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Introduction

The main task of logic J

@ to give the laws of valid arguments (inferences, consequence relations)

Valid arguments

@ Valid arguments (inferences):

e an argument (an inference): a relation between premise(s) and
conclusion
@ a consequence relation
@ input: premise(s)
@ output: conclusion
e Valid arguments (inferences, consequence relations): if all premises are
true, then the conclusion is true.
e Logically valid arguments: when the former holds necessarily.
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Classical propositional logic (classical zero—order logic) Language of propositional logic

Definition /1

Classical zero—order language is an ordered triple

LO) = (LC, Con, Form)

where

Q@ LC={-,D,AV,=,(,)} (the set of logical constants).

@ Con # () the countable set of non-logical constants (propositional
parameters)

Q@ LCNCon=10

© The set of formulae i.e. the set Form is given by the following
inductive definition:

T. Mihalydeak Logical Algorithms May 6, 2019 3 /158

Classical propositional logic (classical zero—order logic) Language of propositional logic

Definition /2
@ Con C Form

e If A& Form, then —A € Form.
o If A, B € Form, then
(AD B) € Form,
(AN B) € Form,

(AV B) € Form,
(A= B) € Form.

Remark J

The members of the set Con are the atomic formulae (prime formulae).
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Classical propositional logic (classical zero—order logic) Subformulae

Definition

@ If Ais an atomic formula, then it has no direct subformula;

@ —A has exactly one direct subformula: A;

@ Direct subformulae of formulae (A D> B), (AAB), (AVv B), (A= B)
are formulae A and B, respectively.

Definition
The set of subformulae of formula A [denoting: SF(A)] is given by the
following inductive definition:

Q@ Ac SF(A) (i.e. the formula A is a subformula of itself);

@ if A/ € SF(A) and B is a direct subformula of A’-nek, then B € SF(A)
(i.e., if A" is a subformula of A, then all direct subformulae of A" are
subformulae of A).
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Classical propositional logic (classical zero—order logic) Construction tree

Definition
The contruction tree of a formula A is a finite ordered tree whose nodes
are formulae,

@ the root of the tree is the formmula A,

@ the node with formula —B has one child: he node with the formula B,

@ the node with formulae (B D C), (BAC), (BV C), (B = C) has two
children: the nodes with B, and C

@ the leaves of the tree are atomic formulae.
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Classical propositional logic (classical zero—order logic) Semantics of propositional logic

Definition

The function g is an interpretation of the language L(O) if

@ Dom(p) = Con
@ If p € Con, then o(p) € {0, 1}.
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Classical propositional logic (classical zero—order logic) The semantic rules of propositional logic

Definition
Let o be an interpretation and |A|, be the semantic value of the formula A
formula with respect to .

@ If p € Con, then |p|, = o(p)
@ If A€ Form, then |—A|, =1 — |A,.
© If A, B € Form, then
| 0 if|Al,=1, and |B|,=0;

° [(A> Bl = { 1, otherwise
1 if|Al,=1 and |Bl,=1,
0, otherwise
0 if|A|, =0, and |B|, =0;
1, otherwise.
1 if [Alp = |Blo:
0, otherwise.

o [(AAB)|, =

o |(A=B)|

{
ave. -
=
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Definition (model — a set of formulas)

Let I C Form be a set of formulas. An interpretation ¢ is a model of the
set of formulas I, if [A|, =1 forall AeT.

Definition — a model of a formula

A model of a formula A is the model of the singleton {A}.

Definition — satisfiable a set of formulas

The set of formulas ' C Form is satisfiable if it has a model.
(If there is an interpretation in which all members of the set I are ture.)

v

Definition — satisfiable a formula
A formula A € Form is satisfiable, if the singleton {A} is satisfiable. J
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Remark

@ A satisfiable set of formulas does not involve a logical contradiction;
its formulas may be true together.

o A safisfiable formula may be true.
@ If a set of formulas is satisfiable, then its members are satisfiable.

@ But: all members of the set {p, —p} are satisfiable, and the set is not
satisfiable.
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Theorem
All subsets of a satisfiable set are satisfiable. J

Proof
@ Let [ C Form be a set of formulas and A CT.

@ [ is satisfiable: it has a model. Let p be a model of I.
o A property of p: If A€ T, then |A], =1

@ Since ACT,if Aec A, then A€ T, and so |A|, = 1. That is the
interpretation o is a model of A, and so A is satisfiable.
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Definition — unsatisfiable set
The set ' C Form is unsatisfiable if it is not satisfiable.

Definition — unsatisfiable formula
A formula A € Form is unsatisfiable if the singleton {A} is unsatisfiable.

v

Remark

A unsatisfiable set of formulas involve a logical contradiction. (Its
members cannot be true together.)
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Theorem

All expansions of an unsatisfiable set of formulas are unsatisfiable.

Indirect proof

@ Suppose that [ C Form is an unsatisfiable set of formulas and
A C Form is a set of formulas.

@ Indirect condition: I is unsatisfiable, and I U A satisfiable.
o[ CTUA

@ According to the former theorem [ is satisfiable, and it is a
contradiction.
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Definition
A formula A is the logical consequence of the set of formulas I if the set
U {—A} is unsatifiable. (Notation: T F A)

Definition
AE B, if {A} E B.

Definition
The formula A is valid if ) F A. (Notation: F A) J

The formulas A and B are logically equivalent if AF B and B F A.
(Notation: A< B) J
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Theorem

Let [ C Form, and A € Form. I E A if and only if all models of the set I
are the models of formula A. (i.e. the singleton {A}).

Proof

— Indirect condition: There is a model of [ E A such that it is not a
model of the formula A.

Let the interpretation o be this model.

The properties of p:

Q |Blp,=1forall BeT;
@ |A|,=0,andso |-A|,=1

In this case all members of the set ' U {—A} are true wrt g-ban, and so
[ U {—A} is satisfiable. It means that [ # A, and it is a contradiction.
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Proof

< Indirect condition: All models of the set [ are the models of formula A,
but (and) I A.

In this case ' U {—A} is satisfiable, i.e. it has a model.
Let the interpretation ¢ be a model.
The properties of p:
Q |Bl,=1forall BeT;
Q@ |[-Al,=1ie |A,=0
So the set [ has a model such that it is not a model of formula A, and it
is a contradiction.

Corollary

Let ' C Form, and A € Form. T E A if and only if for all interpretations in
which all members of I are true, the formula A is true.
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Theorem

If Ais a valid formula ((F A)), then T E A for all sets of formulas I'. (A
valid formula is a consequence of any set of formulas.)

Proof
e If Ais a valid formula, then () E A (according to its definition).

e ) U{—-A} (= {—A}) is unsatisfiable, and so its expansions are
unsatisfiable.

o [ U{—A} is an expansion of {—A}, and so it is unsatisfiable, i.e.
[ F A.
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Theorem

If T is unsatisfiable, then I E A for all A. (All formulas are the
consequences of an unsatisfiable set of formulas.)

Proof

@ According to a proved theorem: If I is unsatisfiable, the all
expansions of [ are unsatisfiable.

@ U {—A} is an expansion of ', and so it is unsatisfiable, i.e. [ E A.

v
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Theorem

Deduction theorem: If T U{A} E B, then T E (A D B).

Proof
@ Indirect condition: Suppose, that T U{A} E B, and I ¥ (A D B).

o U {—(A D B)} is satisfiable, and so it has a model. Let the
interpretation o be a model.

@ The properties of p:

Q All members of I are true wrt p.
Q@ [~(ADB),=1

o |(A>B)|,=0,ie |A,=1and |B|,=0. So|-B|, = 1.

@ All members of ' U {A} U {—B} are true wrt interpretation p, i.e.
U{A} ¥ B, and it is a contradiction.
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Theorem
In the opposite direction: If ' E (A D B), then T U {A} F B. J

Proof
@ Indirect condition: Suppose that ' E (A D B), and I U {A} E B.

e So U {A} U{—B} is satisfiable, i.e. it has a model. Let the
interpretation o a model.

