 < qg<m+1, then C(p,q) is infinite.
(iii) Let m+1<qg<2m+1.



COMMON EXPANSIONS IN NONINTEGER BASES 3

(a) If
(3) p< (mqtlgfq__l 2
then C(p,q) is nontrivial.
(b) If
(4) p>(m+1)(q_1),

q—m—1
then C(p,q) is trivial.
(iv) Let 2m+1<g<m+1+/m(m+1).
(a) C(p,q) is a finite set.
(b) There is a continuum of values p > q for which C(p,q) is
nontrivial.
(¢) If p > q satisfies (4), then C(p,q) is trivial.
(v) Ifg>m+ 1+ /m(m+ 1), then C(p,q) is trivial.
Remark 2.

(i) The proof of (iii) (a) will also show that if m+1 < ¢ <2m+1,

and

1 < 1 n ( 11 ) q

m = q—1 g—1 p—-1/)p"—¢"
for some positive integer n, then C(p,q) has at least n + 1
elements. For n = 1 this condition reduces to (3).

Furthermore, we show in Remark 7 that the right side of this

inequality is a decreasing function of p, so that the solutions
p of the inequality form a half-closed interval, say (q, p,|. (We
have clearly p; > py > -+ .)

(ii) The proof of (iv) (a) will show more precisely that if ¢ > 2m+1
and

~~
(&)
~—

L1 (o 1 7
2m  q—1 qg—1 p—1)p*—q»
for some positive integer n, then C(p, q) has at most (2m + 1)"
elements.

2. PROOFS

We begin by establishing some auxiliary results.

Interval filling sequences play an important role in establishing the
existence of various kinds of representations of real numbers; see, e.g.,
Daroczy, Jarai and Katai [1], Daroczy and Katai [2]. We also need
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such a result here: a variant of a classical theorem of Kakeya [5], [6]
(see also |9, Part 1, Exercise 131]).

Proposition 3. Let A = {—m,...,0,...,m} and let >~y be a
convergent series of positive numbers, satisfying the inequalities

(6) rn < 2m Z T

k=n+1
for alln=1,2,.... Then the sums
(7) > ark, (o) € A
k=1

fill the interval

(8) [—erk,mZm] .

Proof. Tt is clear that all sums (7) belong to the interval (8). Conversely,
for each given x in this interval we define a sequence (c¢) € A> by
the following greedy algorithm. If ¢y, ..., ¢, 1 are already defined (no
assumption if n = 1), then let ¢, be the largest element of A such that

Letting n — oo it follows that ZZ; cprr < x. It remains to prove the
converse inequality. This is obvious if ¢, = m for all £ € N because

then
[e.¢] o0
E CLTEL =M E TR > T
k=1 k=1

by the choice of x.
If ¢,, < m for infinitely many indices, then

(S oo n( 550 -

k=1 k=n+1

for all such indices, and letting n — oo we conclude that Zzozl CLTE > T

The proof will be complete if we show that (c;) cannot have a last
term ¢, < m, i.e., an index n such that ¢, = 7 < m, and ¢, = m for
all k& > n. Assume on the contrary that there exists such an index n.

Then we have
n—1 00
<chrk> 4+ jrn +m ( Z rk> <z

k=1 k=n+1
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and
n—1 00
<chrk> + G+ 1r,—m ( Z rk) >
k=n-+1

by construction. Hence

o
T > 2m Z Tk,

k=n+1

contradicting (6). O

We also need two technical lemmas.

Lemma 4. If 1 < q¢< (14++/8m+1)/2 and p > q, then the sequence
(ri)ken == (¢7"—p " )iemnn satisfies (6) for all sufficiently large integers
n.

Proof. Fix a sufficiently large integer n such that

1 1 1

om " qlg—1) (e —1)

This is possible by our assumption on ¢, because we have the following
equivalences for m > 0 and ¢ > 1:

1 1
 c e dg(g—1) < 8m
2m q(¢—1) e-1)

— (2¢—-1P2<8m+1

<—2q—-1<v8m—+1
= q< <1+\/8m+1>/2.

