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Preface

The 15th International Conference on Automata and Formal Languages (AFL 2017) was held in Debre-
cen, September 4-6, 2017. It was organized by the Faculty of Informatics, University of Debrecen and
the Faculty of Informatics, Eötvös Loránd University, Budapest.

The AFL conference series was initiated by Prof. István Peák (1936-1989). He organized the AFL
conferences in 1980, 1982, 1984, 1986 and 1988 and started the organization of AFL’90. These con-
ferences were all held in the hills around Salgótarján. In 1986 and 1988, the title of the conference was
Automata, Languages and Programming Systems. Since the untimely death of Prof. István Peák in 1990,
the AFL conferences have been organized in every third year. Professors András Ádám and Pál Dömösi
took the lead in the continuation of the series. In 1993 and 1996, two more “Salgótarján conferences”
took place, the last three conferences of the series were held in Balatonfüred (AFL 2008), Debrecen
(AFL’11), and Szeged (AFL 2014).

AFL 2017 intended to cover all important areas of automata and formal language theory and their
applications such as grammars, acceptors and transducers for strings, trees, graphs, arrays, algebraic
theories for automata and languages, combinatorial properties of words and languages, formal power
series, decision problems, efficient algorithms for automata and languages, relations to complexity theory
and logic, picture description and analysis, quantum computing, cryptography, concurrency, applications
of automata and language theory in biology, natural language processing, and other fields.

The Programme Committee invited lectures from

Paola Bonizzoni (University of Milan-Bicocca, Italy),
Henning Bordihn (University of Potsdam, Germany),
Szilárd Zsolt Fazekas (Akita University, Japan),
José M. Sempere (Technical University of Valencia, Spain),
Akihiro Yamamura (Akita University, Japan).

A special memorial session in honor of late Zoltán Ésik, steering committee member and organizer of
AFL conferences, consisted of talks presented by

Szabolcs Iván (University of Szeged, Hungary) and
Werner Kuich (Technical University of Vienna, Austria).

This volume contains the abstracts of invited lectures and the texts of the 17 papers accepted from
the 23 submissions to AFL 2017.

The members of the International Program Committee were

Francine Blanchet-Sadri (Greensboro), György Maróti (Veszprém),
Victor Bovdi (Al Ain), Alexander Meduna (Brno),
Erzsébet Csuhaj-Varjú (Budapest, co-chair), Victor Mitrana (Bucharest, Madrid),
Jürgen Dassow (Magdeburg), Andreas Maletti (Stuttgart),
Pál Dömösi (Debrecen, co-chair), Benedek Nagy (Famagusta),
Henning Fernau (Trier), Chrystopher Nehaniv (Hertfordshire),
Zoltán Fülöp (Szeged), Friedrich Otto (Kassel),
Viliam Geffert (Košice), Gheorghe Păun (Bucharest),
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Marian Gheorghe (Bradford), Giovanni Pighizzini (Milano),
Oscar H. Ibarra (Santa Barbara, CA), Agustı́n Riscos-Núñez (Sevilla),
Szabolcs Iván (Szeged), Jeffrey Shallit (Waterloo, Canada),
Galina Jirásková (Košice), Petr Sosı́k (Opava),
Juhani Karhumäki (Turku), Bianca Truthe (Giessen),
Alica Kelemenová (Opava), György Vaszil (Debrecen, co-chair),
Miklós Krész (Szeged), Laurent Vuillon (Chambéry),
Martin Kutrib (Giessen), Claudio Zandron (Milano).

We thank the members of the Programme Committee for the evaluation of the submissions and
their subreferees for their excellent cooperation in this work. We are grateful to the contributors of the
conference AFL 2017, in particular to the invited speakers for presenting interesting new developments.
We are grateful to the Department of Computer Science and the Faculty of Informatics of the University
of Debrecen for the local organization and for the financial support of AFL 2017.

September 2017

Erzsébet Csuhaj-Varjú, Budapest
Pál Dömösi, György Vaszil, Debrecen
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László Hunyadvári (Budapest)
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Automata and Formal Languages for Next Generation
Sequencing Data

Paola Bonizzoni
Department of Informatics, Systems and Communications

University of Milan-Bicocca, Milan, Italy
bonizzoni@disco.unimib.it

Gianluca Della Vedova
Department of Informatics, Systems and Communications

University of Milan-Bicocca, Milan, Italy
gianluca.dellavedova@unimib.it

The advent of Next Generation Sequencing (NGS) technologies is characterized by the production
of massive data consisting of short sequences (reads) and it has enabled the completion of several
sequencing projects on entire populations.

This talk focuses on the application of concepts from automata theory and formal languages to
Bioinformatics, motivated by the repetitive nature that is intrinsic to the sequences that are produced
with NGS technologies.

The analysis of such data raises the need of formal tools that are able to take advantage of
the similarities among sequences to index and compare NGS data in a memory (and hence time)
efficient manner. We will explore some recent applications of Burrows-Wheeler Transform, Lyndon
factorization and automata theory to the analysis of genomic data.

A vast collection of computational problems in Bioinformatics are strongly dependant on the type
of available biological data. Thus the formalization, the computational complexity, and the algorith-
mic solutions of many of these problems are affected by the intrinsic characteristics of the input data,
both in terms of quality and quantity. A clear example is represented by the computational projects on
sequencing data, where the algorithmic approaches and the data structures employed to attack the de
novo assembly problem have changed, following the advancement of sequencing technologies. Today
sequencing technologies have brought a revolution in the common practice of researchers working in
molecular biology. Sequencing any organism is feasible, cheap, and can be completed quickly: thus
biologists may use hundreds of millions of short sequences (reads) for their genomic studies. This re-
quires new computational tools that are able to deal with this huge amount of sequences data, in turn
encouraging the development of novel formal approaches to the comparison, analysis and managing of
sequencing data, known as NGS (next generation sequencing) data. Computer Science research on NGS
has focused initially on the problem of representing such data with different formal approaches, where
the representation in many cases is the first step towards to the analysis and comparison of the data. Here
we try to survey and summarize some theoretical frameworks that have been developed in the field, and
how they have changed our perspectives towards the topic of data structures and algorithms for molecular
biology. A main characteristic of NGS data has guided these frameworks: the repetitive nature of reads
due to the fact that they are extracted by the same sequence (the reference genome): most importantly,
some input sequences can be viewed as a shifted version of another.

We will discuss the following main notions that have recently gained a strong attention in Bioinfor-
matics, but have their foundations in stringology and formal language theory.

• The Burrows-Wheeler Transform

The investigation of the repetitive nature of a collection of strings has led to the use in Bioin-
formatics of two main notions developed in the context of compression and text indexing: the
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Burrows-Wheeler Transform [5] and the FM-index for a collection of strings. The BWT has ex-
traordinarily improved the efficiency of performing fundamental operations on sequences in Bioin-
formatics, such as sequence alignment, thanks to its capability to provide a succinct representation
of biological data.
We will discuss how to compute the overlap graph, which is a simple and compact representation
of all prefix-suffix matches of a collection of strings. In [6] it has been shown a linear time algo-
rithm O(nm) (being n the number of sequences, each of length m) to compute an overlap graph.
The first lightweight approach for building an overlap graph has been given in [4, 3], leading to
fast approach that directly works on the FM-index of strings [2].