@ The properties of p:

@ All members of I are true wrt the interpretation .
Q [A,=1
Q@ |[-Bl,=1andso |B|,=0
o [(A>B), =0, [-(A> B)l, = 1
@ All members of ' U {—(A D B)} are true wrt the interpretation p, i.e.
[~ (A D B).
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Corollary

AE B if and only if E (A D B)

Proof

Let = () in the former theorems.

T. Mihalydedk
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Classical propositional logic (classical zero—order logic) Central logical (semantic) notions

Cut elimination theorem

If TU{A}E Band AF A, thenTUAFE B.
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Proof
Indirect.
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Classical propositional logic (classical zero—order logic) Decision diagrams

Problems

@ Is there any algorithm to decide the satisfiability of a given formula?
This problem is crucial:

e Finite set of formulas — formula;
e Consequence relation with finite set of premisses — formula
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Classical propositional logic (classical zero—order logic) Decision diagrams

Truth tables
p q r|pV(gAr)
VgAD) 1.2, 1 1 « 1
P 9 TIPY\GAT 3.4 1 0 «* 1
1.1 1 1 1
5 0 1 1 1
211 1 0 1
6. 0 1 0 0
30101 1 7.8 0 0 =% 0
411 0 0 1 b
510 1 1 1
6 lo 1 0 0 p q r|pV(gAr)
' 1.2. 3.4 |1 x = 1
710 0 1 0
slo o o 0 5. 0 1 1 1
' 6. 0 1 0 0
7.8. 0 0 = 0
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Classical propositional logic (classical zero—order logic) Decision diagrams
pV(gAr)
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Classical propositional logic (classical zero—order logic) Decision diagrams

pV(qgAr)
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Classical propositional logic (classical zero—order logic) Decision diagrams
pV(gAr)
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Classical propositional logic (classical zero—order logic) Decision diagrams

pV(qgAr)
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Classical propositional logic (classical zero—order logic) Decision diagrams
pV(gAr)
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Classical propositional logic (classical zero—order logic) Decision diagrams

pV(qgAr)
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Classical propositional logic (classical zero—order logic) Decision diagrams

Binary decision diagram (BDD)
@ A binary decision diagram (BDD) is a data structure for representing
the semantics of a formula in propositional logic:

e formula — directed graph — algorithm — directed reduced graph;

e reduced graphs have the property that the graphs for logically
equivalent formulas are identical;

e A formula is valid iff its reduced BDD is identical to the trivial BDD for
true (i.e. the trivial BDD of verum [T<4er (pV —p)]);

e a formula is satisfiable iff its reduced BDD is not identical to the trivial
BDD for false (i.e. the trivial BDD of falsum [|<qer (p A —p)]).
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Definition
Let A € Form (i.e. Ais a formula of propositional logic). A binary decision
diagram (BDD) for a formula A in propositional logic is a directed acyclic
graph such that

@ each leaf is labeled with a truth value 1 or 0;

@ each interior node is labeled with a parameter and has two outgoing
edges: one, the false edge, is denoted by a dotted line, while the
other, the true edge, is denoted by a solid line;

@ no atom appears more than once in a branch from the root to an
edge.

Remark

@ Given a branch b and its associated interpretation p, the leaf is
labeled with |A|,, the truth value of the formula wrt p.

@ If the interpretation is partial, it must assign to enough atoms so that
the truth value is defined.

v
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Classical propositional logic (classical zero—order logic) Decision diagrams

Algorithm Reduce

Input: A binary decision diagram bdd.
Output: A reduced binary decision diagram bdd’.

@ If bdd has more than two distinct leaves (one labeled 1 and one
labeled 0), remove duplicate leaves. Direct all edges that pointed to
leaves to the remaining two leaves.

@ Perform the following steps as long as possible:

© If both outgoing edges of a node labeled p; point to the same node
labeled p; , delete this node for p; and direct p;'s incoming edges to p;.

@ If two nodes labeled p; are the roots of identical sub-BDDs, delete one
sub- BDD and direct its incoming edges to the other node.
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Classical propositional logic (classical zero—order logic) Decision diagrams

Definition
A BDD that results from applying the algorithm Reduce is a reduced
binary decision diagram.

Theorem

The reduced BDD bdd’ returned by the algorithm Reduce is logically
equivalent to the input BDD bdd (in the sense that it determines the
same truth value in all interpretations).
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Properties of truth functors

Classical propositional logic (classical zero—order logic)

The truth table of negation

— —|p
0] 1
110

@ The law of double negation: -——A < A
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Classical propositional logic (classical zero—order logic) Properties of truth functors

The truth table of conjunction

A 10 1 (q)
0 /0 0

10 1
(p)

o Commutative: (AA B) < (BAA)
for all A, B € Form.

@ Associative: (AAN(BAC))< ((AANB)AC)
for all A, B, C € Form.

@ ldempotent: (AN A) < A for all A€ Form.
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Classical propositional logic (classical zero—order logic) Properties of truth functors

o (ANB)FEA (ANB)EB
@ The law of contradiction: F (A A —A)

@ Theset {A1,As, ..., A} (A1, As, ..., A, € Form) is satisfiable iff the
formula A1 A A> A --- A A, is satisfiable.

@ Theset {A1,As, ..., An} (A1, Az, ..., A, € Form) is unsatisfiable iff
the formula A; A A> A --- A A, is unsatisfiable.

o {A]_,A2, e ,An} FA (Al,AQ, LA AE Form) iff
AilNAA---NA, E A

o {A1,As,..., A} E A (A1, Az, ..., An, A € Form) iff the formula
((AL AN A2 A -+ AN Ap) A —A) is unsatisfiable.
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Classical propositional logic (classical zero—order logic) Properties of truth functors

V[0 1
The truth table of disjunction: 00 1
111 1

e Commutative: (AV B) < (B V A)

for all A, B € Form.

@ Associative:
(AvV(BV ())<= ((AvB)Vv ()
for all A, B, C € Form.

@ ldempotent: (AV A) < A for all A € Form.
@ AF(AV B) for all A,B € Form.
o {(AVB),-A} kB

@ The law of excluded middle: F (AV —A)
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Classical propositional logic (classical zero—order logic) Properties of truth functors

@ Connection between conjunction and disjunction:
A0 1 1 0 V[0 1
010 O 111 1 010 1
110 1 0|1 O 171 1
@ Conjunction and disjunction are dual truth functors.
@ Two laws of distributivity:
o (AV(BAQC) <= ((AVB)AN(AV ()
o (AN(BVCC)<= ((ANB)V(ANQ))
@ Properties of absorption
o (AN(BVA)) < A
o (AV(BAA)) < A
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Classical propositional logic (classical zero—order logic) Properties of truth functors

De Morgan's laws

What do we say when we deny a conjunction?
What do we say when we deny a disjunction?
—-(AAB) < (-AV -B)
-(AV B) < (-AA-B)

@ The proofs of De Morgan's laws.

