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IN MEMORY OF MY MOTHER

Let 4, B, G, G, be integers, and G, =AG,_, — BG,_, for n > 2. Let further §
be the set of all nonzero integers composed of primes from some fixed finite set. In
this paper we shall prove that natural conditions for 4, B, G, and G, imply, that
the diophantine equation G, =wx? has only finitely many solutions in integers
|[x{>1,¢g>2.nand we S.

1. INTRODUCTION

Let 4. B, G,, G, be integers. We define a sequence {G,} by the recurrence
relation

G,=AG, ,—BG, ,, n=273.. (1)

These sequences play an important role in various branches of number
theory. Of particular interest are the Fibonacci and the Lucas sequences,
which are defined with the initial terms A=—-B=G, =1, G,=0 and
A=—-B=G,=1, G,=2. Their nth term will be denoted by F, and L,,
respectively.

Let S be the set of all nonzero integers composed of primes from some
fixed finite set. In this paper we deal with the solvability of the Diophantine
equation

G,=wx? (2)

in integers wE S, g > 2, x, n.

Equation (2) was completely solved for F, and L, with w=1, g=2 by
Wylie [12] and Cohn [2|—further with w=¢ =2 by Cohn [3|. Bumby |1]
and Cohn [4| have applied these results to solve Diophantine equations. In
his book [10] Mordell gave a review of the results mentioned above.
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Recently Gyory et al. |6], and Gy6ry |5] have established the finiteness of
the number of solutions of (2) for G, =0, G, =1 and x = 1. independently
from 4 and B.

Put C= G} —AG,G, + BG} and D = A* — 4B. We can now formulate the
main result.

THEOREM. Suppose A #0, |Gyl +|G,|#0, (4,B)=1, A #iB, where
i=1,2,3 or 4. Suppose further that D is not a perfect square if BC = 0.
Then Eq. (2) in integers w € S, q > 2, x, n implies

max{{wl,|x|,mq} <C,, if |x|> 1,
max{|w|, n} < C,, if |x|=1,

n<C, if x=0,

where C,, C,, C; are effectively computable constants depending only on A,
B, Gy, G, and S.

Let a and B be the roots of the equation
X' —AX+B=0. (3)
Puta =G, —Gya and b= G, — G, f. Then

aa” — bp"
n a_ﬁ

An immediate consequence of the Theorem is the following:

G (a#pB).

CoroLLARY. Let A+#0,B.G,, G, be integers such that (A,B)=1,
A* £ B, where i=1,2,3 or 4, and B(G{ —AG,G, + BG{) # 0. Let further
a and 3 be the roots of (3) and let a, b be defined as above. Then

(aa” — bp")/(a — ) = wx",
in integers we S, q > 2, x, n implies
max{iwl,|x[,n,q} <Cy, if [x[> 1,
max {|w|, n} < Cs, if |x|=1,
n < Cq, if x=0,

where C,, Cs, Cq are effectively computable constants depending only on
A,B,Gy, G, and S.

If @ and f are integers, this is a special case of Theorem 3 |11!.
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Remarks. From the hypothesis of the Theorem it follows, that a/f,
where a and f are the roots of (3), is not a root of unity and that ab # 0.

In fact if D > 0O, then « and f are real and a/f is a root of unity if and
only if ¢ = +f. On the other hand ¢« + f=—4 and af =B. Now a # —f
because A # 0, while a # 8 because A # 4B.

If D <0, then o and § are conjugate complex numbers. Let a/f=¢ be a
root of unity. a and § are quadratic algebraic numbers, so ¢ is a quadratic
integer. But these are only ¢=+i and €= (&1 +i/3)/2. From ¢ =i
follows A% =2B; from &= (—14+1i+/3)/2 follows A’ =B, finally from
e = (1 + i/3)/2 follows 4* = 3B. But these are not allowed in the Theorem.