• The Lyndon factorization The Lyndon word and the notion of Lyndon factorization have recently
attracted the attention of the string processing community, thanks to its connections to the BWT,
and to its various applications. The Lyndon factorization has been used to define some variants
of the BWT. It has a linear time algorithm that makes it interesting for various applications. Here
we discuss a notion of inverse Lyndon factorization in a formal language setting [1] with the main
purpose of investigating applications of the Lyndon factorization to indexing collection of strings
in Bioinformatics.

• Automata Theory and NGS indexing Automata Theory has played a key role in string processing,
mainly for developing algorithmic pattern matching. The use of automata for the NGS data has
been proposed recently [7]. Finite automaton representation of multiple alignment of individual
genomes is a key ingredient of generalized compressed suffix array (GCSA) [7]: a novel index
data structures to represent the information of multiple genomes.

References
[1] Paola Bonizzoni, Clelia De Felice, Rocco Zaccagnino & Rosalba Zizza (2017): Inverse Lyndon words and

Inverse Lyndon factorizations of words. CoRR abs/1705.10277. Available at http://arxiv.org/abs/
1705.10277.

[2] Paola Bonizzoni, Gianluca Della Vedova, Yuri Pirola, Marco Previtali & Raffaella Rizzi (2016): FSG: Fast
String Graph Construction for De Novo Assembly of Reads Data. In: Bioinformatics Research and Applica-
tions - 12th International Symposium, ISBRA 2016, Minsk, Belarus, June 5-8, 2016, Proceedings, pp. 27–39,
doi:10.1007/978-3-319-38782-6_3.

[3] Paola Bonizzoni, Gianluca Della Vedova, Yuri Pirola, Marco Previtali & Raffaella Rizzi (2016): LSG: An
External-Memory Tool to Compute String Graphs for Next-Generation Sequencing Data Assembly. Journal of
Computational Biology 23(3), pp. 137–149, doi:10.1089/cmb.2015.0172.

[4] Paola Bonizzoni, Gianluca Della Vedova, Yuri Pirola, Marco Previtali & Raffaella Rizzi (2017): An
External-Memory Algorithm for String Graph Construction. Algorithmica 78(2), pp. 394–424, doi:10.1007/
s00453-016-0165-4.

[5] M. Burrows & D. J. Wheeler (1994): A block-sorting lossless data compression algorithm. Technical Report,
Digital Systems Research Center.

[6] Jared Simpson & Richard Durbin (2012): Efficient de novo assembly of large genomes using compressed data
structures. Genome Res. 22, pp. 549–556, doi:10.1101/gr.126953.111.

[7] Jouni Sirén, Niko Välimäki & Veli Mäkinen (2014): Indexing Graphs for Path Queries with Applications in
Genome Research. IEEE/ACM Trans. Comput. Biol. Bioinformatics 11(2), pp. 375–388, doi:10.1109/TCBB.
2013.2297101.
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Representation of Information in Automata

Henning Bordihn
Institut für Informatik, Universität Potsdam

August-Bebel-Straße 89, 14482 Potsdam, Germany
henning@cs.uni-potsdam.de

One of the challenging tasks in the theory of formal languages is the following one: given a lan-
guage L and a family of languages L , prove that L is not contained in L . In particular cases, a series of
necessary conditions for a language to be contained in a family is known such as, for example, necessary
conditions expressed by pumping lemmas or by the interchange lemma for context-free languages [3].
Unfortunately, there is a considerable number of languages that meet some or all of the known necessary
conditions to be contained in a family L , but those languages are not contained in L or it is not known
whether or not they belong to L . A prominent example is the open problem of whether the language Q
of all primitive words is context-free [2].

In the current work, a different approach is developed. Many important families of languages are
characterized by some class of automata. We aim to disprove that a given language L is contained in
family L by showing that L cannot be accepted by an automaton from the class characterizing L . The
main issue in proofs like that will be to verify two facts:

1. On the one hand, if some appropriately chosen word in L is accepted by an automaton, then a
certain piece of information must be represented in the state that the automaton reaches after
having processed some part of the input word.

2. On the other hand, this piece of information about the input word cannot be present in the state at
that time or it cannot be accessed when needed in order to complete the computation successfully.

Here, we make use of the observation that one can think of computations as being guided by, or contain-
ing or using information. A state p, for instance, contains the information about which computations can
originate at p given suitable inputs. In order to keep the concepts as independent of particular types of au-
tomata as possible, we introduce them for a model that has an unstructured storage type. Moreover, it has
the following properties: it is one-way, that is, it cannot re-read an input symbol; it is non-deterministic;
it has a non-deterministic start state; it is real-time, that is, it reads exactly one input symbol in every step.
It is easily shown that every language, not containing the empty word, is accepted by an automaton of
this kind, even by a real-time automaton with a single start state and a single accepting state, regardless
of computability issues. Clearly, the usual subset construction allows to turn any automaton of this kind
into a deterministic one. In several cases, one needs to represent the states in a specific way as to model
the access to information contained in a state. For this purpose, a state may, for instance, be a word over
a state representation alphabet. One class of automata using such a representation of states is that of
single-state push-down automata accepting all context-free languages.

Notions like those of equivalence, unavoidability and informational containment for states or sets
of states are introduced. We show general properties of the computations of automata on the basis of
these notions. Then the following concepts are derived: information contents of states, establishing
information, preserving information, and using information contained in states.

Finally, the case of single-state pushdown automata (in some normal form) are treated in more detail1.
The concepts developed are used in order to provide a new necessary condition for languages to be

1A preliminary version of these considerations have been published in [1] which has been strongly revised.
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context-free. It is demonstrated how to apply this statement in order to prove that particular languages
are not context-free. Advantages of the new proof technique over the pumping lemmas are discussed.

References
[1] H. Bordihn & H. Jürgensen (2004): Pushdown Information. In L. Ilie & D. Wotschke, editors: Descriptional

Complexity of Formal Systems (DCFS 2004), Proceedings, Report No. 619, Department of Computer Science,
The University of Western Ontarion, London, Ontario, pp. 111–120.

[2] P. Dömösi & M. Ito (2014): Context-Free Languages and Primitive Words. World Scientific,
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MIT Press/Elsevier.
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On Regular Images of Regular Languages under Extended
Word Operations

Szilárd Zsolt Fazekas
Akita University

Akita, Japan
szilard.fazekas@ie.akita-u.ac.jp

Regular languages are perhaps the most thoroughly studied class of the Chomsky hierarchy. Because
of the wealth of existing results and several alternative characterizations in terms of grammars, finite
automata and logic, most decidability questions have been answered or are easy to deduce from previous
results. Some very challenging problems for regular languages, especially concerning decidability, arose
from applying word operations to all words in a regular language and asking under what conditions
the result is still regular. We give an overview of the characterizations of images of regular languages
under some, mostly biologically inspired such operations. Where appropriate, we discuss the related
decidability problem, i.e., for an operation op is it decidable whether the image op(L) of a given regular
language L is regular?

We start the survey with duplication, an operation inspired by the so called tandem repeats in genetic
sequences, which takes a factor of a word and inserts a copy of it right next to the original occurrence.
This operation has been extensively studied in theoretical computer science and bioinformatics. As a
nice example of applying Ehrenfeucht’s generalized version of the Myhill-Nerode theorem, Bovet and
Varricchio [2] proved that closure under duplication, in their terminology copy languages, of arbitrary
recursively enumerable languages over a binary alphabet is regular, by showing that iterated duplication
induces a well-quasi order on binary words.