A|lB|-A| B (—|A/\—IB) (A\/ B) —l(A\/ B)
00 1 1 1 0 1

o 0|1 1 0 0 1 0
110 O 1 0 1 0
111/ 0 0 0 1 0
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Classical propositional logic (classical zero—order logic) Properties of truth functors

o o
[y

D)
@ The truth table of implication: 0
1

o F(ADA)
@ Modus ponens: {(AD B),A} F B

@ Modus tollens:
{(ADB),-B} E-A

@ Chain rule: {(ADB),(BD> C)}F(AD C)
@ Reduction to absurdity: {(AD B),(AD> —-B)} F -A
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Classical propositional logic (classical zero—order logic) Properties of truth functors

-AF (AD B)

BE(ADB)

((AANB) D C)< (AD(BD Q)
Contraposition: (A D B) < (=B D —A)
(AD -A)E -A

(FAD A EA
(AD(BD ()< ((A>DB)D(AD0))
F(AD (-ADB))

(AVB)DC)< ((ADC)A(BD Q)

(
{A]_,A2, - ,An} FA (Al,AQ, LA AE Form) iff the formula
((Al NAs A+ A An) D A) is valid.
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Classical propositional logic (classical zero—order logic) Properties of truth functors

= | 0 1
@ The truth table of (material) equivalence: 0|1 0
110 1
o E(A=A)
o F-(A=-A)
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Classical propositional logic (classical zero—order logic) Properties of truth functors

Expressibility
e (ADB) < ~(AA-B)

(
(AANB) & —=(AD —B)

(AV B) & (-AD B)

(AV B) & =(-AA-B)
(AANB) & ~(-AV -B)
(A=B)< ((ADB)AN(BDA)
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Classical propositional logic (classical zero—order logic) Properties of truth functors

Theory of truth functors

Base
@ A base is a set of truth functors whose members can express all truth
functors.
o For example: {—,D},{—,A}, {—,V}
O (pAg) = —(pD —q)
Q@ (pvae)=(-pDq)

o Truth functor Sheffer: (p|q) < der =(pP A q)
o Truth functor neither-nor: (p || q) <der (—p A —q)
e Remark: Singleton bases: (p|q), (p || 9)
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Classical propositional logic (classical zero—order logic) Normal forms

Definition
If p € Con, then formulas p, —p are literals (p is the base of the literals).

Definition
If the formula A is a literal or a conjunction of literals, then A is an
elementary conjunction.

Definition
If the formula A is a literal or a disjunction of literals, the A is an
elementary disjunction.

Remark

If the literals of an elementary conjunction /disjunction have different
bases, then the elementary conjunction/disjunction represents an
interpretation (or a family of interpretations).
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Classical propositional logic (classical zero—order logic) Normal forms

Definition

A disjunction of elementary conjunctions is a disjunctive normal form.

Definition
A conjunction of elementary disjunctions is a conjunctive normal form.

Theorem
There is a normal form of any formula of proposition logic, i. e. if
A € Form, then there is a formula B such that B is a normal form and

A< B )
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Classical propositional calculus

Definition
Let L(O) = (LC, Con, Form) be a language of classical propositional logic
and (LC={—,D,(,)}).
The axiom scheme of classical propositional calculus:
o (Al): AD(BDA)
o (A2): (AD(BD(C))D((ADB)D(ADC())
e (A3): (FAD-B) D> (BDA)

Definition
@ The regular substitution of axiom schemes are formulas, such that
A, B, C are replaced by arbitrary formulas.

@ The axioms of classical propositional calculus are the regular
substitutions of axiom schemes. )
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Classical propositional calculus

The inductive definition of syntactical consequence relation

@ Let [ C Form,A € Form. The formula A is a syntactical consequence
of the set I (in noation I' = A), if at least one of the followings holds:
Q@ ifAcT, then T F A;

@ if Ais an axiom, then I - A;
Q@ fTHFB,andlTB DA, then I+ A.
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Natural deduction

Definition
Let ' C Form, A € Form. If formula A is a syntactical consequence of the
set I, then ' = A’ is a sequence.

The fundamental rule of natural deduction is based on deduction theorem.

Deduction theorem
Ifal U{A}F B, then T - A D B, J

Deduction theorem can be written in the following form:

rAF B
-A->B
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Natural deduction

Structural rules/1

In the following let ', A C Form, A, B, C, € Form.

Rule of assumption

0
MAFA
Rule of expansion
A
[ BF A
Rule of constriction
MB,B,AFA
[ B.AFA
Logical Algorithms May 6, 2019 51 / 158
Structural rules/2
Rule of permutation
[B,C,AF A
[ C.B.AFA
Cut rule
-A AAFB
AFB
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Logical rules/1

Rules of implication (introduction and elimination)
[MAFB M-A [FADB
’ 2.
N Y > 2) r-B )
Rules of conjunction
A B VA, BFC
A 1. . » A,
N VYN (N2) FANBFC
Rules of disjunction
A B
V1) T AVE V2) Tave
MAEC BFC
(V3) FAVBE C
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Logical rules/2
Rules of negation
MAFB [MAF-B M- —-—A
(= 1.) S— (—2) FTE A )
Rules of material equivalence
(= 1) MAFB [LBFA
o r’-A=B
_ A r'FA=B
(=2) [+ B
_ B r[HFA=B
(=3) [-A )
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Natural deduction

Examples

Proof:

(Expansion)
(Permutation)

(- 1)

T. Mihalydedk

A B
[,—-BF A

AL B 0

rA-BFB T,A-BF-B

(Assumption)

-B,AFB TI,-B,AF —B

(Permutation)

r,—-BF A

Logical Algorithms

Natural deduction

Examples

Proof:

(Asumption)
(Permutation)

(1)

T. Mihalydedk

AF-B
[ BF -A

0 Ak -B

ABFB T,ABF-B

BA-rB T,B,AF-B
[ BF A

Logical Algorithms

May 6, 2019 55 / 158

(2)

(Expansion)
(Permutation)
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Natural deduction

Examples
Al B
) 3
[-BI A (3)
Proof:
. [ -Al B 0 _
(P(E:qpat”ifo:g L-A—-BFB T.-A-BF-B Eésffnmftf”n))
© “?ﬂd [—B,-AFB T.-B —AF —B ermutatio
o (n2) LoBF—A
o [ —BI A
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| Natural deduction |
Examples
[ -AlF -B
(4)
Bl A
Proof:
, 0 [ -Al -B ,
) T ABIE T, ABF B P |
© Fif B—AFB T.B —-AF B \ cmutatio
o (n2) LBFE-A
e [ BI A
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Natural deduction

Examples
FADA
Proof:
(Assumption) L
1 AFA
CL) a2
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Natural deduction

Examples
A, AD>BFB
Proof:
)
ASB,AF A 0
ALADBFA AAADBFADB
A A>BFB
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Natural deduction

Examples

Proof:

T. Mihalydedk

(Assumption)
(Permutation)

AFBDA

b
B.AF A
ABFA
CLl) arB>a4
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Natural deduction

Examples

Proof (8), (9):

]

A -Al B
~AFADB
0
—A —B,Al A

A-B -AF-A —-AA-BFA

A-A-BF-A A—-A-BFA

T. Mihalydedk

A —AF =B

A-AF B
—A AF B
“AFADB

Logical Algorithms

May 6, 2019

May 6, 2019
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Natural deduction

Examples
BFADB
Proof:
0
BB
B,Al B
BFADB
Logical Algorithms May 6, 2019
Examples

FADB=-AVB

Proof: At first let us prove that

ADBF-AVEB

0
“AF A
0 (3) _—AF-AVB
A>DBFADB —(mAVB)FA

A>B,~(-AVB)FA>DB A>DB,~(-AVB)FA
A>B,~(-AVB)l B

T. Mihalydeak Logical Algorithms May 6, 2019
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Natural deduction

Examples

]
BB
(1) BF-AV B

A> B,~(-AV B)F -B

ASB,~(-AVB)FB  A>B,~(-AV B)F -B
ADB}——!—(—'A\/B)
ADBF-AVB

T. Mihalydeak Logical Algorithms May 6, 2019

Natural deduction

Examples

To prove (11) we have to prove the following:

-AVBFADB

(9) (10)
-AFA>B BFAOB
-AVBFADB

T. Mihalydeak Logical Algorithms May 6, 2019
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Natural deduction

Examples

ADB,-BF-A (14)
ADBF-BD>-A (15)
Proofs of (14), (15):
0
ALADBEB
0 A>B,AF B

A>B,A-BF-B A>B,A-BFB
A>B -B,AF-B A>B,-B,AF B
A>B,—-BF —A
ASBF-B>O A

Logical Algorithms May 6, 2019 67 / 158
Examples
-BO>D-AFADB (16)
Proof:
0
1] -B D -A,-BF-A

B> -A-BAFA —-B>-A-B,AF A
-BD>-AAF—-—B
—BS>-AAF B
-BOD-AFADB
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Natural deduction

Examples

On the base of (15), (16):

