Least-squares approximation (LSA) J

Agnes Baran, Csaba Noszaly

Agnes Baran, Csaba Noszaly Least-squares approximation (LSA) 1/56



Least-squares approximation (LSA)

In nutshell:
m Collect the data.
m Select the most appropriate model.
m Compute the best instance of the chosen model

m Use the model (predicting)
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Example

A cylindrical, 0.5m height tank is being filled with water at a constant
rate. Peter starts to observe the height of water (at t = 0) in the tank.
The measurements are summarized in the table below.

ti(min) [0]2|4] 6| 8[10]12
ficm) |34 [5]55]65] 7] 8

The following questions arise:
m What is the height of the water in the tank at t = 207
m When will be the tank full?

m When was the tank empty?
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Because of the circumstances (constant rate, the shape of the tank) we
choose the linear model:
F(t) = x1 + xot
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Example
Monthly average temperatures in Budapest 1901-1950.

ti | 15 46 74 105 135 166 196 227 258 288 319 349
fi] =17 01 52 103 158 189 2I.1 203 161 102 42 05

This time, the periodicity presenting in the data suggests of using the
model:

t—14
F(t) = x1 + x2 cos (277 365 >

20 =0 £
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Least squares approximations

We have the observations:
fl7f27'"7fm GR

at time moments:
ti,to,...,.tm €R

We assume that the observed phenomenon can be described by a model :
n
F(t) = xp(t)
j=1

m the ¢;'s are given functions, the building blocks of our model.

m the x;'s are real numbers, the unknown coefficients of the model.
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There are infinitely many functions of this type. We are going to choose

the one, for which
m

Jx) =) (F(t:) — £)?

i=1

is minimal .
The model F determined in this way is called a least-squares
approximation of the data.
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Common models

linear model
n=2and ¢i(t) =1, pa(t) = t:

F(t) = x1 + xot
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Common models

polynomial model

e1(t) =1, pa(t) = t, ..., pa(t) = t" 1

F(t) :X1+X2t+X3t2—|—---+x,,t”_1
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Common models

trigonometric model

n=3and ¢i(t) =1, pa(t) =sin(nt), p3(t) = cos(rt):

F(t) = x1 + xa sin(7t) + x3 cos(7t)
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We can express our model by means of matrices and vectors:

e1(t1)  a(t1) ... @n(t1)
A | wle) eat) en(t) o,
p1(tm) pa(tm) ... @nltm)
fi x1
f X2
f= : e R™, X = : e R",
- Xp
i
t
Ax = .
F(tm)
Least-squares approximation (LSA)
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The function to be minimized:

m

=D (F(t) = £)* = | Ax — f|I3

i=1
In calculus, it is proved that at the minimum location the partial
derivatives are zero:
0J(x)
OX

=0, k=1,...,n

Which can be rearranged in the form:

ATAx = ATF

It is the Gaussian normal-equation .
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Gaussian normal-equation

m it always has a solution

m the solution gives the coefficients of the best model in the "least
squares” sense

m If A has linearly independent columns, then the solution is unique.

m If the column vectors of A forms linearly dependent system, then
there are infinitely many solutions. This situation is called singularity.

(AT A'is singular)
In case of singularity we need:

m to get (collect) more data
m to simplify the model (drop out some of the ;'s)
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Example

Linear model: F(t) = x1 + xot, @1(t) =1 and @o(t) =t

1

1
A=

1 t,

> fi
s ATf: ;'n:l
> tif;
i=1
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Singularity (the column vectors of A is dependent system):

h=t=-=1in
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Polynomial model: F(t) = x1 + xot + x3t2 + - - + x,t""1, that is

o1(t) = 1,00(t) = t, ..., pn(t) = t"

1t 8] gt

1 t, t2 th—1
A— 2 2

1 t, t2 tn—1
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Polynomial model
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Polynomial model

i=1
A= S 6
i=1

m.
> ftf !
i=1

The solution is unique, if there are at least n different number among
t1,to, ..., tm.
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Example

Determine the linear LSA for the data given below!

t,-\O

1

1

2

w

1
2

f".

1

3
2

2

The (general) model: F(t) =x1 +xo - ¢

(%)=

The actual model: F(t)
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3.5

251 T

0.5+ 4
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Example

Determine the linear LSA for the data given below!

]2 2 2 2 2
FIT 1 2 2 2

The model: F(t) =x1+xp -t

5x1 + 10x, = 8
x» =5 €R, x1:§—25

Setting s = 0, we get an instance of solutions: F(t) =

u1lco
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|
LSA in Octave/Matlab

Determine the linear LSA for the data given below!

t |1 11 11 12 13 14 15 16 17 18 19 2
fi]18 89 9 98 10 11 115 115 125 13 137 14
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|
LSA in Octave/Matlab

Solution:
Use the function polyfit ! The call:

‘>> p=polyfit(t,f,m) ‘

will return the coefficients of the LSA polynomial p of degree m for the
data points (t;, f;), as given in vectors t and £ . The coefficients in p

are in decreasing order.

>>t=[1 1.1 1.1:0.1:2];
>> f=[88.999.8101111.511.512.513 13.7 14];
>> p=polyfit(t,f,1)

pi
5.8235 2.5338
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|
LSA in Octave/Matlab

The equation of the line:

f(t) = 5.8235t + 2.5338
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|
LSA in Octave/Matlab

The equation of the line:
f(t) = 5.8235t 4 2.5338

A plot of the data and the corresponding LSA line can be made as follows:

>> xx=linspace(0.9,2.1);
>> yy=polyval(p,xx);
>> figure; plot(t,f,"*' xx,yy)

Where the function polyval evaluates the polynomial p at locations
given in XX .
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Exercise 1

A cylindrical, 0.5m height tank is being filled with water at a constant
rate. Peter starts to observe the height of water (at t = 0) in the tank.
The measurements are summarized in the table below.

t; (min) [0]2]4] 6| 8[10]12
fi(cm) [3[4|5|55|65] 7| 8

Answer the questions below:
m What is the height of the water in the tank at t = 207
m When will be the tank full?
m When was the tank empty?