Next, we look at a similar operation, albeit one which had a different inspiration. Calbrix and Nivat
defined the power of a language L in a paper about prefix and period languages of rational ω-languages
[4]: pow(L) = {wi|w ∈ L, i ≥ 1}. The image of a regular language is not always regular, for instance,
the power of the regular language ab∗ is not even context-free. Calbrix and Nivat posed the problem
of characterizing those regular languages whose powers are also regular, and to decide whether a given
regular language has this property. After partial solutions given by Cachat [3] and Horváth et al. [9], the
final - positive - answer was given through a characterization and decision algorithm [6] which exempli-
fies a theme common to the solution of another problem on our list, the regularity of pseudopalindromic
closures.

Several operations on sequences were introduced which are either directly motivated by the biolog-
ical phenomenon called stem-loop completion, or are very similar in nature to it. The mathematical
hairpin concept refers to a word in which some suffix (or prefix) is the mirrored complement of a middle
factor of the word, i.e., uxvx̄, where x̄ is the reverse of the letter-by-letter complement of x. The hairpin
completion operation, which extends such a word into one with matching ends, was studied both as a
one-step operation and as an iterated one. The aforementioned questions regarding regularity of the im-
age have been settled for one-step completion [5]. In the case of iterated completion, the state-of-the-art
is a recent promising result on the completion of so called (2,2)-crossing words [11], which may allow a
generalization to more complicated crossing words and thus to the solution of the problem for singleton
starting languages.
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Motivated by the open problem of iterated hairpin completion, a restricted version of it, pseudopalin-
dromic completion was introduced in [7]. Pseudopalindromes are words that are fixed points for an
antimorphic involution. In the case of pseudopalindromic completion, symbols are added to either side
of the word such that the newly obtained words are pseudopalindromes. This restriction proved strong
enough to allow a characterization of regular languages that are closed under this operation and to show
that the regularity of the closure under the operation is decidable.

Finally, we discuss results about the regularity aspect in the case of recently introduced related op-
erations: hairpin lengthening, which is another restricted version of hairpin completion, and its inverse,
hairpin shortening [10]; prefix-suffix duplication, which is a duplication restricted to prefixes and suf-
fixes, and its inverse, prefix-suffix reduction, introduced in [8] and [1], respectively.

References
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[8] J. Garcı́a-López, F. Manea & V. Mitrana (2014): Prefix-suffix duplication. J. Comput. Syst. Sci. 80(7), pp.
1254–1265, doi:10.1016/j.jcss.2014.02.011.
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Networks of Bio-inspired Processors (NBP) [3] are a family of models of computation inspired by
different biological processes over biomacromolecules (mainly, DNA and RNA molecules). These oper-
ations can be applied over strings to define formal languages. Any bio-inspired processor contains a mul-
tiset of strings, where every string can be found in an arbitrarily large number of copies. The processors
apply the operations that they have defined over the strings in a massively parallel and non-deterministic
manner, and they obtains a (probably) new multiset of strings. A network model arranges the connection
of a finite number of bio-inspired processors. The processors can be equipped with input/output filters to
receive/send the strings from/to other processors connected to it. The network computes by alternating
two kind of computation steps: operation application and string communication. These models have
been formulated as accepting and generating devices.

The first model of NBPs was formulated by V. Mitrana (the founder of this research topic) as Net-
works of Evolutionary Processors (NEP) [1]. There, the operations in the processors were inspired by
point mutation over the nucleotides in DNA. Later, the splicing biological process during the DNA tran-
scription and RNA translation inspired the Networks of Splicing Processors (NSP) [2].

The Networks of Genetic Processors (NGP) were inspired by NEPs and NSPs, by using some o-
perations previously defined over them. At every processor, only symbol substitutions or full string
crossover are applied. Hence, the model can be easily related to classical Genetic Algorithms. It has
been proved that NGPs are computationally complete given that they can simulate any Turing machine,
if an accepting version of the model is defined [4]. The generating version of this model can be used
to introduce a descriptive complexity measure of formal languages defined according to the classical
Chomsky’s hierarchy: three, four, six or eight processors can be used to characterize the regular, context-
free, context-sensitive and recursively enumerable languages [6].

In addition, the NGPs can be used to formally prove the computational completeness of Genetic
Algorithms, if some restrictions are imposed [4], and they have been fruitfully used to solve hard opti-
mization combinatorial problems efficiently [5].
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The problem of sorting lists by prefix reversals, as known as the pancake sorting problem, is to sort
randomly piled pancakes of different size. A prefix reversal is an operation of reversing elements in the
list including the beginning element. The minimum number of prefix reversals to sort a given list of
integers into an ascending order was asked by Gates and Papadimitriou in [4] and an upper bound 5

3n for
sorting a list of length n was given in [4]. They conjectured that 19

16n is required, however, it is disproved
in [5]. A better bound 18

11 n was given in [2]. On the other hand, the pancake sorting problem is shown to
be NP-hard in [1].

The pancake sorting problem can be extended to a rearrangement problem of two dimensional arrays
by prefix reversals as follows. Suppose A is an n×m array. Then A comprises of n×m cells. We denote
the entry in the (i, j) position of A by ai j (see Figure 1). The standard array En×m of size n×m is defined

to be (ei j) where ei j is the integer (i−1)×m+ j (see Figure 2). We denote A = A1
A2

if A comprises of an
upper block A1 and a lower block A2, or A = A3|A4 if A comprises of a left block A3 and a right block A4.
For an n×m array A = (ai j), the reversal of A is the n×m array (bi j) such that bi j = an−i+1,m− j+1 for

every (i, j). We denote it by R(A) (see Figure 3). The transformation A1
A2

⇒ R(A1)
A2

is called a horizontal
prefix reversal. The transformation A3|A4 ⇒ R(A3)|A4 is called a vertical prefix reversal.

a11 a12 · · · a1m−1 a1m
a21 a22 · · · a2m−1 a2m

...
...

...
...

...
an1 an2 · · · anm−1 anm

Figure 1: n×m array A

1 2 · · · m
m+ 1 m+ 2 · · · 2m

2m+ 1 2m+ 2 · · · 3m
...

...
...

...
(n− 1)m+ 1 · · · · · · nm

Figure 2: n×m standard array En×m

anm anm−1 · · · an2 an1
...

...
...

...
...

a2m a2m−1 · · · a22 a21
a1m a1m−1 · · · a12 a11

Figure 3: R(A)

Unlike the pancake sorting problem, it is not clear whether an array can be rearranged to a stan-
dard array. A necessary and sufficient condition that an array can be rearranged is obtained in [7]. A
rearrangement is always possible if and only if either the number of rows or the number of columns is
not divisible by 4. Moreover, only even permutations can be realized in the case that the numbers of
both rows and columns are divisible by 4. We shall extend a rearrangement problem of two dimensional
arrays toward two directions.