Finally a =0 means G, ~ G,a=0. G, can not be zero, so a =G,/G,.
Now (3) yields (G,/G,)* ~AG,/G, + B=0or C=G>—AG,G, + BG}=0.
Further a is rational, therefore D must be a perfect square.

2. AUXILIARY RESULTS

We base the proof of the Theorem on the following results, which were all
proved by Baker's method.

THEOREM A. Let f(x,y) € Qlx.y| be a binary form with f(1,0)%0
such that among the linear factors in the factorisation of f at least two are
distinct. Let d be a positive integer. Then the equation

S, p) =wzt
in integers wE S,y € 8,9 > 3, x.z with (x,y)=d, |z| > | implies that

s

max{jw

x| \yllzl.q) < Cy,

where C, is an effectively computable constant depending only on f, d and S.

This is due to Schinzel et. al. [11].

THEOREM B. Let f(x)€ Q|x| be a guadratic polynomial with distinct
roots and for integral x let P(x) denote the greaiest positive prime factor of
S (x). Then there exists an effectively computable constant C, depending only
on [ such that

P(x) > C,log log | x!.

This was proved by Keates |7]. It has many generalisations. In this
connection see also |11].

THEOREM C. Let A#0,(4,B)=1, |G,|+|G,|#0, A*#iB with
i=1,2.3 or 4, and C #0. Then the sequence G, defined by (1) has at most
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one zero term. Further there is an effectively computable constant C,
depending only on A, B, G, and G, such that G,# 0 for any n > C,.

If D <0, then (3) has conjugate complex roots. They have equal absolute
values. A lower bound for G, is therefore more difficult to obtain than in the
case D > 0.

THEOREM D. Suppose A+#0, D <0, A,.BY=1. |G, +]|G,|#0.
Further let a, B be the roots of (3) and let a, b be defined as above. Finally
suppose that a/fi is not a root of unity. Then there is an effectively
computable constant C,, depending only on A, B, G,, G, such that for any
n>C,

. 2
lal ‘aninf(m<|Gn|< ‘a|

2v/ID| D

|a”|

is satisfied.

Theotems C and D were proved by Kiss |8]. He shows there explicitly,
how the constants Cy and C,, depend on 4, B, G, G,.

3. LEMMAS ON SECOND ORDER LINEAR RECURRENCES
In this section we shall use the notations, defined in the Introduction.
Lemma 1. Let A,B,G,. G, be integers, and let G, for n > 2 be defined
by (1). Then for any n >0

Gl,,—AG,,,G,+ BG.=CB". (4)

n+1

This was proved in the special case G, =0, G, =|B|=1 by Kiss [9].

Proof. We prove the Lemma by induction. For n =0 (4) is obviously
true. Further by (1)

Gri2—A4G, ;G + BG
=(4G,,, —BG,)’ ~A(4G,,, - BG,)G,,, + BG,,
=B(G},,—AG,, G, + BG.)=BCB"=CB""'
is satisfied for n > 0.

LEMMA 2. Let A,B,G, be nonzero integers. If the prime number p
divides B, but does not divide AG,, then it does not divide G, for n > 1.
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Progf. For n=1 the Lemma is obviously true. Suppose p/G, for some
n 2 1. Then by (1)

Gn+l +BGn—1 :AGn

This shows, that p/G, ,, can not be true, and so the Lemma is proved.

LEMMA 3. Let A,B+0,G,,G, be integers with (A,B)=1, C+0,
|Gol + |G| #0. Let p be a prime divisor of (G,,B)> 1. Put G, =p*G,,
C=p'C, B=p"B, with (G,,p)=(C.p)= (B, p)=1for n>0, G,#0. If

G,=0 for some n, then put a,=a,,, and G,=0. Fmally take
N,=(y — 2a,)/B. Then

n=aN (5)

is satisfied for any n > N, with N=max{|[N,| + 3,2}, where [N,| denotes
the greatest integer <N,.

Proof. 1t follows from (1), that for any n > 2
a,>min{a,_,f+a,_,} (6)

and > is possible only if a, ,=f+a, ,.