Agnes Baran, Csaba Noszaly Least-squares approximation (LSA) 25 /56



Examining the data plot, the linear connection between t and f seems
acceptable.
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Simple application of the built-in polyval . Note that the values that we

get evaluating the LSA function only give approximations of the real
values!
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Determine the quadratic (2nd order polynomial) LSA for the points (t;, f;)!
What is the (mean) value of the process at t = 47

ti |21 22 23 23 25 26 28 29
fi]25 2 25 27 3 4 54 7

Agnes Baran, Csaba Noszaly Least-squares approximation (LSA) 28/56



Agnes Baran, Csaba Noszaly Least-squares approximation (LSA) 29 /56



Determine LSA for the given points using the model:

F(t) = x1 + x2 cos(mt) 4+ x3 sin(7t)
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Setting up the Gaussian normal equation:
01(t) = 1, 2(t) = cos(nt), p3(t) = sin(xt)

1 cos(mty) sin(mty) i (1) (1)
1 cos(mtp) sin(mto) 1 -1 0
A= : = | 1 0 -1
1 cos(rtg) sin(mtg) % é (1)
6 1 1 -7
ATA=| 130 ), Alf= %
1 0 3 -3
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We get the (unique) solution:

_29
81
x=| &
096
So, the actual model is
29 181 67 .
F(t) = 3 + % cos(mt) — % sin(mt)
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0.5
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Determine LSA for the given points using the model:

F(t) = x1 + x2 cos(7t) + x3 sin(7t)

t;0%2%
IERE
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The columns of A form dependent system: the model is singular. (actually
AT A'is)
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Handling singularity:
m get more data (sometimes impossible)
m simplify the model (always can be done)
This time we will simplify our model: we drop out the sin term:

F(t) = x1 + x2 cos(mt)
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Solving the SLE AT Ax = ATf, we get unique LSA solution for the

simplified model:
[ —1.3333

X = ( 2.2333 )
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|
LSA in Octave/Matlab

Determine the LSA for the given data, using the model:

F(t) = x1 + x2 cos(mt) + x3 sin(mt)

t; ‘ 0.1
139

05 12 15 2 21 24 3 32
26 -08 03 32 38 32 -07r -09
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|
LSA in Octave/Matlab

Solution:
The parameters are obtained by solving:

ATAx = ATf
where:
1 cos(wty) sin(mty) f
1 cos(mtp) sin(wta) f X1
A= . , = o, x=1 x
. . X3
1 cos(mtg) sin(mtg) fo

Building up the matrix A based on the data:

>>1t=[0.10512152212433.2];
>> f=[3.92.6-0.8 0.33.23.83.2-0.7-0.9]’;
>> A=[ones(9,1), cos(pi*t), sin(pi*t)];

Remember that t and f should be column vectors.
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Solve the normal equation:
>> x=(A*A)\(A'*f)
< =

1.4372
20310
11711

Substituting the parameters into the model, we get:

F(t) = 1.4372 + 2.0310 cos(nt) + 1.1711 sin(nt)
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Plot the data and the modell

>> xx=linspace(0,3.3);
>> yy=x(1)+x(2)*cos(pi*xx)+x(3)*sin(pi*xx);
>> figure; plot(t,f,"*" xx,yy)
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In one block:

t=[0.10.51.21522.124332];
f=[3.92.6 -0.8 0.3 3.23.83.2-0.7-0.9]';
A=[ones(9,1), cos(pi*t), sin(pi*t)];
x=(A"*A)\ (A'*f);

xx=linspace(0,3.3);
yy=x(1)+x(2)*cos(pi*xx)+x(3)*sin(pi*xx);
figure; plot(t,f,"*' xx,yy)
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Determine the linear LSA for the given datal

t| 1 12 14 14 15 17 19 2
fi 162 7 8 79 84 92 10 10.6
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Determine the 3-rd order polynomial LSA for the given data!
t /05 08 11 13 15 17 19 2.1 2.3
fil25 23 18 13 09 04 01 -0.05 -0.01
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Determine the LSA for the given data, using the model:
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Determine the LSA for the given data, using the model:

F(t) = xqsin(t) 4+ x2 sin(2t) 4 x3 sin(3t)
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Determine the LSA for the given data, using the model:

F(t) = X1 + x2/n(t)

=o
oo

12 15 2 21 24 3 3.2
25 29 32 33 35 38 39

R
1
o =
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Determine the LSA for the given data, using the model:

t—14
F(t) = x1 + x2 cos <27r 365 )

ti| 15 46 74 105 135 166 196 227 258 288 319 349
fi] -1.7 01 52 103 158 189 2I.1 203 161 102 42 05
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Determine the linear LSA for the given datal

n| 0 1 2 3
105 15 2 3

Agnes Baran, Csaba Noszaly Least-squares approximation (LSA) 52 /56



Determine the linear LSA for the given datal

0 1 1 2 3
ild1g 2
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Determine the LSA for the given data, using the model:

F(e) =+

tj
fi |

QO B[+
) Wl
BN
NIC1| =
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Determine the LSA for the given data, using the model:

F(t) = x1 + xo - sin? (%T)

ti

Ni=| O
= Nl
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Data for the exercises

The datas in text file
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