Another variant of the pancake sorting problem is called the burnt pancake sorting problem and
studied many authors (e.g. [3, 6]). It is to sort a given list of signed integers into an ascending order of
positive integers. Instead of signed integers, we use upper and lower case letters (or blue and red letters).
In this problem, cases of letters are altered whenever we apply a prefix reversal.
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(
e d A c b

)
⇒

(
B C a D E

)
⇒

(
c b a D E

)
⇒

(
A B C D E

)

We shall generalize the burnt pancake problem to a rearrangement problem of two dimensional arrays
filled with upper and lower case letters by prefix reversals. It is clear that the problem of linear strings
(1×n arrays) is equivalent to the original burnt pancake sorting problem. Although we have an algorithm
to sort a linear string, a rearrangement problem for two dimensional arrays filled with upper and lower
case letters is not trivial. The array below can be rearranged form the standard array, where the standard
array of size n×m is the array in which every cell is filled with an upper case letter and is denoted
by En×m. We suppose U is a set of upper case letters {A,B,C,D,E,F}, L is a set of lower case letters
{a,b,c,d,e, f} and c is a one-to-one correspondence between same letters with the opposite cases.

[
c f e
b D A

]
⇒

[
E F C
b D A

]
⇒

[
d B C
f e A

]
⇒

[
a E F
c b D

]
⇒

[
f e A
c b D

]
⇒

[
d B C
a E F

]
⇒

[
A B C
D E F

]

Furthermore, we extend the rearrangement problem to a rearrangement problem of three dimensional
arrays using the result for a rearrangement problem of two dimensional arrays filled with upper and lower
case letters by prefix reversals. We discuss rearrangability of three dimensional arrays by prefix reversals.

This is a joint work with Riki Kase and Szilárd Zolt Fazekas.
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61, av. Général de Gaulle, 94010, Créteil, France
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We consider tissue P systems working on vesicles of multisets with the very simple operations of
insertion, deletion, and substitution of single objects. With the whole multiset being enclosed in a
vesicle, sending it to a target cell can be indicated in those simple rules working on the multiset. As
derivation modes we consider the sequential mode, where exactly one rule is applied in a derivation
step, and the set maximal mode, where in each derivation step a non-extendable set of rules is ap-
plied. With the set maximal mode, computational completeness can already be obtained with tissue
P systems having a tree structure, whereas tissue P systems even with an arbitrary communication
structure are not computationally complete when working in the sequential mode. Adding polariza-
tions – -1, 0, 1 are sufficient – allows for obtaining computational completeness even for tissue P
systems working in the sequential mode.

1 Introduction

Membrane systems were introduced at the end of last century by Gheorghe Păun, e.g., see [6] and [16],
motivated by the biological interaction of molecules between cells and their surrounding environment. In
the basic model, the membranes are organized in a hierarchical membrane structure (i.e., the connection
structure between the compartments/regions within the membranes being representable as a tree), and
the multisets of objects in the membrane regions evolve in a maximally parallel way, with the resulting
objects also being able to pass through the surrounding membrane to the parent membrane region or
to enter an inner membrane. Since then, a lot of variants of membrane systems, for obvious reasons
mostly called P systems, most of them being computationally complete, i.e., being able to simulate the
computations of register machines. If an arbitrary graph is used as the connection structure between the
cells/membranes, the systems are called tissue P systems, see [13].

Instead of multisets of plain symbols coming from a finite alphabet, P systems quite often operate
on more complex objects (e.g., strings, arrays), too. A comprehensive overview of different flavors of
(tissue) P systems and their expressive power is given in the handbook which appeared in 2010, see [17].
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For a state of the art snapshot of the domain, we refer the reader to the P systems website [20], as well
as to the Bulletin series of the International Membrane Computing Society [19].

Very simple biologically motivated operations on strings are the so-called point mutations, i.e., inser-
tion, deletion, and substitution, which mean inserting or deleting one symbol in a string or replacing one
symbol by another one. For example, graph-controlled insertion-deletion systems have been investigated
in [8], and P systems using these operations at the left or right end of string objects were introduced
in [12], where also a short history of using these point mutations in formal language theory can be found.

When dealing with multisets of objects, the close relation of insertion and deletion with the increment
and decrement instructions in register machines looks rather obvious. The power of changing states
in connection with the increment and decrement instructions then has to be mimicked by moving the
whole multiset representing the configuration of a register machine from one cell to another one in the
corresponding tissue system. Yet usually moving the whole multiset of objects in a cell to another one,
besides maximal parallelism, requires target agreement between all applied rules, i.e., that all results are
moved to the same target cell, e.g., see [10].

In this paper we choose a different approach to guarantee that the whole multiset is moved even if
only some point mutations are applied – the multiset is enclosed in a vesicle, and this vesicle is moved
from one cell to another one as a whole, no matter how many rules have been applied. One constraint, of
course, is that a common target has been selected by all rules to be applied; in the sequential derivation
mode, this is no restriction at all, whereas in the set maximal derivation mode this means that the multiset
of rules to be applied must be non-extendable, but all rules must indicate the same target cell. As we will
show, with the set maximal derivation mode computational completeness can be obtained, whereas with
the sequential mode we achieve a characterization of the family of sets of (vectors of) natural numbers
defined by partially blind register machines, which itself corresponds with the family of sets of (vectors
of) natural numbers obtained as number (Parikh) sets of string languages generated by matrix grammars
without appearance checking.

The idea of using vesicles of multisets has already been used in variants of P systems using the
operations drip and mate, corresponding with the operations cut and paste well-known from the area of
DNA computing, see [9]. Yet in that case, always two vesicles (one of them possibly an axiom available
in an unbounded number) have to interact. In this paper, the rules (bounded in number) are always
applied to the same vesicle.

The point mutations, i.e., insertion, deletion, and substitution, well-known from biology as opera-
tions on DNA, have also widely been used in the variants of networks of evolutionary processors (NEPs),
which consist of cells (processors) each of them allowing for specific operations on strings. Networks
of Evolutionary Processors (NEPs) were introduced in [5] as a model of string processing devices dis-
tributed over a graph, with the processors carrying out these point mutations. Computations in such a
network consist of alternatingly performing two steps – an evolution step where in each cell all possible
operations on all strings currently present in the cell are performed, and a communication step in which
strings are sent from one cell to another cell provided specific conditions are fulfilled. Examples of such
conditions are (output and input) filters which have to be passed, and these (output and input) filters can
be specific types of regular languages or permitting and forbidden context conditions. The set of strings
obtained as results of computations by the NEP is defined as the set of objects which appear in some
distinguished node in the course of a computation.

In hybrid networks of evolutionary processors (HNEPs), each language processor performs only one
of these operations at a certain position of the strings. Furthermore, the filters are defined by some
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variants of random-context conditions, i.e., they check the presence and the absence of certain symbols
in the strings. For an overview on HNEPs and the best results known so far, we refer the reader to [1].

In networks of evolutionary processors with polarizations, each symbol has assigned a fixed integer
value; the polarization of a string is computed according to a given evaluation function, and in the com-
munication step the obtained string is moved to any of the connected cells having the same polarization.
Networks of polarized evolutionary processors were considered in [3] and [4]), and networks of evolu-
tionary processors only using the elementary polarizations−1,0,1 were investigated in [15]. The number
of processors (cells) needed to obtain computational completeness has been improved in a considerable
way in [11] making these results already comparable with those obtained in [1] for hybrid networks
of evolutionary processors using permitting and forbidden contexts as filters for the communication of
strings between cells.

Seen from a biological point of view, networks of evolutionary processors are a collection of cells
communicating via membrane channels, which makes them closely related to tissue-like P systems con-
sidered in the area of membrane computing. Hence, in this paper we will also take over the idea of
polarizations; as in [15] and in [11], we will only consider the elementary polarizations −1,0,1 for the
symbols as well as for the cells. Using this variant of tissue P systems, we are going to show computa-
tional completeness even with the sequential derivation mode.

