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Solving an SLE

The SLE

—2x1 — xp +4x3 =3
2x1+3x —x3 =1
—4X1 - 10X2 - 5X3 =-12

can be written in matrix form Ax = b, where

2 -1 4 3
A= 2 3 -1, b= 1
—4 -10 -5 —12
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Gaussian elimination (without row-swapping):
2 -1 4
2 3 —1
—4 —10 -5

farn = —4 -2 -1 4
N 0 2 3
0 0 -1

b1 =-1
3 l31 =2 -2 -1 4
1 — 0 2 3

—12 0 -8 -13

The back substitution:
—X3 = -2 — X3 = 2
2X2+3X3:4 — xp=-—1
—2x1—x2+4x3=3 — x31=3

3/53

Agnes Baran, Csaba Noszaly Systems of linear equations (SLE)



Gaussian elimination (without row-swapping): Ax = b, where A € R™",
The augmented matrix:

air awe - ain | b
a1 ax» - a | b
anl an2 *** dnn bn

Suppose that aj; # 0. Subtracting £;; = j—ﬁ times the 1-st row from the
i-th one, we get:

BB
0 ayn - &, |b
0 A2 . @]
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Using the a,(jl) := ajj notation:
@_ 0 _, O aly
a,-j :a,-j —E,-lalj 6,—1 = o)
a1

1 1 | = 25 M
b§2):b§)—€;1b§) }:2,...,2
©) : a3 4 '
If ay,’ # 0 then subtracting £j> = oy times the 2-nd row from the i-th one:
22

agll) a(12) a(? a(? p)
0 D D B
= o |

O O 333) A a3n) b3)
0 0 0 . |
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|
In the k-th phase, (if a{) # 0):

Slk+1) _ (k) — 0y (k) 0 — (k)

U a ik = F

kk
(k+1) _ (k) (k) i=k+1,...,n,
bi = b — Lixby Jj=k+1,....n

If we have aﬁ) £ 0, 3222) #0, .., 3511_1:,1,)7—1 = 0, then after the n — 1-th
phase:

L (1 RONAGY

a a a b
BB B % )
0 ayy a 3 %3 b%3
0 0 a3 - a3n) b
0o 0 0 -- aﬁ,”n) b

n . . .
If ag,,,) # 0, then we can begin the back-substitution.
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The Gaussian-elimination without row-swapping can be done, if and only if:

aﬁ)#o, ag);«éO ...35,7,)7&0
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Complexity:
Counting only the multiplications (n > 2):
n—1
—1)n(2n -2 3
S (- kP +(n-1)= (n=Dn@@n=2)  (,_qy<™
— 6 3

For the back-substitution we need additional:

1
1+2+...+n:"("2+):(’)(n2)
operations, so the final complexity:
3
n
? aF (’)(nz)
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LU-factorization

The Gaussian elimination:
ly; = —1
2 -1 4\ o (-2 -1 4
2 3 -1 — 0 2 3
—4 —10 -5

In matrix form:
-2 -1 4 1 00 -2 -1 4
2 3 -1 ]=-110 0 2 3
—4 —-10 -5 2 01 0 -8 -—13
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Gaussian elimination:

-2 1 4 632 — 4 -2 -1 4
0o 2 3 — 0o 2 3
0 -8 -—-13 0 0 -1

In matrix form:

-2 -1 4 1 00 -
0 2 3 1=(0 10
0 -8 -13 0 -4 1

The steps can be combined into one matrix:
100 1 00 1 00
-1 1 0 0 10 |=| -1 1 0 ],
2 01 0 -4 1 2 —4 1

Agnes Baran, Csaba Noszaly Systems of linear equations (SLE) 10/53

OON
|
ON =
|
WD
N~



We have:
-2 -1 4 1 00 -2 -1 4
A= 2 3 -1 ]=1( -1 10 0 2 3
—4 —-10 -5 2 —4 1 0 0 -1
L:Z U.=
The LU -factorization of matrix A:
A= LU

where L is a lower-triangle matrix with full of 1-s in its main diagonal

and U is an upper-triangle matrix.
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N
The LU-factorization

ail a2 e din 1 0 0 0 au 3122 312n
a ax ... an by 1 0 0 0 gz) gn)
asy ax ... as _| ta 01 0 0 agg) agi)
anl  am ann i 0 O 1 0 3(n22) f,%,)