Now, if
rw=q"=p"=q"(1-(q/p)"
for some h' > 1, then

oo

ome= Y (a-pH= D ¢ (1-(/p)).

k=h'+1 1€N\nN,i>h ieN\nN,i>h
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Since (1 —(¢/p)’) > (1 — (¢/p)") for all i > h, it follows that (we use
the choice of n in the last step)

D hena T
k=h'+1"k Z h—i

” = q
W iEN\nN,i>h
(2] (e
i=1 i>h
- () - ()
i=1 i=0
() - (B
=2
1 1 1
- . . 0
da—1 ale—1)  2m’
Lemma 5. Let p > q > 1. The sequence
(Z?inJrl(q_i —p) ) -
q—n - p—n n=1
is strictly decreasing, and tends to 1/(q — 1).
Proof. Since 1 > (q/p)"™ \\ 0, the results follow from the identity
P (s ) B p—q (q¢/p)"
(9) = + ~.
g " —p ¢g—1 (¢—D—-1)1-(q/p)
Setting x = ¢/p for brevity, the identity is proved as follows:
Yicnnld =P q" B p"
g —p" (¢—D(@"=p") (@-Dl@"—p™)
B 1 "
(-1)A-az) (p—1)(1—2a")
B 1—a2"+ 2" z"
(-1)@A—-2) (p—-1)1 -2
1, 1 1
T g—-1 1—an\¢g—-1 p-—1
1 _ n
B p—q x -

-1 G-Dp-DI-a
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Remark 6. Let us note for further reference the following equivalent
form of (9), obtained during the proof:

(10) PO Rt A +< 11 ) 7"
g —p" q—1 g—1 p—1)p*—q"

Now we are ready to prove our theorem.

Proof of Theorem 1 (i). We adapt the proof of Theorem 3 in [3], which
states that if 1 < ¢ < (1 ++/5)/2, then every z satisfying ¢ < = <
1/(q¢ — 1) has a continuum of expansions in base ¢ with digits 0 or 1.

Applying Lemma 4 we fix a large positive integer n such that the
sequence (ry)gen == (¢7" — p)iemnn satisfies (6). Next we fix a large
positive integer N such that

(11) |-m Z(q‘m —p"),m Z(q‘i" —p™)

Cl=m Y (@™ =p™m Y (" —p™)

1€N\nN 1€N\nN

This is possible because the right side interval contains 0 in its interior.
The sets

B :=N\nN,

C:={in : i=NN+1,...},

D:={in :i=1,...,N—1}
form a partition of N.

Choose an arbitrary sequence (c;);cc € AY; there is a continuum of
such sequences because C' is an infinite set. Since

- Z clg™ =p™)
icC
belongs to the left side interval in (11), applying Proposition 3 there
exists a sequence (¢;)iep € AP such that

Y algt—p) =0
e BUC

Setting ¢; = 0 for ¢ € D we obtain a sequence (¢;);en € C(p, q). d

Proof of Theorem 1 (ii). We show that for each positive integer n there
exists a sequence (¢;) € C(p,q), beginning with ¢; = --- =¢,_1 =0
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and ¢, = —1. Indeed, since ¢ < m + 1, by Lemma 5 we have
0<qg"=p"<(g—1) Y (¢=pH)<m > (¢ —p7)
i=n+1 i=n+1

Since ¢ < 2m + 1, Lemma 5 also shows that the condition (6) of
Proposition 3 is satisfied for the alphabet A = {—m,...,m} and the
sequence 7 ‘= ¢ * " —p7F " k = 1,2,.... Hence there exists a se-
quence (¢;)2, ,, € A satisfying

¢ —p "= alg —p);
i=n+1
setting ¢; = +-- = ¢,_1 = 0 and ¢, = —1 this yields (2). O

Proof of Theorem 1 (iii) (a). We show that there is a sequence (¢;) €
C(p, q), beginning with ¢; = —1. Since ¢ < 2m + 1, by Proposition 3
and Lemma 5 it is sufficient to show that

(0<)g ' =p <m> (¢ —p).
=2

By (9) this is equivalent to the inequality
1

SlJr P—q 1 q

= + ,
m=q=1 (p-D@-11 ¢—1 (p=D(¢—1)
ie,top<(m+1)(¢—1)/(¢g—m—1). Indeed, since m > 0, ¢ > 1 and

p > m + 1, we have

1 1 q

— +

m=q=1 (p=1)(¢—1)