The rest of the paper is structured as follows: In Section 2 we recall some well-known definitions
from formal language theory, and in the succeeding Section 3 we give the definitions of the model
of tissue P systems with vesicles of multisets as well as its variants to be considered in this paper,
especially the variant with elementary polarizations −1,0,1. In Section 4 we show our main results for
tissue P systems with vesicles of multisets using all three operations insertion, deletion, and substitution,
but without using polarizations, i.e., that computational completeness can be achieved by using the set
maximally parallel derivation mode, whereas with the sequential mode we get a characterization of the
families of sets of natural numbers and Parikh sets of natural numbers generated by partially blind register
machines. In Section 5 we show that even with the sequential derivation mode we obtain computational
completeness when using polarizations (only −1,0,1 are needed). A summary of the results and an
outlook to future research conclude the paper.

2 Prerequisites

We start by recalling some basic notions of formal language theory. An alphabet is a non-empty finite
set. A finite sequence of symbols from an alphabet V is called a string over V . The set of all strings over
V is denoted by V ∗; the empty string is denoted by λ ; moreover, we define V+ = V ∗ \{λ}. The length
of a string x is denoted by |x|, and by |x|a we denote the number of occurrences of a letter a in a string x.
For a string x, alph(x) denotes the smallest alphabet Σ such that x ∈ Σ∗.

A multiset M with underlying set A is a pair (A, f ) where f : A→ N is a mapping, with N denoting
the set of natural numbers (non-negative integers). If M = (A, f ) is a multiset then its support is defined
as supp(M) = {x ∈ A | f (x)> 0}. A multiset is empty (respectively finite) if its support is the empty set
(respectively a finite set). If M = (A, f ) is a finite multiset over A and supp(M) = {a1, . . . ,ak}, then it can
also be represented by the string a f (a1)

1 . . .a f (ak)
k over the alphabet {a1, . . . ,ak} (the corresponding vector

f (a1), . . .a, f (ak) of natural numbers is called Parikh vector of the string a f (a1)
1 . . .a f (ak)

k ), and, moreover,
all permutations of this string precisely identify the same multiset M (they have the same Parikh vector).
The set of all multisets over the alphabet V is denoted by V ◦.

The family of all recursively enumerable sets of strings is denoted by RE, the corresponding family
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of recursively enumerable sets of Parikh sets (vectors of natural numbers) is denoted by PsRE. For more
details of formal language theory the reader is referred to the monographs and handbooks in this area,
such as [18].

2.1 Insertion, deletion, and substitution

For an alphabet V , let a→ b be a rewriting rule with a,b ∈ V ∪{λ}, and ab 6= λ ; we call such a rule a
substitution rule if both a and b are different from λ ; such a rule is called a deletion rule if a 6= λ and
b = λ , and it is called an insertion rule if a = λ and b 6= λ . The set of all insertion rules, deletion rules,
and substitution rules over an alphabet V is denoted by InsV ,DelV , and SubV , respectively. Whereas an
insertion rule is always applicable, the applicability of a deletion and a substitution rules depends on the
presence of the symbol a. We remark that insertion rules, deletion rules, and substitution rules can be
applied to strings as well as to multisets, too. Whereas in the string case, the position of the inserted,
deleted, and substituted symbol matters, in the case of a multiset this only means incrementing the
number of symbols b, decrementing the number of symbols a, or decrementing the number of symbols
a and at the same time incrementing the number of symbols b.

2.2 Register machines

Register machines are well-known universal devices for computing (generating or accepting) sets of
vectors of natural numbers.

Definition 1 A register machine is a construct

M = (m,B, l0, lh,P)

where

• m is the number of registers,

• B is a set of labels bijectively labeling the instructions in the set P,

• l0 ∈ B is the initial label, and

• lh ∈ B is the final label.

The labeled instructions of M in P can be of the following forms:

• p : (ADD(r) ,q,s), with p ∈ B\{lh}, q,s ∈ B, 1≤ r ≤ m.
Increase the value of register r by one, and non-deterministically jump to instruction q or s.

• p : (SUB(r) ,q,s), with p ∈ B\{lh}, q,s ∈ B, 1≤ r ≤ m.
If the value of register r is not zero then decrease the value of register r by one (decrement case)
and jump to instruction q, otherwise jump to instruction s (zero-test case).

• lh : HALT .
Stop the execution of the register machine.

A configuration of a register machine is described by the contents of each register and by the value
of the current label, which indicates the next instruction to be executed.
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In the accepting case, a computation starts with the input of a k-vector of natural numbers in its first
k registers and by executing the first instruction of P (labeled with l0); it terminates with reaching the
HALT -instruction. Without loss of generality, we may assume all registers to be empty at the end of the
computation.

In the generating case, a computation starts with all registers being empty and by executing the first
instruction of P (labeled with l0); it terminates with reaching the HALT -instruction and the output of a
k-vector of natural numbers in its first k registers. Without loss of generality, we may assume all registers
> k to be empty at the end of the computation. The set of vectors of natural numbers computed by M
in this way is denoted by Ps(M). If we want to generate only numbers (1-dimensional vectors), then
we have the result of a computation in register 1 and the set of numbers computed by M in this way is
denoted by N(R). By NRM and PsRM we denote the families of sets of natural numbers and of sets of
vectors of natural numbers, respectively, generated by register machines. It is folklore (e.g., see [14]) that
PsRE = PsRM and NRE = NRM (actually, three registers are sufficient in order to generate any set from
the family NRE, and, in general, k+2 registers needed to generate any set of from the family NRE).

2.2.1 Partially blind register machines

In the case when a register machine cannot check whether a register is empty we say that it is partially
blind: the registers are increased and decreased by one as usual, but if the machine tries to subtract
from an empty register, then the computation aborts without producing any result (that is we may say
that the subtract instructions are of the form p : (SUB(r) ,q,abort); instead, we simply will write p :
(SUB(r) ,q,abort). Moreover, acceptance or generation now by definition also requires all registers,
except the first k output registers, to be empty (which means all registers k+1, ...,m have to be empty at
the end of the computation), i.e., there is an implicit test for zero, at the end of a (successful) computation,
that is why we say that the device is partially blind. By NPBRM and PsPBRM we denote the families
of sets of natural numbers and of sets of vectors of natural numbers, respectively, computed by partially
blind register machines. It is known (e.g., see [7]) that partially blind register machines are strictly less
powerful than general register machines (hence than Turing machines); moreover, NPBRM and PsPBRM
characterize the number and Parikh sets, respectively, obtained by matrix grammars without appearance
checking.

3 Tissue P systems working on vesicles of multisets

We first define our basic model of tissue P systems working on vesicles of multisets in the maximally
parallel set derivation mode:

Definition 2 A tissue P systems working on vesicles of multisets (a tPV system for short) is a tuple

Π = (L,V,T,R,(i0,w0),h)

where

• L is a set of labels identifying in a one-to-one manner the |L| cells of the tissue P system Π;

• V is the alphabet of the system,

• T is the terminal alphabet of the system,
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• R is a set of rules of the form (i, p, j) where i, j ∈ L and p ∈ InsV ∪DelV ∪ SubV , i.e., p is an
insertion, deletion or substitution rule over the alphabet V ; we may collect all rules from cell i in
one set and then write Ri = {(i, p, j) | (i, p, j) ∈ R}, so that R =

⋃
i∈L Ri; moreover, for the sake of

conciseness, we may simply write Ri = {(p, j) | (i, p, j) ∈ R}, too;

• (i0,w0) describes the initial vesicle containing the multiset w0 in cell i0.