1 0O 0 0 0 L E B C RN e 2

by 1 0 0 0 oD )

b L 10 0 82 %m an

= by 42 0 1 0 0 0 a R T

Ly L2 0 O 1 0 0 a¥ a3
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After the (n — 1)-th phase:

a1l d12 a3 din
1 0 0 0
b 1 0 ... 0 0 2% af a%i’
A= | a1 2 1 0 0 0 a3y al)
b tn2 Loz oo 1 0O 0 0 .. am
A= LU

We call it the LU -factorization of matrix A.
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Let us turn back to our original problem, solving the SLE:
Ax=b& LUx=0b

After the factorization done, the solution can be obtained in two (similar)
steps:

Ly=5»b

Ux=y
Both systems are in triangular form, so the back-substitution can be used.
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N
The determinant of A

If A= LU, then by the properties of determinant:
det(A) = det(L) - det(V)

For matrices in triangle form the determinant is the product of all
elements in their main diagonal, so:

det(A) = det(L) det(U) = 1det(U) = det(U) =

Uil - upo ... Upp

The determinant of A is the product of elements in U's main diagonal.
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The LU-factorization

Ax = b, where

2 -1 4 3
A= 2 3 -1, b= 1
—4 -10 -5 —12

The factorization of A:

-2 -1 4 1 00 -2 -1 4
A= 2 3 -1 |=[ —1 10 o 2 3
-4 —-10 -5 2 41 0 0 -1
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Solving Ly = b:

1 00 Vi 3
-1 10 v | = 1
2 4 1 Vs ~12

Back-substituting from up to down:

=3
—yity=1 — y=4
2y1 —4-y2 —|—y3 =-12 — y3 = -2
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Solving Ux = y.

Back-substitute upwards:

—X3:—2 — X3 =
2 +3x3=4 — xo=-1
—2x1—x0+4x3=3 — x3=3
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The determinant of A:

det(A) =det(U) = (—-2)-2-(-1) =4
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The complexity of LU factorization is the same as of the

. .. . . . 3
Gaussian-elimination. For the factorization we need: % + O(n?)
operations, which does not change with the back-substitutions, because
they require n® operations. It follows that, computing the determinant can

. 3 .
be done with ~ Z- operations.
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The space complexity of the LU -factorzation:

It can be written in a more compact form:
-2 -1 4

-2 -1 4
2 3 -1 — — 2 3
-4 —-10 -5 2| -8 -—13
-2 -1 4
— — 2 3
()
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Example

Solve the LSE Ax = b with LU-factorization!

2 1 1 3 -3

4 0 2 -5 -5

A= 6 -1 —2 6| b= 2

4 2 —10 -1 19
-1 1 3 2 -1 1 3
A 2 4 1 —2 4 1
- 3 2 -5 -3 |7 3 =T -1 -2
2 4 —12 -7 2 2 —4 _5
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So:
1 000 2 -1 1 3
a2 100 0 2 4 1
- 3 -1 10 0 0 -1 -2
2 -2 4 1 0O 0 0 3
i U
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N
The back-substitutions:

1. Ly=5b
1 000 1 -3
2 100 v\ [ -5
3 110 v =1 2
2 -2 4 1 Va 19
y1=-3

“2n+y=-5 — y=-11
3i—y2+ty3=2 — y3=0
2y1 —=2yo+4y3+ya=19 — y,=3
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N
The back-substitutions:

2. Ux=y
2 -1 1 3 X1
0 -2 4 1 X
0 0 -1 -2 X3
0o 0 0 3 X4
3X4 =3

—X3 — 2X4 =0
—2xp + 4x3 + x4 = —11
2x1 — Xxp +x3+ 3x4 = —3

The determinant:

det(A) =det(U) =2 (-2)-
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-3

[ -11

- 0

3

— X4 = 1
— X3 = —2

- xp=2
— X1 = -1
(-1)-3=12
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Solve Ax = b with LU-factorization! Compute the determinant of Al

2 2 1 0

A= 6 -3 4| b=[ -8,
4 1 1 4

1 -2 0 -3 2

1 -1 2 2 5

A= 2 2 6 5| b= 12|

0 -6 -2 -2 0

2 1 4 -2 5

2 —4 -1 1 1

A=\ 4 8 6 -3 | b=1| 3

6 3 8 -3 16
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!olve Ax = b and Ax = ¢ with LU-factorization!