TS

q
p

IA

= (p-1(@—1) <m(p—1)+mgqg

= plg—m—-1)<(m+1)(¢g—1)
(m+1)(g—1)
g—m-—1

<—p< L]

Remark 7. Now we prove our statement in Remark 2 (i). If m 4+ 1 <
g <2m+1 and p > q is closer to ¢ so that

oo

O<)g"=p"<m > (¢ —p)

1=n-+1

or equivalently (see (10))

1 1 ( 1 1 ) q"
— < + -
m~— qg—1 q—1 p—1) p*—q»
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for some positive integer n, then the adaptation of the preceding proof
shows that for each k = 1,...,n there exists a sequence (¢;) € C(p, q),
beginning with ¢; =--- =¢;_1 =0 and ¢ = —1.

The right side of the above inequality is a decreasing function of p
because the function

1 1 1
e e

has a negative derivative for all p > q.
Indeed, we have

e (L 1y

(p—120p"—q") \g—1 p—1) (pr—qg7)*
whence
_12 n __ n\2 n __ n _1 n o__ N
(p—1)(p Q)f/(p):p ¢ P P
P—q P—q q—1 P—q
pniqn

We conclude by noticing that = nr"! by the Lagrange mean
value theorem for some ¢ < r < p and therefore

T n

P —q —np”_lzn(rn_l—p”_l)go.
p—q

Proof of Theorem 1 (iv) (a). Since 1/(¢ —1) < 1/2m, by Lemma 5 we
have

g -pt>2m Y (¢ -p)
i=n+1

for all sufficiently large integers n, say for all n > N.! This implies that
if two different sequences (¢;), (¢;) € A® satisfy ¢; = ¢ fori =1,..., N,
then

d el =p ) # D g =p).

' i=1

=1

UTf this inequality holds for some n, then it also holds for all larger integers by
the monotonicity property of Lemma 5.
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Indeed, if n is the first index for which ¢, # ¢, then n > N, and
therefore

d (ei—c)g=p)
=1
>len =l (@ =p™) = Y lea—dl (g —p7)
i=n+1
>(q"=p ™) =2m Y (¢ —p)
i=n+1
> 0.

It follows that if two different sequences (¢;), (c}) € A satisty
00 ¢ 00 ¢ 00 o 00 o
PO D) Dl
= ¢ =P ST I
then already their beginning words ¢; ...cy and ¢ ...y must differ.
We conclude that there are at most (2m + 1) sequences (¢;) € A®
satisfying (2). O

Proof of Theorem 1 (iv) (b). Thanks to (a) it is sufficient to exhibit a
continuum of sequences (¢;) € A% such that each sequence satisfies (2)
for at least one base p > q.

Our assumption ¢ < m + 1+ y/m(m + 1) implies the inequality

1 oo .
(12) —amy
q — g

Indeed, differentiating the identity

=1 1
it

qg—1

we get
o0

P
qi+1 o (q— 1)2’

=1

so that, since m > 0 and ¢ > 1, (12) is equivalent to
m+1 m
£ (-1
This inequality can be rewritten as

(13) ¢ —2qm+1)+m+1<0.
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The polynomial 22 — 2z(m + 1) +m + 1 has exactly one root, which is
larger than one, namely x = m + 1+ y/m(m + 1). Thus (12) holds if

and only if g <m + 14 /m(m+1).

In view of (12) we may choose a sufficiently large positive integer N
such that

1 Ny
(14) —<my —.
q —~ g

Now fix an arbitrary sequence (¢;) € A satisfying

(15) ci=-1,cg=--=cy=m andc¢; >0foralli> N.

(There is a continuum of such sequences.) We are going to prove that
(2) holds for at least one base p > q.
It is sufficient to show that

» alg-p) <0
i=1
if p > ¢ is large enough, and
» algt=p ) >0
i=1
if p > ¢ is close enough to ¢. Indeed, then we will have equality for
some intermediate value of p by continuity.
The first property will follow from the stronger relation

00 4 ' o) c
lim ¢l —p™") <0, ie., — <0.
The proof is straightforward: since ¢; = —1 and ¢ > m + 1, we have
= -1 = m -1 1
S< 4 —=—F — < —+-=0
; T g Z Tda-D " g g