FADB=-B> A (17)

Proof:
ADBF-BD>-A -BD>-AFADB
FADB=-B>-A
Logical Algorithms May 6, 2019 69 / 158
Example
- (AV —A) (18)
Proof:
0 0
A, —(AV —-A) F =(AV -A) ~(AV -A), Ak A

~(AV —A),AF ~(AV-=A) —(AV-A),AFAV-A
—~(AV -A) F —A

0 0
—A,—(AV =A) F =(AV —A) —(AV =A),~AF —A

—~(AV —A),-AF =(AV-A) —(AV-A),-AF AV -A
—~(AV =A) F =—A
~(AV -A)F A

T. Mihalydeak Logical Algorithms May 6, 2019 70 / 158



Natural deduction

Examples
—I(A V —|A) F—-A —|(A V —lA) A
- —|—|(A V —lA)
- (AV —A)
Logical Algorithms May 6, 2019 71 / 158

Natural deduction

Examples

AANBEBAA (19)
Proof:

0

0 B.AF A

ABFB ABFA
ABFBAA
ANBFBAA

T. Mihalydeak Logical Algorithms May 6, 2019 72 / 158



Natural deduction

Examples
AN(BVC)E(AAB)V(AAC) (20)
Proof:
__ 0 __ 0
B,AF A 0 CAFA 0
A BFA ABFB ACFA ACHC
A BFANANB ALCEFANC

ABF(AANB)V(AAC) ACF(AAB)V(AAC)
A BV CE(AAB)V(AAC)
ANBVC)F(AANB)V (AN C)
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Examples
(AANB)V(AANC)FAN(BV Q) (21)
Proof:
0 ) 0 )
B,AFA C,AFA A BFB A CHC
ABEA ACEA AANBLF B AANCFEC
ANBFEFA ANCEA ANBEFBVC ANCEBVC
(AANB)V(ANC)FA (ANAB)V(AANC)EBVC

(AAB)V(AAC)FAA(BVC)

On the base of (20) and (21):

FAA(BVC)=(AAB)V(AAC) (22)
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Natural deduction

Examples

FAV(BAC)=(AVB)A(AV C) (23)

Proof: At first let us prove the following:

AV(BANC)FE(AVB)A(AV C) (24)
0 0
BFB CFC
0 B,C+B 0 CHFAVC
AF A B,C-FAVB AF A B,CFAVC
AFAVB BANCHFAVB AFAVC BANCEAVC
AV(BANC)FAVB AV(BANC)FAV C

AV (BAC)F (AVB)A(AV Q)
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Natural deduction

Examples

Now let us prove the following:
(AVB)A(AVC)FAV(BACQ) (25)

0
AFEA

AFAV(BAC)
AV B,AFAV (BAC)

0 0
0 Bl B CrFC
Al A B,C-rB B,C-C
A AV (BAC) B,Cr-BAC
A CHAV(BAC) B,CFAV (BAC)

AVB,CFAV (BAC)
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Natural deduction

Examples

AV B,AFAV(BAC) AVB,CHAV(BAC)
AV B,AvVCFAV(BAC)
(AVB)A(AVC)F AV (BAC)

Logical Algorithms May 6, 2019 77 / 158
Examples
F(ADB)D(BD>C)D(AD () (26)
Prove:

We can use the proved sequence (6).

ADBAFB B,BODCFKC
ADB,AABDCFEFC
ADB,BDCAEC
ADB,BODCFADC

ADBF(BDC)D(AD Q)

F(ADB)D(BDC)D(ADC()
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Natural deduction

Examples

F(ADB)D(AD(BDC)D(ADC) (27)

Proof: The proved sequence (6) can be used:

AAD BB AAD(BDC)FBDOC
AAADB,AD(BDC)FB AAADBAD(BDODC)FBDOC
AAADB,AD(BDC)FC
ADBAD(BDC)FADC
ADBEF(AD(BDC))D(ADC(C)
F(ADB)D(AD(BDC)D(ADC)
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Natural deduction

Examples

De Morgan'’s laws:

- ~(AAB) = (-AV —=B) (28)

- ~(AV B) = (-A A =B) (29)
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Natural deduction

Examples

To prove (28) at first we have to prove the following:
—-(AANB)F (=AV -B)

0 )
—AF A ~BF -B
(3) _—AF-AV-B (3 -BF-AvV-B
—~(-AV-B)F A ~(~AV -B)F B
3) ZCAV-B)FARE
—~(AAB)F —AV -B

T. Mihalydeak Logical Algorithms May 6, 2019

Natural deduction

Examples

To prove (28) we have to prove the following:

—AV-BF =(AA B)

—AF —A (8)
0 B,-AlF -A B,-Bt -A
A- A B,-AvV-BF-A
A BFA —AV-B,BF-A
ANBE A —AV -B,A BF-A
—AV-B,AANBFA —AV-B,AANBF -A

~AV —BF —(AA B)

T. Mihalydeak Logical Algorithms May 6, 2019

(30)

81 / 158

(31)

82 / 158



Natural deduction

Examples

To prove (29) at first we can prove the following:

~(AV B)F —=AA-B

0 0
Al A Bl B
(1)__AFAVB (1)__BFAVB
~(AV B)F —A ~(AV B)F -B

~(AVB)F-AA-B

T. Mihalydeak Logical Algorithms May 6, 2019

Natural deduction

Examples

To prove (29) we have to prove the following:

—AAN-BF—=(AV B)

0 0
—AF —A ~BF B
—A,~BF —A —A,~BF -B

(2) ~AA-BF-A ) ~AA-BF-B
At —(=A A —=B) B+ —(—AA—B)

Q)AVBFﬁhAAﬂ&
~AN-BF —(AV B)

T. Mihalydeak Logical Algorithms May 6, 2019
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Propositional Logic: SAT solvers

A computer program that searches for a model for a propositional
formula is called a SAT Solver.

When you build a truth table for an unsatisfiable formula of size n you
will have to generate all 2" rows, but if the formula is satisfiable you
might get lucky and find a model after generating only a few rows.

Even an incomplete algorithm — one that can find a model if one
exists but may not be able to detect if a formula is unsatisfiable — can
be useful in practice.

Many problems in computer science can be encoded in propositional
logic so that a model for a formula is a solution to the problem.
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Propositional Logic: SAT solvers

Definition

@ A clause is a set of literals.

@ A clause is considered to be an implicit disjunction of its literals.

@ A unit clause is a clause consisting of exactly one literal.

@ The empty set of literals is the empty clause, denoted by [l.

@ A formula in clausal form is a set of clauses. A formula is considered
to be an implicit conjunction of its clauses.

@ The formula that is the empty set of clauses is denoted by (). )

@ The only significant difference between clausal form and the standard
syntax is that clausal form is defined in terms of sets, while our
standard syntax was defined in terms of trees.

@ A node in a tree may have multiple children that are identical

subtrees, but a set has only one occurrence of each of its elements.
However, this difference is of no logical significance: (p < pV p)
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Propositional Logic: SAT solvers

Theorem

@ Every formula A in propositional logic can be transformed into an
logically equivalent formula in clausal form.

@ A clause if trivial if it contains a pair of clashing literals (positive and
negative literals with the same base).

@ Let S be a set of clauses and let (i.e. a clausal form), and let C € S a
trivial clause Then S\ {C} is logically equivalent to S (i.e.
corresponding formulas are logically equivalent).
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Propositional Logic: SAT solvers

Lemma

@ [, the empty clause, is unsatisfiable. (The corresponding formula is
unsatisfiable.)

@ (), the empty set of clauses, is valid.

@ A clause is satisfiable iff there is some interpretation under which at
least one literal in the clause is true. Let p be an arbitrary
interpretation. Since there are no literals in [, there are no literals
whose value is true under p. But o was an arbitrary interpretation, so
[1 is unsatisfiable

@ A set of clauses is valid iff every clause in the set is true in every
interpretation. But there are no clauses in () that need be true, so () is
valid.

v
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Propositional Logic: SAT solvers

Definition
Let S, S’ be sets of clauses. S ~ S’ denotes that S is satisfiable if and
only if S’ is satisfiable.