(i) If for some m a,, > a,,. ,, then
am+2>m1n{am+l’am+ﬂ}=am+1’ thus A1 =y ="

If @y > a,. then (5) follows immediately from (i) with N = 2. Furthermore
a, < o implies Gy, # 0, y > 2a, and N, > 0.

In the sequel we shall assume that [N,] > 1. It suffices to prove that the
assumption of (i) are satisfied for some m < |N,|+ 2. Suppose, on the
contrary,  that ¢y<a; <--<a)y,,,. Then a,=a,+kf for
k=0,1..{N;]+ 1 can be easily proved by the application of (6). This
implies G, # 0 for k =0, L., [V,| + L.

Consider (4) with n = [N,]. The right-hand side is divisible exactly by the
y+ |N,| fth power of p. At the same time the left-hand side is divisible at
least by the 2a, + (2|N;| + 1) fth power of p. Thus

y+|N,],B>2a0+(2|N,}+1),B‘

But this means that

(V] <

This is a contradiction, and the proof is completed.
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In the following C,,, C,,,.... will denote effectively computable constants
depending only on 4, B, Gy, G, and S.

LEMMA 4. Under the assumptions of the Theorem
lGnl < Cll (7)

implies n < C,

Proof. First we observe, that the assumptions imply B # 0. Let ¢ and §
be the roots of

X' —~AX+B=0.

a/B cannot be a root of unity because of the hypothesis of the Theorem, as
was pointed out in the Remarks. Put a = G, — G,f and b = G, — G,a. In the
Remarks it was shown, that ab =0 yields C =0 and D is a perfect square.
So ah cannot be zero. Further it is well known, that

aa” — bf"
G =———-0.
n a—“ﬁ

If D <0, then by Theorem D

|a]

——=la"[n " <|G,|
2V D|

is satisfied for any n > C,. Therefore by (7)

la]
2V D]

The function on the left-hand side tends to infinity with n. So there exists a
constant C; with n < Ci;. Put C, =max{C,, C,;}. This is the required
constant if D < 0.

If D>0, then a and f§ are both real. We may assume |f| < |a| which
implies lim,,_, . (|8|/|a])" = 0, so there exists a constant C,, with

la"[n=" < Cy.

Cija—p|

a|" <——F——

CN

Hence n < C,,=log(C,,|a —B|/C)log|a|) '. and this completes the
proof.
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4. PrROOF oF THE THEOREM

Suppose that the integers wE€ S, ¢ > 2, n, x are solutions of {2). If we
replace in (4) G, with wx? then we obtain the Diophantine equation

G, —AG,, wx? + B(wx?)} = CB"

in integers G, ,, w,x, g. This is solvable in G, if and only if there exists
an integer z with

Dw?x* =z — 4CB". 8)

Assume C = (. Then by the hypothesis of Theorem D cannot be a perfect
square. On the other hand (8) yields

z? = Dwix™,

This Diophantine equation has the only integer solution x = z = 0. Therefore
G, =0, and by Theorem C there exists a constant C,, , with n < C ;.

In the sequel we shall assume C=#0. First we observe that the
assumptions of the Theorem imply B # 0. By Lemmas 2 and 3 (G,,B") =
(wx?, B") < C 5. Furthermore (D, B) =1, so we have (z, B") < C;.

Let S, be the set of the prime divisors of D and B. Put S, =S U §,. (8)
can be written in the form

ne

vx? =f£(z,1), if neven 9)

ox™ = fy(z, 1), if n odd, (10)

with v = Dw?, h=[n/2], t=B" fi(z,t)=2> —4ACt, fy(z,t)=1z" — 4CBt*.
One sees that f;(1,0)=1 for i = 1, 2 and in the factorization of f, and f, the
two linear factors are distinct. We note finally that 2g > 4.