-3 10 5 —6
A= 12 =6 2|, b= -28], c=| 18]).
6 4 1 12 ~15
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Remark

If we have more than one constant vectors (possibly in the future) but one
coefficient matrix A — the LU factorization of A can be and should be used
multiple times! It is one of the main application of the factorizations.
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Cholesky-factorization

If Ais symetric and |positive definit then it can be written in the form of

LLT, where L is a lower triangular matrix, what is called the
Cholesky-factorization of A. Here we do not need to compute and

store LT, so the time and space complexity is approximately the half of the
complexity of Gaussian elimination.
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https://en.wikipedia.org/wiki/Definiteness_of_a_matrix

Cholesky-factorization

The elements of L can be computed column-wise:

1/2
k—1 /
2
b= | aw— > _ 05 ;
=1

k—1

Uik = aik—Zfijfkj [k, T=k+1,...,n
=1
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The back substitutions:
1. Ly = b (overwriting b with y)

i—1
bi=|bi—> libj|/liy i=1,...n
j=1
2. LTx =y (overwriting y with x)

n
bi=|bi— > Libj|/li, i=n....1
j=i+1
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Example

>
I

S W

>
I

|
o W

that is,

©

>
|
/™ 7 N/
||
oW ©

=N
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300 3 -1 -2
-1 20 0 2 1
-2 1 2 0 0 2
T LT
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Compute the Cholesky-factorization and the determinant!

4 -2 —4
A= -2 10 5
—4 5 9

4 —4 -4 0

4 13 7 6
B=1 4 7 6 -1
0 6 -1 17

9 -3 -3
C=( -3 5 5
-3 5 9
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Solve Ax = b with Cholesky-factorization!

0
9 -6 -6 3 36
6 8 6 -6 38
A=l 6 6 9 —10 | b=| _a7
3 _6 —10 18 58
2

9 -6 3 21
A=| -6 20 —14 |, b=|[ 34
3 —14 14 —34
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-
PLU-factorization (GE with row-swapping)

_: swapping some rows of the identity matrix

For example, swapping the i-th and j-th rows (i < j):

1 0 ... 00 €1

o1 ... 0 0 €2

00 ...0...100 e; ,
pP=| _ J .

00 ..1..000 & ]

00 .. 0 1 e
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Facts
PA: swaps the i-th and j-th rows of A

AP: swaps the i-th and j-th columns of A
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Gaussian-elimination:

if a1 #0 —  then the 1-st phase can be performed

if agz1=0and aj; =0forall i=2,....n — , nothing to
eliminate in the 1-st column —  go to phase 2

if a11 = 0, and there an i, with aj; 20 —  swap the 1-st and the

i-th row, and proceed the 1-st phase. If P; swaps the 1-st and the
i-th rows, then:

A= P A;
and the 1-st phase can be performed for A;. After the 1-st phase, we have:

A= PiA; = P1L AR
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2-nd phase:
if 3522) #0 —  then the 2-nd phase can be performed

if a2 =0and a2 =0foralli=3,...,n — nothing to
eliminate —  go to phase 3

if agzz) =0 and ag) # 0 for some i >2 — swap the rows 2 and J,
and proceed the 2-nd phase.