As in the case of NEPs and HNEPs, we call Π a hybrid tPV system if every cell is “specialized” in
one type of evolution rules from (at most) one of the sets InsV ,DelV , and SubV , respectively.

The tPV system can work with different derivation modes for applying the rules in R. The simplest
case is the sequential mode (abbreviated sequ), where in each derivation step, with the vesicle enclosing
the multiset w being in cell i, exactly one rule (i, p, j) from Ri is applied, which in fact means that p is
applied to w and the resulting multiset in its vesicle is moved to cell j. Using the set maximally parallel
derivation mode (abbreviated smax), with the vesicle enclosing the multiset w being in cell i, we apply
a non-extendable multiset of rules from Ri, which has to obey the condition that all the evolution rules
(i, p, j) in this multiset of rules specify the same target cell j.

In any case, the computation of Π starts with a vesicle containing the multiset w0 in cell i0, and the
computation proceeds in the underlying derivation mode until an output condition is fulfilled, which in all
possible cases means that the vesicle has arrived in the output cell h. As we are dealing with membrane
systems, the classic additional condition may be that the computation halts, i.e., in cell h no rule can
be applied any more to the multiset in the vesicle which has arrived there. As we have also specified a
terminal alphabet, another condition – for its own or in combination with halting – is that the multiset in
the vesicle which has arrived in cell h only contains terminal symbols. Hence, we may specify one of the
following output strategies:

• halt: the only condition is that the system halts, the result is the multiset contained in the vesicle
to be found in cell h (which in fact means that specifying the terminal alphabet is obsolete);

• term: the resulting multiset contained in the vesicle to be found in cell h consists of terminal
symbols only (yet the system need not have reached a halting configuration).

• (halt, term): both conditions must be fulfilled, i.e., the system halts and the resulting multiset
contained in the vesicle to be found in cell h consists of terminal symbols only.

The set of all multisets obtained as results of computations in Π working in the derivation mode α ∈
{sequ,smax}with the output being obtained by taking the output condition β ∈ {halt, term,(halt, term)}
is denoted by Ps(Π,α,β ); if we are only interested in the number of symbols in the resulting mul-
tiset, the corresponding set of natural numbers is denoted by N(Π,α,β ). The families of sets of (k-
dimensional) vectors of natural numbers and sets of natural numbers generated by tPV systems with
at most n cells working in the derivation mode α and using the output strategy β are denoted by
Ps(tPVn,α,β ) (Psk(tPVn,α,β )) and N(tPVn,α,β ), respectively. If n is not bounded, we simply omit
the subscript in these notations.

We should like to mention that the communication structure between the cells in a tPV system is
implicitly given by the rules in R, i.e., the underlying (directed! graph) G = (N,E) with N being the set
of nodes and E being the set of (directed) edges is given by

• N = L and

• E = {(i, j) | (i, p, j) ∈ R}.
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In general, we do not forbid G to have loops. Moreover, if G can be interpreted as a tree, then we call
the tPV system a hierarchical P system working on vesicles of multisets (abbreviated PV system); in all
definitions given above for the families of sets of (vectors of) natural numbers we then write PV instead
of tPV .

4 Results for tissue P systems with vesicles of multisets

Our first result shows that with the derivation mode smax and using all three types of point mutation rules
computational completeness can even be obtained with PV systems:

Theorem 1 PsRE ⊆ Ps(PV,smax,β ) for any β ∈ {(halt, term),halt, term}.
Proof. Let K be an arbitrary recursively enumerable set of k-dimensional vectors of natural numbers.
Then K can be generated by a register machine M with two working registers also using decrement
instructions and k output registers. In order to have a general construction, we do not restrict the number
of working registers in the following. Let M = (m,B, l0, lh,P) be a register machine generating K.

We now define a PV system Π generating K, i.e., Ps(Π,smax,β ) = K:

Π = (L,V,T,R,(i0,w0),h) ,

L = {r | 1≤ r ≤ k}∪{r,r−,r0 | k+1≤ r ≤ m}∪{h},
V = L∪{ar | 1≤ r ≤ m}∪{#},
T = {ar | 1≤ r ≤ k},
R = {(0, p→ q,r),(0, p→ s,r),(r,λ → ar,0) | p : (ADD(r) ,q,s) ∈ P},
∪{(0, p→ q,r−),(0, p→ s,r0) | p : (SUB(r) ,q,s) ∈ P}
∪{(r−,ar→ λ ,0),(r0,s→ s,0),(r0,ar→ #,0) | p : (SUB(r) ,q,s) ∈ P},
∪{(0, lh→ λ ,h),(h,#→ #,0),(0,#→ #,h)},

(i0,w0) = (0, l0).

0

r h

r− r0
ADD(r)

SUB(r)

halting
and trap

Figure 1: Communication structure of the two-level hierarchical PV system. Each node with a dashed
contour is replicated for every register r.

The root of the communication tree is cell 0. From there, all simulations of register machine instruc-
tions are initiated:

(ADD(r) ,q,s) is simulated by moving the vesicle from the root cell to cell r by applying one of the rules
from {(0, p→ q,r),(0, p→ s,r),(r,λ → ar,0)}; in cell r the number of symbols ar representing
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the contents of register r is incremented by the insertion rule (r,λ → ar,0), which also sends back
the vesicle to the root cell.

(SUB(r) ,q,s) is simulated by first choosing one of the rules from {(0, p→ s,r0),(0, p→ q,r−)} in a
non-deterministic way, guessing whether the number of symbols ar representing the contents of
register r is zero or not. If the number is not zero, then in cell r− the deletion operation in the
rule (r−,ar → λ ,0) can be carried out and the vesicle is sent back to cell 0, whereas otherwise
the vesicle gets stuck in cell r− and therefore no result can be obtained in the output cell h. If the
number of symbols ar has been assumed to be zero and the vesicle is in cell r0, then there the rule
(r0,s→ s,0) can be applied in any case, and the vesicle is sent back to cell 0. Yet if the assumption
has been wrong, then in parallel the rule (r0,ar→ #,0) must be applied, thus introducing the trap
symbol #. This is the only case in the whole construction where the possibility of applying (at
least) two rules in parallel is used for appearance checking. We point out that both rules have the
same target 0.

Any halting computation in M finally reaches the halting instruction labeled by lh, and thus in Π, by
applying the rule (0, lh→ λ ,h), the vesicle obtained so far is moved to the final cell h. Provided no trap
symbol # has been generated during the simulation of the computation in M by the tPV system Π, the
multiset in this vesicle only contains terminal symbols and the computation in Π halts as well.

In sum, we conclude that Ps(Π,smax,β ) = K for any β ∈ {(halt, term),halt, term}.

The construction given in the preceding proof offers some additional nice features:

• The PV system Π is a hybrid one, as in each cell only one kind of rules is employed: substitution
in cells 0 and h and in cells r0, insertion in cells r, deletion in cells r−.

• The trap rules (h,#→ #,0),(0,#→ #,h), guaranteeing a non-halting computation as soon as the
introduction of the trap symbol # has been enforced by a wrong guess, are only needed in the case
of the output strategy halt.

• The vesicle must always leave the current cell whenever a rule can be applied.