It follows from Theorem A, that there exists an effectively computable
constant C,, depending only on f,, f;. d and S, such that for any integer
solution r€ S, v € Sy, |x| > 1, g > 2,z with (z,1)=d < C,, of (9) and (10)

max{|¢],|v

xl|z], g} < Cy4

N

is satisfied. But £, f5, S, and d, therefore C,, also, depend only on A, B. Gy,
G, and S. Moreover we have

lw|=/v/D < C}/\/1D|

and

|G, =]wlx| < €4 '*/\/ID|.
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This yields in combination with Lemma 4 n < C,,. C,4 and C,, depend on d.
Now we can choose C, to be the maximum of C 4 and C,, as d runs over its
finitely many possible values.

In the sequel we shall prove the Theorem for |x| < . First we shall study
the case x = 0. Then G, =0 and by Theorem C there is a constant C, with
n < C.

It remains to study the case |x| = 1. Now from (8) we obtain

4CB" =z — D, w?, (11)

with D, =D or D, =—D according as x =1 or x = — 1. The function on the
right-hand side of (11) satisfies obviously the hypothesis of Theorem A. So if
|B|+# 1 and n > 2, we have for any integer solution w€ S, n > 2, z of (11)

max {|w|, |z}, n} < Cyq-

If we choose C,, large enough, the last inequality remains true for 0 < n <2
also.

For |\B|= I we put C, =C or C,=-~C according as B=1 or B=—1.
With this notation if follows from (11) that

2’ —4C, =D w. (12)

The quadratic polynomial z*> — 4C, has two distinct zeros. Hence we obtain
from Theorem B

|G"‘=|W| <C21'

This implies again by Lemma 4, that n < C,,. Putting C, to be the maximum
of C,, and C,, we complete the proof of the Theorem.

Note added in progf. A result similar to our Theorem has been proved by T. N. Shorey and
C. L. Stewart, On the Diophantine equation ax™ + bx'y + ¢y’ =d and pure powers in
recurrence sequences, to appear. They proved that (2) has finitely many, effectively
computable solutions for any fixed integer d under the hypothesis of our Theorem except
(A.B)= 1.

REFERENCES

1. R. T. BumBy, The Diophantine equation 3x* — 2v? =1, Math. Scand. 21 (1967), 144-
148.

2. J. H. E. Conn, On square Fibonacci numbers, J. London Math. Soc, 39 (1964), 537-540.

3. J.H.E. ConN, Lucas and Fibonacci numbers and some Diophantine equations, Proc.
Glasgow Math. Assoc. 7 (1965), 24-28.

4. J.H. E. ConNn, Eight Diophantine equations, Proc. London Math. Soc. 16 (1966).
153-166. Addendum, ibid, 17 (1967), 381.



6.

10.
[l

PERFECT POWERS IN LINEAR RECURRENCES 13

. K. GYbry, On some arithmetical properties of Lucas and Lehmer numbers, Actq Arith.,

in press.

K. GYORY, P. Kiss AND A. SCHINZEL, A note on Lucas and Lehmer sequences and their

application to Diophantine equations, Coll. Math., in press.

. M. KEATES, On the greates prime factor of a polynomial, Proc. Edinburgh Math. Soc. 16
(1969), 301-303.

. P. Kiss, Zero terms in second order linear recurrences, Math. Sem. Notes Kobe Univ. 7
(1979), 145-152.

. P. Kiss, Diophantine representation of generalized Fibonacci numbers, Elem. Math. 34

(1979), 129-132.

L.J. MorDELL, “Diophantine Equations,” Academic Press, New York. 1969.

T. N. SHOREY, A. VAN DER POORTEN, R. TUDEMAN AND A. SCHINZEL, Applications of the

Gel'fond-Baker Method to Diophantine equations, in “Transcendence Theory: Advances

and Applications,” Academic Press, New York, 1977,

. O. WyLIE, Solution of the problem. In the Fibonacci series F, =1, F,=1, F,,, =
F,+ F,_, the first, second and twelfth terms are squares. Are there any others? Amer.
Math. Monthly 71 (1964), 220-222.