Remark
It is important to understand that S ~ S’ (S is satisfiable if and only if S’
is satisfiable) does not imply that S < S’ (S is logically equivalent to S').
o S ={pqrF,pg,pq}, S" = {pq, pq}
® o(p) =0,0(q) =0,0(r) =1
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Propositional Logic: SAT solvers

Definition
e if /is a literal then /€ is its complement:
o if | = p, then [ = —p;
e if | = —p, then /¢ = p.
@ Let S be a set of clauses. A pure literal in S is a literal | that appears
in at least one clause of S, but its complement /° does not appear in
any clause of S.

Theoreml

Let S be a set of clauses and let / be a pure literal in S. Let S’ be
obtained from S by deleting every clause containing /. Then S =~ §'.
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Propositional Logic: SAT solvers

Theorem (Unit clause)

Let {/} € S be a unit clause and let S’ be obtained from S by deleting

every clause containing / and by deleting /° from every (remaining) clause.
Then S~ §'.

v

Proof
@ It is trivial from the definition of clause form.

o S={r,pqF,pg,pq}, S' = {pq, pg, pq}
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Propositional Logic: SAT solvers

Corollary

[ 1 is unsatisfiable.

{{p},{P}} is the clausal form of the unsatisfiable formula p A —p. Delete
the first clause {p} from the formula and the literal p from the second
clause; the result is {{}} = {}. {} = {{p},{pP}} and therefore OJ is
unsatisfiable.
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Propositional Logic: SAT solvers

Definition
Let (71, G be two clauses. If C; C (5, then clause C; subsumes the clause
C> and ( is subsumed by ;.

Ttel
Let C1, G € S, Cq subsumes G, S' =S\ {(G}. Then S~ §'.

Example

S ={pr,pqr,qr}, S" = {pr, qr}
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Propositional Logic: SAT solvers

Definition

Let S be a set of clauses and U a set of atomic propositions. Ry(S), the
renaming of S by U, is obtained from S by replacing each literal / on an
atomic proposition in U by /.

Theorem
5~ Ry(S) J
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Propositional Logic: SAT solvers

Definition
Let C1, G be clauses such that / € (3, /¢ € C,. The clauses Gy, G, are

said to be clashing clauses and to clash on the complementary pair of
literals /, /€.

Resolution rule

Let C;, G be clauses such that / € (1, /¢ € (5. C, the resolvent of (; and
Gy, is the clause: Res(Ci, Go) = (G \ {/}) U (G \ {/°}).
C1 and ( are the parent clauses of C.
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Propositional Logic: SAT solvers

Example

@ The pair of clauses C; = abc and C, = bcé clash on the pair of
complementary literals ¢, ¢. The resolvent is:
C = (abc{c}) U (bce \ {c}) = abU bé = abe.

@ Recall that a clause is a set so duplicate literals are removed when
taking the union:
{a,b} U{b, e} ={a, b, E}.

@ Resolution is only performed if the pair of clauses clash on exactly one
pair of complementary literals.

v
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Propositional Logic: SAT solvers

Theorem

If two clauses clash on more than one literal, their resolvent is a trivial
clause.

Example

Consider a pair of clauses:
{/17 /2} U Cla {llc7 /2(:} U C21

and suppose that we perform the resolution rule because the clauses clash
on the pair of literals {/1,/{}. The resolvent is the trivial clause:
{h,I5} UG U G.

Theorem

The resolvent C is satisfiable if and only if the parent clauses C; and G
are both satisfiable.
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Propositional Logic: SAT solvers

Resolution algorithm
@ Input: A set of clauses S.
@ Output: S is satisfiable or unsatisfiable.
@ Let S be a set of clauses and define 5o = S.

@ Repeat the following steps to obtain Si+1 from Si until the procedure
terminates as defined below:
e Choose a pair of clashing clauses {C;, Go} C S; that has not been
chosen before.

o Compute C = Res((Cy, () according to the resolution rule.
o If C is not a trivial clause, let S;1; = S; U {C}; otherwise, S;y1 = S; .

@ Terminate the procedure if:

o C =01
e All pairs of clashing clauses have be resolved.
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Propositional Logic: SAT solvers

Example

Consider the set of clauses:

S ={(1)p.(2)pq. (3)r,(4)Pqr},

where the clauses have been numbered. Here is a resolution derivation of
[1 from S, where the justification for each line is the pair of the numbers
of the parent clauses that have been resolved to give the resolvent clause:

(5) pg from (3),(4)
(6) p from (5),(2)
(7) O from (6), (1)
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Propositional Logic: SAT solvers

Definition
A derivation of [] from a set of clauses S is a refutation by resolution of S
or a resolution refutation of S.

v

Theorem

If the set of clauses labeling the leaves of a resolution tree is satisfiable
then the clause at the root is satisfiable.

Theorem (Soundness)

Let S be a set of clauses. If there is a refutation by resolution for S then S
is unsatisfiable.

v

Theorem (Completeness)

If a set of clauses is unsatisfiable then the empty clause [J will be derived
by the resolution procedure.
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Propositional Logic: SAT solvers

Davis-Putnam algorithm
@ Input: A formula A in clausal form.
@ Output: Report that A is satisfiable or unsatisfiable.

@ Perform the following rules repeatedly, but the third rule is used only
if the first two do not apply:

o Unit-literal rule: If there is a unit clause {/}, delete all clauses
containing / and delete all occurrences of /° from all other clauses.

o Pure-literal rule: If there is a pure literal /, delete all clauses containing
.

e Eliminate a variable by resolution: Choose an atom p and perform all
possible resolutions on clauses that clash on p and p. Add these
resolvents to the set of clauses and then delete all clauses containing p
or p.

@ Terminate the algorithm under the following conditions:

o If empty clause [ is produced, report that the formula is unsatisfiable.
e If no more rules are applicable, report that the formula is satisfiable.

T. Mihalydeak Logical Algorithms May 6, 2019 101 / 158

Propositional Logic: SAT solvers

Example
e Consider the set of clauses: {p, pq, gr, rst}.

@ Performing the unit-literal rule on p leads to the creation of a new
unit clause g upon which the rule can be applied again.

@ This leads to a new unit clause r and applying the rule results in the
singleton set of clauses {st}.

@ Since no more rules are applicable, the set of clauses is satisfiable.
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Propositional Logic: SAT solvers

Definition
Repeatedly applying the unit-literal rule until it is no longer applicable is
called unit propagation or Boolean constraint propagation.

Definition

Let A be a set of clauses and let p be a partial interpretation for A. For

C e A if |C|, =1, the interpretation p satisfies C, while if |C|, = 0, then
C is a conflict clause for p.
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Propositional Logic: SAT solvers

DPLL algorithm
@ Input: A formula A in clausal form.

@ Output: Report that A is unsatisfiable or report that A is satisfiable
and return a partial interpretation that satisfies A.

The algorithm is expressed as the recursive function DPLL(B, o) which
takes two parameters: a formula B in clausal form and a partial
interpretation p. It is initially called with the formula A and the empty
partial interpretation.

Remark

The DPLL algorithm is highly nondeterministic: it must choose an
unassigned atom and then choose which truth value will be assigned to it
first.
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DPLL(B, o)

@ Construct the set of clauses B’ by performing unit propagation on B.
Construct ¢’ by adding to o all the assignments made during
propagation.

o Evaluate B’ under the partial interpretation o’

e If B’ contains a conflict clause return ‘unsatisfiable’:
o If B’ is satisfied return ¢’;
o (otherwise, continue).