Since ¢; > 0 for all i > N, the second property is weaker than the
inequality

N
d alg=p) >0
=1

for all p > ¢ close enough to ¢, and this is weaker than the relation
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The last property follows by using (14) and (15):

1 gy 1 Al
lim ——» ¢(¢" —p ™) :Zqi+1 - —§+mzq@-+1 >0 U
i—1 i=1 i—2

Proof of Theorem 1 (iii) (b), (iv) (¢) and (v). If p > q > m+ 1 satisfy
(4), then the proof of (iii) (a) shows that

q—l _p—l > mZ<q—i _p—i>'
=2

Then by Lemma 5 we also have, more generally,

for all positive integers n.
Now if a sequence (¢;) € A has a first nonzero term c,, then

doald=p )<Y mlg—p)

i=n-+1 i=n-+1

<qg"=p " <|ealg —p )],
so that (2) cannot hold. This completes the proof of (iii) (b) and (iv)

(c)-

For the proof of (v) it remains to check that in case ¢ > m + 1 +
v/m(m + 1) the condition (4) holds for all p > ¢. This is equivalent to

_ (mt1)(g-1)

Y

g—m—1
which can be rewritten as

¢ —2qm+1)+m+1>0.
By our observation after (13) this inequality holds if and only if ¢ >

m+1+/m(m+1). O

We end this paper by formulating some open questions:

(1) Find the optimal conditions on p and ¢ in Theorem 1. In par-
ticular,
(a) Can C(p,q) be infinite for some p > ¢ > m + 17
(b) In case 2m +1 < ¢ < m+ 1+ /m(m+1) is C(p,q)

nontrivial for all p > q sufficiently close to ¢?
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(2) Construct an alphabet and three (or more) different bases such
that a continuum of (or infinitely many) real numbers have
identical expansions in all three bases.

(3) Given two bases p > g > 1 investigate the set of points of the

form
o0

Z clp™ —q7"), ()€ A™.
i=1
Acknowledgement. The authors thank the referees for their sugges-
tions to improve the presentation of the paper.

REFERENCES

[1] Z. Daroczy, A. Jarai and I. Katai, Intervallfillende Folgen und volladditive
Funktionen, Acta Sci. Math. (Szeged) 50 (1986), 337-350.

[2] Z. Daroczy, 1. Katai, On functions additive with respect to interval filling se-
quences. Acta Math. Hungar. 51 (1988), no. 1-2, 185-200.

[3] P. Erdés, I. Joo, V. Komornik, Characterization of the unique expansions 1 =
>>q~ ™ and related problems, Bull. Soc. Math. France 118 (1990), 377-390.

[4] K.-H. Indlekofer, I. Katai and P. Racsko, Number systems and fractal geome-
try, Probability theory and applications, Essays to the Mem. of J. Mogyorédi,
Math. Appl. 80 (1992), 319-334.

[5] S. Kakeya, On the set of partial sums of an infinite series, Proc. Tokyo Math.-
Phys. Soc (2) 7 (1914), 250-251.

[6] S. Kakeya, On the partial sums of an infinite series, Tohoku Sc. Rep. 3 (1915),
159-163.

[7] D. M. Kane, Generalized base representations, J. Number Theory 120 (2006),
92-100.

[8] A. Peths, Notes on CNS polynomials and integral interpolation, In: More
Sets, Graphs and Numbers, Eds.: E. Gy6ry, G. O. H. Katona and L. Lovész,
Bolyai Soc. Math. Stud., 15, Springer, Berlin, 2006, 301-315.

[9] G. Pélya, G. Szegs, Problems and Ezxercises in Analysis, Vol. I, Springer-
Verlag, Berlin, New York, 1972.

[10] A. Rényi, Representations for real numbers and their ergodic properties, Acta
Math. Hungar. 8 (1957), 477-493.

DEPARTEMENT DE MATHEMATIQUE, UNIVERSITE DE STRASBOURG, 7 RUE RE-
NE DESCARTES, 67084 STRASBOURG CEDEX, FRANCE
E-mail address: vilmos.komornik@math.unistra.fr

UNIVERSITY OF DEBRECEN, DEPARTMENT OF COMPUTER SCIENCE, UNIVER-
SITY OF DEBRECEN, H-4010 DEBRECEN P.O. Box 12, HUNGARY
E-mail address: petho.attila@inf.unideb.hu