If P, swaps the 2-nd and the /-th rows, then:
AR) = p,A,
A= PiL1PA,
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1 0 0 0 1 00 0 0
ly 1 0 0 by 0 0 1 0
w0 1 0 f3 0 1 0 0
LP=| [
61 0 ... 1 0 i 10 0 0
(1 0 0 1 (i 0 0 0 1
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1 0 0 0 1 00 0 0
by 1 0 0 by 0 0 1 0
5 0 1 0 f 0 1 0 0
LP=| [
61 0 ... 1 0 i 10 0 0
(1 0 0 1 (i 0 0 0 1
1 0 0 0
h 1 0 0
(3 0 1 0
:P2 = Pzzl
(o1 O 1 0
(i 0 0 ... 1
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A= PiPyL1 A
— continue the factorization...
After (n — 1)-th phase:

A=PiPy---P,_1 LU
—_———
P:=
that is,
A=PLU

where

P: is a permutation matrix

L: is a lower triangle matrix, (with 1-s in its main diagonal)
U: is an upper triangle matrix
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Solving Ax = b is a two step procedure:
A= PLU
LUx =P 'b

solve Ly = P~ 1h
solve Ux =y
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Facts

p~t=pT
instead of P it is more convenient to maintain PT

no need to store P or P~1 as a matrix, it can be represented as a
vector.
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Example

0 1 -2
1 -3 0
A= 4 2 _28
-1 0 1

1-st phase (after swap(1,2)):
2 1 -3 0
1 0 1 -2
P=13 | 4 2 28
4 -1 0 1
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4 -6

2 11

1] b= 22

1 1
2 1 -3 0 2
4 0 1 -2 4
17| 4 14 —28 -7
1 -1 -3 1 3
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2-nd phase (no swap):

0o 1 -2 4
4 14 0 —-63
-1 -3 -5 15
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3-rd phase (after swap(3,4)):

1 -3 0 2
0 1 -2 4
-1 -3 -5 15
4 14 0 —63

P =

wh RN
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1 0 0O 1 -3 0 2
,_[ 0 100 s_[0o 1 2 4
- -1 -3 1 0 |}~ - 0 0 -5 15
4 14 0 1 0 0 0 —-63

—6 —11

_ -11 1, -6

b= 3. pe=| 8

-1 —2

Ly=P'b — y1=-11,y=—6, y3=—30, ys = 126
HAUx=y — xx=-2,x3=0,x=2x=-1
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|
Linear algebra with Octave/Matlab

Solve Ax = b if

Use the backslash operator!

>>A=[-2-14;23-1;-4-10 -5];
>>b=[3; 1; -12];
>>x=A\b
X=
3
-1
2

Note, that b must be a column vector.
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Apply the function rref to the augmented matrix of the LSE:
>>rref([A b))

ans=
100-3
010-1
001-2

One can from the output that b is a linear combination of the column
vectors of A, and the columns of Ais linearly independent system,
so the solution is unique.
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Example

Solve the system Ax = b, if
—4 —4 2 -2
A= -2 -7 3|, b= 6
2 12 -5 —13
Solution

Using the backslash, we get

>>A=[-4-42;-2-73;212-5];

>>b=[-2; 6; -13];

>>x=A\b

Warning: Matrix is singular to working precision
"=

1.93162
-1.27350
0.31624
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The matrix is singular (det(A) = 0), but we can assure that ||Ax — b|| is
about machine precision, so x is acceptable solution.
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Using the rref , we get:

>> E'ef( [A, b])

1.00000 0.00000 -0.10000 1.90000
0.00000 1.00000 -0.40000 -1.40000
0.00000 0.00000 0.00000 0.00000

We can read from the output that the column vectors form a dependent
system. We see also another solution. Actually the system has infinitely
many solutions.
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By using the function null, all solutions to the system can be obtained.
The function returns a base of the null-space of A:

>> format rat
>> null(A)
ans =

-60,/649
-240/649
-600,/649

So, the general solution of the system is:

1.9 —60/649
14 | + X[ —240/649
0 —600,/649

ahol A € R.

Agnes Baran, Csaba Noszaly Systems of linear equations (SLE) 52 /53



-
Multiple right hand sides

Example

Solve the following two systems: Ax = b and Ax = ¢, if

2 -1 4 3 17
A= 2 3 -1, b= 1], c= 1
—4 -10 -5 ~12 —42

Solution
We can solve them in one run:

>>A=[-2-14;23-1;-4-10 -5];
>>b=[3; 1; -12]; c=[17; 1, -42];
>>x=A\[b c]

X=
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