• The number of cells in the PV system Π only depends on the number of registers in the register
machine M. Suppose M has k output registers and 2 working registers. Since the output registers
are never decremented, we only need one cell r for each such register. We need 3 cells (r, r−,
and r0) for each of the two working (decrementable) registers. Finally, we need the cells 0 and h,
which amounts in a total of k+2 ·3+2 = k+8 cells to simulate M. This also means that only 9
cells are needed for generating number sets.

If the underlying register machine is partially blind, we only have to consider the decrement case,
which then still works correctly, whereas we can omit the zero test case, and thus can omit the parallelism.
Hence, we immediately infer the following result:

Theorem 2 PsPBRM ⊆ Ps(PV,sequ,β ) for any β ∈ {(halt, term),halt, term}.

Proof. Let K ∈ PsPBRM, i.e., the vector set K can be generated by a partially blind register machine
M = (m,B, l0, lh,P). As in the preceding proof, we now define a PV system Π generating K in the
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sequential derivation mode, i.e., Ps(Π,sequ,β ) = K:

Π = (L,V,T,R,(i0,w0),h) ,

L = {r | 1≤ r ≤ k}∪{r,r− | k+1≤ r ≤ m}∪{h},
V = L∪{ar | 1≤ r ≤ m}∪{#},
T = {ar | 1≤ r ≤ k},
R = {(0, p→ q,r),(0, p→ s,r),(r,λ → ar,0) | p : (ADD(r) ,q,s) ∈ P},
∪{(0, p→ q,r−),(r−,ar→ λ ,0) | p : (SUB(r) ,q) ∈ P},
∪{(0, lh→ λ ,h),(h,#→ #,0),(0,#→ #,h)}∪{(h,ar→ #,0) | k+1≤ r ≤ m},

(i0,w0) = (0, l0).

The simulation of the computations in M by Π works in a similar way as in the preceding proof, with
the main reduction that no zero test case has to be simulated, hence, everything can be carried out in a
sequential way.

Any halting computation in M finally reaches the halting instruction labeled by lh, and thus in Π,
by applying the rule (0, lh→ λ ,h), the vesicle obtained so far is moved to the final cell h. Provided no
non-terminal symbol ar with k+1≤ r ≤ m is still present, the computation in Π will halt, but otherwise
the trap symbol # will be introduced by (one of) the rules from {(h,ar → #,0) | k+ 1 ≤ r ≤ m}, thus
causing an infinite loop.

In sum, we conclude that Ps(Π,sequ,β ) = K for any β ∈ {(halt, term),halt, term}.

The following corollary is immediate consequence of Theorem 1 proved above:

Corollary 3 PsRE = Ps(PV,smax,β ) = Ps(tPV,smax,β ) for any β ∈ {(halt, term),halt, term}.
Proof. By definition, any PV system is a tPV system, too. Hence, it only remains to show that
Ps(tPV,smax,β )⊆ PsRE, yet we omit a direct construction as the result can be inferred from the Turing-
Church thesis.

We now also show that the computations of a sequential tPV system using the output strategy term
can be simulated by a partially blind register machine.

Theorem 4 Ps(tPV,sequ, term)⊆ PsPBRM.

Proof. (Sketch) Let Π = (L,V,T,R,(i0,w0),h) be an arbitrary tPV system working in the sequential
derivation mode yielding an output in the output cell provided the multiset in the vesicle having arrived
there contains only terminal symbols; without loss of generality we assume L = {i | 1≤ i≤ l}.

We now construct a register machine M = (m,B, l0, lh,P) generating Ps(Π,sequ, term), yet using a
more relaxed definition for the labeling of instructions in M, i.e., one label may be used for different
instructions, which does not affect the computational power of the register machine as shown in [7].
For example, instead of a nondeterministic ADD-instruction p : (ADD(r) ,q,s) we use the two ADD-
instructions p : (ADD(r) ,q) and p : (ADD(r) ,s). Moreover, we omit the generation of w0 in l0 by a
sequence of ADD-instructions finally ending up with label l0 and the correct values in registers r for the
numbers of symbols ar in cell l0.

We now sketch how the rules of Π can be simulated by register machine instructions in M:

(i,λ → b, j) is simulated by i : (ADD(b) , j).
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(i,a→ λ , j) is simulated by i : (SUB(a) , j).

(i,a→ b, j) is simulated by the sequence of two instructions i : (SUB(a) , i′) and i′ : (ADD(b) , j) using
an intermediate label i′.

Hence, for these simulations we may need 2l labels in the sense explained above. If a vesicle reaches the
final cell h with the multiset inside only consisting of terminal symbols, we also have to allow M to have
this multiset as a result: this goal can be accomplished by using the final sequence

h :
(
ADD(1) , h̃

)
,

h̃ :
(
SUB(1) , ĥ

)
,

ĥ : HALT.

We observe that h̃, ĥ are labels different from h′. Since ĥ is now the only halting instruction of M, it must
reset to zero all its working registers before reaching ĥ to satisfy the final zero check, which corresponds
to Π producing a multiset consisting exclusively of terminal symbols.

In sum, we conclude that Ps(M) = Ps(Π,sequ, term).

As a consequence of Theorems 2 and 4 we obtain:

Corollary 5 PsPBRM = Ps(PV,sequ, term).

5 Polarized tissue P systems with vesicles of multisets

In a polarized tissue P system Π working on vesicles of multisets, each cell gets assigned an elementary
polarization from {−1,0,1}; each symbol from the alphabet V also has an integer polarization but every
terminal symbol from the terminal alphabet has polarization 0. As we shall see later, we can even restrict
ourselves to elementary polarizations from {−1,0,1} for each symbol, too.

Given a multiset, we need an evaluation function computing the polarization of the whole multiset
from the polarizations of the symbols it contains. Given the result m of this evaluation of the multiset
in the vesicle, we apply the sign function sign(m), which returns one of the values +1/0/−1, provided
that m is a positive integer / is 0 / is a negative integer, respectively.

The main difference between polarized tPV systems and normal tPV systems, besides the polariza-
tions assigned to symbols and multisets as well as to the cells, is the way the resulting vesicles are moved
from one cell to another one: although in the rules themselves still a target is specified, the vesicle can
only move to a cell having the same polarization as the multiset contained in it. As a special additional
feature we require that the vesicle must not stay in the current cell even if its polarization would fit
(if there is no other cell with a fitting polarization, the vesicle is eliminated from the system). As by
the convention mentioned above we assume every terminal symbol from the terminal alphabet to have
polarization 0, it is necessary that the output cell itself also has to have polarization 0.

Definition 3 A polarized tissue P systems working on vesicles of multisets (a ptPV system for short) is
a tuple

Π = (L,V,T,R,(i0,w0),h,πL,πV ,ϕ)

where

• L is a set of labels identifying in a one-to-one manner the |L| cells of the tissue P system Π;
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• V is the polarized alphabet of the system,

• T is the terminal alphabet of the system (the terminal symbols have no polarization, i.e., polariza-
tion 0),

• R is a set of rules of the form (i, p, j) where i, j ∈ L and p ∈ InsV ∪DelV ∪ SubV , i.e., p is an
insertion, deletion or substitution rule over the alphabet V ; we may collect all rules from cell i in
one set and then write Ri = {(i, p, j) | (i, p, j) ∈ R}, so that R =

⋃
i∈L Ri; moreover, for the sake of

conciseness, we may simply write Ri = {(p, j) | (i, p, j) ∈ R}, too;

• (i0,w0) describes the initial vesicle containing the multiset w0 in cell i0;

• πL is the function assigning an integer polarization to each cell (as already mentioned above, we
here restrict ourselves to the elementary polarizations from {−1,0,1});
• πV is the function assigning an integer polarization to each symbol in V (as already mentioned

above, we here restrict ourselves to the elementary polarizations from {−1,0,1});
• ϕ is the evaluation function yielding an integer value for each multiset.