@ Choose an atom p in B’; choose a truth value val as 1 or 0; o7 is the
interpretation ¢’ together with the assignment of val to p.
@ result + DPLL(B’, 01)
o If result is not unsatisfiable return result;
o (otherwise, continue).
@ 0, is the interpretation o1 together with the assignment of the
complement of val to p.
@ result + DPLL(B’, 02)

e Return result. )
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Classical first—order logic Language of classical first—order logic

Definition /1
The language of first—order logic is a
L) = (LC, Var, Con, Term, Form)
ordered 5—tuple, where
L. LC={-,D,A,V,=,=,¥,3,(,)}: (the set of logical constants).
2. Var (= {x,:n=0,1,2,...}): countable infinite set of variables
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Classical first—order logic Language of classical first—order logic

Definition /2
3. Con = J72o(F(n) UP(n)) the set of non—logical constants (at best
countable infinite)

F(0): the set of name parameters,

F(n): the set of n argument function parameters,
P(0): the set of prposition parameters,

P(n): the set of predicate parameters.

4. The sets LC, Var, F(n), P(n) are pairwise disjoint (n =0,1,2,...).

v
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Classical first—order logic Language of classical first—order logic

Definition/3
5. The set of terms, i.e. the set Term is given by the following inductive
definition:

(a) VarUF(0) C Term
(b) If feF(n), (n=1,2,...),s t1,ta,...,t, € Term, then
f(ti, ta, ..., ty) € Term.
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Classical first—order logic Language of classical first—order logic

Definition /4

6. The set of formulas, i.e. the set Form is given by the following
inductive definition:

(a) P(0) C Form

(b) If t1,t, € Term, then (t; = tp) € Form

(c) f PeP(n), (n=1,2,...),s t1,ta,...,t, € Term, then
P(t1, ta, ..., t,) € Form.

(d) If A€ Form, then —=A € Form.

(e) If A, B € Form, then
(ADB), (ANB), (AV B), (A= B) € Form.

(f) If x € Var, A € Form, then VxA, 3xA € Form.
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Classical first—order logic Semantics of classical first—order logic

Definition (interpretation)
The ordered pair (U, o) is an interpretation of the language L(1) if

@ U#1( (i.e. Uisa nonempty set);

e Dom(p) = Con

If a € F(0), then o(a) € U,

If f € F(n) (n+#0), then o(f) € UV

If p € P(0), then o(p) € {0,1};

If P P(n) (n+#0), then o(P) C UM (o(P) € {0,1}U™).
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Classical first—order logic Semantics of classical first—order logic

Definition (assignment)

The function v is an assignment relying on the interpretation (U, o) if the
followings hold:

e Dom(v) = Var;
@ If x € Var, then v(x) € U.

Definition (modified assignment)

Let v be an assignment relying on the interpretation (U, o), x € Var and
ue U.

u, if y = x;
v(y), otherwise.

e ) = |

for all y € Var.
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Classical first—order logic Semantics of classical first—order logic

Definition (Semantic rules/1)
Let (U, o) be a given interpretation and v be an assignment relying on
(U, 0).
o If a € F(0), then |a\‘<,U’Q> = o(a).
o If x € Var, then |X\<U’Q> = v(x).
oIffE]-"()(n—12 .), and ty, ty, ..., t, € Term, then
F(a)(t2)... (@) :(XWMWHMWQMAMW%)

e If p € P(0), then |p\v ¢ = o(p)
o If t1,tr € Term, then

0, otherwise.

Kn—mW@_{L 1[0 — | (U0

T. Mihalydeak Logical Algorithms May 6, 2019 112 / 158



Classical first—order logic Semantics of classical first—order logic

Definition (Semantic rules/2)

o If PeP(n) (n#0), t,..

|mm~«oW@{

., tn € Term, then

1, if (a2, V) € o P):
0, otherwise.
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Semantics of classical first—order logic
Definition (Semantic rules/3)
o If A€ Form, then |-A|\Y? =1 —|A|{V9
o If A, B € Form, then
(Ao B)We = ) O if A =1, and B =0,
Y 1, otherwise.
(Anp)Le =] 1 fIALY =1 and [BIY =1,
Y 0, otherwise.
we ) o if|AYY =0, and [B|\Y? =0
[(AV B)lv™ =
Y 1, otherwise.
(A= =) 1 if AV =Bl — o,
Y 0, otherwise.
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Classical first—order logic Semantics of classical first—order logic

Definition (Semantic rules/4)
e If A€ Form,x € Var, then

|VXA]$,U’Q> _J0
L,
axalve = b

’

if there is an u € U such that |A|‘</l[JXQZ] =0;
otherwise.

if there is an u € U such that \A\‘%{QZ] =1;

otherwise.

T. Mihalydedk

Logical Algorithms May 6, 2019 115 / 158

(GEESIEI R e I @Il Central logical (semantic) notions — FolL

Definition (model — a set of formulas)

Let L(1) = (LC, Var, Con, Term, Form) be a first order language and
[ C Form be a set of formulas. An ordered triple (U, o, v) is a model of

the set I, if

o (U, o) is an interpretation of L(1);
@ v is an assignment relying on (U, o);

o AV =1forall AcT.

A model of a formula A is the model of the singleton {A}.

Definition — a model of a formula J

T. Mihalydedk
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(GEESIEI R eI I@lll el Central logical (semantic) notions — FolL

Definition — satisfiable a set of formulas

The set of formulas I C Form is satisfiable if it has a model.
(If there is an interpretation and an assignment in which all members of
the set I' are true.)

Definition — satisfiable a formula
A formula A € Form is satisfiable, if the singleton {A} is satisfiable.
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(GEESIEI R e I @Il Central logical (semantic) notions — FolL

Remark

@ A satisfiable set of formulas does not involve a logical contradiction;
its formulas may be true together.

@ A satisfiable formula may be true.
@ If a set of formulas is satisfiable, then its members are satisfiable.

@ But: all members of the set {P(a), —=P(a)} are satisfiable, and the set
is not satisfiable.

v
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Theorem
All subsets of a satisfiable set are satisfiable. J

Proof
@ Let [ C Form be a set of formulas and A CT.

@ [ is satisfiable: it has a model. Let (U, g, v) be a model of T.
@ A property of (U,0,v): If A€T, then |A|\<,U’Q> =1

o Since ACT,ifAc A, then AcT, and so |A|{Y"? = 1. That is the
ordered triple (U, o, v) is a model of A, and so A is satisfiable.
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Definition — unsatisfiable set
The set ' C Form is unsatisfiable if it is not satisfiable.

Definition — unsatisfiable formula
A formula A € Form is unsatisfiable if the singleton {A} is unsatisfiable.

v

Remark

A unsatisfiable set of formulas involve a logical contradiction. (Its
members cannot be true together.)
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Theorem
All expansions of an unsatisfiable set of formulas are unsatisfiable.

Indirect proof

@ Suppose that [ C Form is an unsatisfiable set of formulas and
A C Form is a set of formulas.

@ Indirect condition: I is unsatisfiable, and I U A satisfiable.
o[ CTUA

@ According to the former theorem [ is satisfiable, and it is a
contradiction.

T. Mihalydeak Logical Algorithms May 6, 2019 121 / 158

(GEESIEI R e I @Il Central logical (semantic) notions — FolL

Definition
A formula A is the logical consequence of the set of formulas I' if the set
[ U {—A} is unsatifiable. (Notation: T F A)

Definition
AE B, if {A} E B. J

Definition
The formula A is valid if ) £ A. (Notation: £ A)

Definition
The formulas A and B are logically equivalent if AF B and B F A.
(Notation: A< B)
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Classical first—order logic Properties of first order central logical notions

Theorem

Let ' € Form, and A € Form. T E A if and only if all models of the set I
are the models of formula A. (i.e. the singleton {A}).

Proof

— Indirect condition: There is a model of [ F A such that it is not a
model of the formula A.

Let the ordered triple (U, g, v) be this model.

The properties of (U, g, v):

0 |B\Y? =1forall BeT;
@ |A|(U, ), =0, and so [-A[{"? =1

In this case all members of the set ' U {—A} are true wrt the
interpretation (U, ) and assignment v, so ' U {—A} is satisfiable. It
means that [ # A, and it is a contradiction.
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Classical first—order logic Properties of first order central logical notions

Proof

< Indirect condition: All models of the set ' are the models of formula A,
but (and) I' # A.

In this case ' U {—A} is satisfiable, i.e. it has a model.

Let the ordered triple (U, o, v) be a model.

The properties of (U, g, v):

(1) \B|\<,U’Q> =1forall BeT;
@ -AYY =1,ie ALY =0

So the set [ has a model such that it is not a model of formula A, and it
is a contradiction.

Corollary

Let ' € Form, and A € Form. T E A if and only if for all interpretations in
which all members of I are true, the formula A is true.
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Theorem

If Ais a valid formula ((F A)), then T E A for all sets of formulas I'. (A
valid formula is a consequence of any set of formulas.)

Proof
e If Ais a valid formula, then () E A (according to its definition).

e ) U{—-A} (= {—A}) is unsatisfiable, and so its expansions are
unsatisfiable.

o [ U{—A} is an expansion of {—A}, and so it is unsatisfiable, i.e.
[ F A.

T. Mihalydeak Logical Algorithms May 6, 2019 125 / 158

Classical first—order logic Properties of first order central logical notions

Theorem

If T is unsatisfiable, then I E A for all A. (All formulas are the
consequences of an unsatisfiable set of formulas.)

Proof

@ According to a proved theorem: If I is unsatisfiable, the all
expansions of [ are unsatisfiable.

@ U {—A} is an expansion of ', and so it is unsatisfiable, i.e. [ E A.

v
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Theorem
Deduction theorem: If T U {A} E B, then T F (A D B). J

Proof
@ Indirect condition: Suppose, that T U {A} E B, and I ¥ (A D B).

e NU{—(A D B)} is satisfiable, and so it has a model. Let the ordered
triple (U, g, v) be a model.

@ The properties of (U, o, v):
@ All members of I are true wrt (U, o) and v.
@ [~(AD B =1
o [(AD BV =0, ie |AYY =1 and |B|{V? = 0.
So|-B[{? = 1.
@ All members of ' U {A} U {—=B} are true wrt (U, ¢) and v, i.e.
[U{A} ¥ B, and it is a contradiction.

v
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Theorem

In the opposite direction: If = (A D B), then ' U {A} E B.

Proof
@ Indirect condition: Suppose that ' (A D B), and ' U {A} ¥ B.

@ So [ U{A} U{—B} is satisfiable, i.e. it has a model. Let the ordered
triple (U, 0, v) a model.

@ The properties of (U, o, v):
© All members of I are true wrt (U, o) and v.
Q ALY =1
@ [-B|Y? =1, and so |B|{Y? =0
o [(ADB)\Y?Y =0, |-(AD BV = 1.
@ All members of ' U {—(A D B)} are true wrt (U, 0) and v, i.e.
¥ (ADB).
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Corollary
AE B if and only if E (A D B)

Proof
Let [ = () in the former theorems. )
Logical Algorithms May 6, 2019 129 / 158

Classical first—order logic

Cut elimination theorem

If TU{A}E Band AF A, thenTUAFE B.

Properties of first order central logical notions

Proof
Indirect.

T. Mihalydedk

Logical Algorithms

May 6, 2019

130 / 158



Classical first—order logic Syntactical properties of variables

Definition

Let L) = (LC, Var, Con, Term, Form) be a first order language and
A € Form be a formula. The set of free variables of the formula A (in
notation: FreeVar(A)) is given by the following inductive definition:

e If Ais an atomic formula (i.e. A € AtForm), then the members of the
set FreeVar(A) are the variables occuring in A.

o If the formula A is =B, then FreeVar(A) = FreeVar(B).

@ If the formula Ais (B D> C), (BAC), (BV C) or (B = C), then
FreeVar(A) = FreeVar(B)J FreeVar(C).

o If the formula A is YB or 3xB, then FreeVar(A) = FreeVar(B) \ {x}.
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Classical first—order logic Syntactical properties of variables

Definition

Let L() = (LC, Var, Con, Term, Form) be a first order language and
A € Form be a formula. The set of bound variables of the formula A (in
notation: BoundVar(A)) is given by the following inductive definition:

e If Ais an atomic formula (i.e. A € AtForm), then BoundVar(A) = ().

o If the formula A is =B, then BoundVar(A) = FreeVar(B).

@ If the formula Ais (B D C), (BAC), (BV C)or (B = C), then
BoundVar(A) = BoundVar(B) | J BoundVar(C).

@ If the formula A is VxB or dxB, then
BoundVar(A) = BoundVar(B) U {x}.
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Classical first—order logic Syntactical properties of variables

Remark
@ The bases of inductive definitions of sest of free and bound variables
are given by the first requirement of the corresponding definitions.

@ The sets of free and bound variables of a formula are not disoint
necessarily:

FreeVar((P(x) A 3xR(x))) = {x} = BoundVar((P(x) A IxR(x)))
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Classical first—order logic Syntactical properties of variables

Definition
Let L(1) = (LC, Var, Con, Term, Form) be a first order language, A € Form

be a formula, and x € Var be a variable.

@ A fixed occurence of the variable x in the formula A is free if it is not
in the subformulas VxB or dxB of the formula A.

@ A fixed occurence of the variable x in the formula A is bound if it is
not free.
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Remark
o If x is a free variable of the formula A (i.e. x € FreeVar(A)), then it
has at least one free occurence in A.
@ If x is a bound variable of the formula A
(i.e. x € BoundVar(A)), then it has at least one bound occurence in
A.
@ A fixed occurence of a variable x in the formula A is free if
e it does not follow a universal or an existential quantifier, or
e it is not in a scope of a Vx or a dx quantification.
@ A variable x may be a free and a bound variable of the formula A:
(P(x) A IxR(x))
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Definition
Let L(Y) = (LC, Var, Con, Term, Form) be a first order languuage and
A € Form be a formula.

@ If FreeVar(A) # (), then the formula A is an open formula.

o If FreeVar(A) = (), then the formula A is a closed formula.

Remark:
The formula A is open if there is at least one variable which has at least

one free occurence in A.
The formula A is closed if there is no variable which has a free occurence

in A.
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Classical first—order logic Properties of quantification

De Morgan Laws of quantifications

Let L(1) = (LC, Var, Con, Term, Form) be a first order language, A € Form
be a formula and x € Var be a variable. Then

o —IxA & W—A
o WA & dx—A
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Classical first—order logic Properties of quantification

Expressibilty of quantifications

Let L() = (LC, Var, Con, Term, Form) be a first order language, A € Form
be a formula and x € Var be a variable. Then

o IxXA & W—A
o WA & —Xx—A
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Conjunction and quantifications

Let L() = (LC, Var, Con, Term, Form) be a first order language,
A, B € Form be formulas and x € Var be a variable.
If x ¢ FreeVar(A), then

e ANVXB < Vx(AN B)

o AAN3IxB < dx(A A B)

Remark:
According to the commutativity of conjunction the followings hold:
If x ¢ FreeVar(A), then

o VxBANA & Vx(BAA)
@ IXxBAAS Ix(BAA)
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Classical first—order logic Properties of quantification

Disjunction and quantifications

Let L() = (LC, Var, Con, Term, Form) be a first order language,
A, B € Form be formulas and x € Var be a variable.
If x ¢ FreeVar(A), then

o AVYWB < W(AV B)

e AV ixB < Ix(AV B)

Remark:
According to the commutativity of disjunction the followings hold:
If x ¢ FreeVar(A), then

o VxBV A& Vx(BVA)
@ IxBVA<& Ix(BVA)
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Implication with existential quantification

Let L) = (LC, Var, Con, Term, Form) be a first order language,
A, B € Form be formulas and x € Var be a variable.
If x ¢ FreeVar(A), then

e AD dxB < dx(AV B)

e dxB D A& Vx(B D A)
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Classical first—order logic Properties of quantification

Implication with universal quantification

Let L) = (LC, Var, Con, Term, Form) be a first order language,
A, B € Form be formulas and x € Var be a variable.
If x ¢ FreeVar(A), then

e ADVxB < Vx(AV B)

e VxBD A& Ix(BDA)
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Substitutabily a variable with an other variable

Let L(1) = (LC, Var, Con, Term, Form) be a first order language, A € Form
be a formula and x, y € Var be variables.
The variable x is subtitutable with the variable y in the formula A if there

is no a free occurence of x in A which is in the subformulas VyB or dyB of
A.

v

Example:

@ In the formula VzP(x, z) the variable x is substitutable with the
variable y, but x is not substitutable with the variable z.
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Classical first—order logic Properties of quantification

Substitutabily a variable with a term

Let L(1) = (LC, Var, Con, Term, Form) be a first order language, A € Form
be a formula, x € Var be a variable and t € Term be a term.

The variable x is subtitutable with the term t in the formula A if in the
formula A the variable x is substitutable with all variables occuring in the
term t.

Example

@ In the formula VzP(x, z) the variable x is substitutable with the term
f(y1,y2), but x is not substitutable with the term f(y, z).
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Result of a substitution

If the variable x is subtitutable with the term t in the formula A, then [A]L
denotes the formula which appear when all free occurences of the variable
x in A are substituted with the term t.
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Renaming

Let L() = (LC, Var, Con, Term, Form) be a first order language, A € Form

be a formula, and x, y € Var be variables.
If the variable x is subtitutable with the variable y in the formula A and

y ¢ FreeVar(A), then

e the formula Vy[A]X is a regular renaming of the formula VxA,;

e the formula Jy[A]X is a regular renaming of the formula IxA.
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Congruent formulas

Let L) = (LC, Var, Con, Term, Form) be a first order language and
A € Form be a formula.

The set Cong(A) (the set ot formulas which are congruent with A) is
given by the following inductive definition:

o A e Cong(A);

e if =B € Cong(A) and B’ € Cong(B), then =B’ € Cong(A);

e if (Bo C) € Cong(A), B’ € Cong(B) and C' € Cong(C), then
(B0 C") € Cong(A) (c € {D,A,V,=});

o if WB € Cong(A) and W [B]X is a regular renaming of the formula
WxB, then Wy [B]X € Cong(A);

e if AxB € Cong(A) and Jy[B]% is a regular renaming of the formula
JxB, then Jy[B]X € Cong(A).
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Classical first—order logic Properties of quantification

Definition
Let L) = (LC, Var, Con, Term, Form) be a first order language and
A, B € Form be formulas.
o If B € Cong(A), then the formula A is congruent with the formula B.

e If B € Cong(A), then the formula B is a syntactical synonym of the
formula A.

Theorem

Congruent formulas are logically equivalent, i.e. if B € Cong(A), then
As B.
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Definition
Let L() = (LC, Var, Con, Term, Form) be a first order language and
A € Form be a formula.
The formula A is standardized if
o FreeVar(A) () BoundVar(A) = 0;

@ all bound variables of the formula A have exactly one occurences next
a quantifier.

Theorem

Let L() = (LC, Var, Con, Term, Form) be a first order language and
A € Form be a formula.
Then there is a formula B € Form such that

@ the formula B is standardized,;
@ the formula B is congruent with the formula A, i.e. B € Cong(A).
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Definition
Let L(D) = (LC, Var, Con, Term, Form) be a first order language and

A € Form be a formula.
The formula A is prenex if

@ there is no quantifier in A or

@ the formula A is in the form Q1x1@Qox2 ... QpxpB (n=1,2,...),
where

e there is no quantifier in the formula B € Form;
@ X1,X»...X, € Var are diffrent variables;

o Q1,Qs,...,Q, € {V,3} are quantifiers.
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Theorem

Let L) = (LC, Var, Con, Term, Form) be a first order language and
A € Form be a formula.
Then there is a formula B € Form such that

@ the formula B is prenex;
o A& B.
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PCNF and Clausal Forms

Recall

@ A formula of propositional logic is in conjunctive normal form (CNF)
iff it is a conjunction of disjunctions of literals.

@ A notational variant of CNF is clausal form:

e the formula is represented as a set of clauses, where each clause is a
set of literals.

@ We now proceed to generalize CNF to first-order logic by defining a
normal form that takes the quantifiers into account.
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Definition
A formula is in prenex conjunctive normal form (PCNF) iff it is of the form:

Qix1 ... QnxnA

where the Q; are quantifiers and A is a quantifier-free formula in CNF.
The sequence Q1x1 Qnx, is the prefix and A is the matrix.

Example
The following formula is in PCNF:
o Vyvz((P(f(y))—~P(g(z)) v R(z)] A (=R(z) V =P(g(2)) V R(y)))
o Prefix: VyVz
o Matrix: ((P(f(y))—~P(g(z)) v R(2)] A (=R(z) V =P(g(2)) V R(y)))

v
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PCNF and Clausal Forms

PCNF algorithm for closed formulas
@ Input: A closed formula A of first-order logic.
@ Output: A formula A’ in PCNF such that A" < A .

@ Steps:

e Eliminate all binary logical operators other than V and A.

e Rename bound variables so that no variable appears in two quantifiers.

e Push negation operators inward, collapsing double negation, until they
apply to atomic formulas only. Use De Morgan's laws.

e Extract quantifiers. Choose an outermost quantifier, that is not within
the scope of another quantifier. Extract the quantifier using the
following equivalences, where @ is a quantifier and o € {V, A}:

Ao QxB(x) & Qx(Ao B(x)), QxA(x) o B < Qx(A(x) o B).

e Use the distributive laws to transform the matrix into CNF. The

formula is now in PCNF.
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PCNF and Clausal Forms

Definition

Let A be a closed formula in PCNF whose prefix consists only of universal
quantifiers. The clausal form of A consists of the matrix of A written as a
set of clauses. )

Example

The formula in previous example is closed and has only universal
quantifiers, so it can be written in clausal form as:

{{P(f(y)), ~P(g(2)), R(2)},{~R(2), ~P(g(2)), R(y)}}
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PCNF and Clausal Forms

In propositional logic, every formula is equivalent to one in CNF, but this
is not true in first-order logic. However, a formula in first-order logic can
be transformed into one in clausal form without modifying its satisfiability.

Skolem’s theorem
Let A be a closed formula. Then there exists a formula A” in clausal form
such that A ~ A”. )
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PCNF and Clausal Forms

Skolem's algorithm

Input: A closed formula A of first-order logic.

Output: A formula A” in clausal form such that A” ~ A .
Steps:

o PCNF algorithm for formula A. Output is the formula A’.

o For every existential quantifier Ix in A’, let y1,...,y, be the
universally quantified variables preceding dx and let f be a new n-ary
function symbol. Delete dx and replace every occurrence of x by
f(v1,...,Y¥n). If there are no universal quantifiers preceding Jx, replace
x by a new constant (name parameter, O-ary function). These new
function symbols are Skolem functions and the process of replacing
existential quantifiers by functions is Skolemization.

e The formula can be written in clausal form by dropping the (universal)
quantifiers and writing the matrix as sets of clauses.
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PCNF and Clausal Forms

Example

Original formula: 3IxVyP(x, y) D Vy3axP(x, y)

Rename bound variables: 3x1Vy; P(x1, y1) D Vy23xo P(x2, y2)
Eliminate Boolean operators: —3x1Vy1 P(x1, y1) V Vy23x P(x2, y2)
Push negation inwards: Vx;3dy1—P(x1, y1) V Vy23dxo P(x2, y2)
Extract quantifiers: Vxy3y1Vyr3xo(—P(x1, y1) V P(x2, y2))
Distribute matrix (no change)

Replace existential quantifiers:
VxiVy2(—P(x1, f(x1)) V P(g(x1, y2), y2))

Write in clausal form {{—=P(x1,f(x1)), P(g(x1,y2),y2)}}.

f is unary because dy; is preceded by one universal quantifier Vxi,
while g is binary because dx; is preceded by two universal quantifiers
Vxi and Vys.
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