As in the case of NEPs and HNEPs, we call Π a hybrid ptPV system if a cell is “specialized” in one
type of evolution rules from (at most) one of the sets InsV ,DelV , and SubV , respectively.

The ptPV system again can work with different derivation modes for applying the rules in R, e.g.,
the sequential mode sequ or the set maximally parallel derivation mode smax. Yet a derivation step now
consists of two substeps – the evolutionary step with applying the rule(s) from R in the way required by
the derivation mode (caution: we allow the set of applied rules to be empty) and the communication step
with sending the vesicle to a cell with the same polarization as the multiset in it.

In the following, we will only use the evaluation function ϕ which computes the value of a multiset
as the sum of the values of the symbols contained in it; we write ϕs for this function.

In any case, the computation of Π starts with a vesicle containing the multiset w0 in cell i0 (obvi-
ously, the initial multiset w0 has to have the same polarization as the initial cell i0), and the computation
proceeds using the underlying derivation mode for the evolutionary steps until an output condition is
fulfilled, which in all possible cases means that the vesicle has arrived in the output cell h. Again we use
one of the output strategies halt, term and (halt, term).

The set of all multisets obtained as results of computations in Π working in the derivation mode α ∈
{sequ,smax}, using the evaluation function ϕs and the output condition β ∈ {halt, term,(halt, term)}, is
denoted by Ps(Π,α,β ); if we are only interested in the number of symbols in the resulting multiset, the
corresponding set of natural numbers is denoted by N(Π,α,β ). The families of sets of (k-dimensional)
vectors of natural numbers and sets of natural numbers generated by ptPV systems with at most n
cells working in the derivation mode α and using the output strategy β are denoted by Ps(ptPVn,α,β )
(Psk(ptPVn,α,β )) and N(ptPVn,α,β ), respectively. If n is not bounded, we simply omit the subscript
in these notations.

We should like to mention that again the communication structure between the cells in a ptPV system
is implicitly given by the rules in R, i.e., the underlying (directed! graph) G = (N,E) with N being the
set of nodes and E being the set of (directed) edges is given by

• N = L and

• E = {(i, j) | (i, p, j) ∈ R}.
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In general, we do not forbid G to have loops. Moreover, if G can be interpreted as a tree, then we call
the ptPV system Π a hierarchical polarized P system working on vesicles of multisets (abbreviated pPV
system); in all definitions given above for the families of sets of (vectors of) natural numbers we then
write pPV instead of ptPV .

Moreover, there is another variant of interpreting the functioning of the ptPV Π if G is interpreted
as an undirected graph (L,{{i, j} | (i, p, j) ∈ R}). Then we may adopt the way of communication from
polarized HNEPs and instead of specifying the set of rules as given above, change the definition in the
following way:

Π = (L,V,T,R,(i0,w0),h,πL,πV ,ϕ,G)

where G now is an undirected graph defining the communication structure between the cells, and the
rules in R are specified without targets, i.e., they are written as (i, p) instead of (i, p, j) as the targets now
are specified by the communication graph G. Yet as G is an undirected graph this makes a big difference
as communication now by default is bidirectional, i.e., we cannot enforce the direction of the movement
of the vesicle any more. According to these explanations it becomes obvious that this variant is a special
case of ptPV systems. In fact, in this variant, if (i, p, j) is a rule in R, then also ( j, p, i) must be a rule
in R. As a special variant of ptPV systems, we then call it a uptPV system (with u specifying that the
communication structure is an undirected graph).

Even with uptPV systems we can obtain computational completeness with the sequential derivation
mode:

Theorem 6 PsRE ⊆ Ps(uptPVn,sequ, term).

Proof. Let M = (m,B, l0, lh,P) be an arbitrary register machine generating k-dimensional vectors. We
now construct a uptPV system Π generating the same set of multisets as M, i.e., Ps(Π,sequ, term) =
Ps(M).

0
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SUB(r), empty register r
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〈0〉

l̃h
〈0〉

halting

Figure 2: The communication graph G of the computationally complete uptPV system. We also represent
the polarizations of the nodes in angular brackets. Each node with a dashed contour is replicated for every
register r.
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Π =
(
L,V,T,R,(0, l0), l̃h,πL,πV ,ϕs,G

)
,

L = {0,0′,00,0−, lh, l̃h}∪{r+,r0,r−, r̃+, r̃0, r̃−, r̂− | 1≤ r ≤ m},
V = {ar,ar

−,ar
+ | 1≤ r ≤ m}∪{p, p+, p− | p ∈ B},

T = {ar | 1≤ r ≤ k}.

The evaluation πV for the symbols in V corresponds to the superscript of the symbol, i.e., for αz ∈
V with z ∈ {+,0,−} we define πV (α0) = 0 (we usually omit the superscript 0), πV (α+) = +1, and
πV (α−) =−1.

The connection structure, i.e., the undirected graph G, as well as the polarizations of the cells given
by πL can directly be derived from the graph depicted in Figure 2. The rules from R are grouped in five
different groups; R is the union of all the sets Ru, u ∈ L as defined below:

root cell 0 All simulations start from cell 0 and again end there.
R0 = {p→ p | p : (ADD(r) ,q,s) ∈ P}∪{p→ p+, p→ p− | p : (SUB(r) ,q,s) ∈ P}∪{lh→ lh}

increment group Any ADD-instruction p : (ADD(r) ,q,s) is simulated by passing from cell 0 to 0′,
from where only the correct path through r+ and then r̃+ for the suitable r will lead back to cell 0.
R0′ = {p→ p+ | p : (ADD(r) ,q,s) ∈ P}
Rr+ = {λ → ar} In order to guarantee that the rule λ → ar is applied only once, we need the
condition that after the application of a rule the vesicle has to leave the cell, which here means to
pass to cell r̃+ where the polarization is changed so that the vesicle will not be able to immediately
return to cell r+.
Rr̃+ = {p+→ q, p+→ s | p : (ADD(r) ,q,s) ∈ P}
We observe that no vesicle with a p+ can go from cell 0 to cell r̃+ without the vesicle then imme-
diately being caught there in cells r̃+ and r+, as the p+ from cell 0 is for a SUB-instruction and
the rules in r̃+ are for labels of ADD-instructions.

zero check Rr0 = {ar→ ar
+}. Cell 0 sends the vesicle to r0 by non-deterministically applying the rule

p→ p− and thus setting the polarization of the multiset to −1. If the rule ar→ ar
+ is applicable,

then the polarization goes back to 0 and therefore the correct continuation in cell r̃0 is blocked.
On the other hand, when the vesicle returns back to cell 0, no rule can be applied there, and then
moving to cell 0′ or cell lh also does not yield a successful continuation.
Rr̃0 = {p−→ s | p : (SUB(r) ,q,s) ∈ P}
Cell 00 is needed for blocking the way from cell 0 to cell r̃0.
The rule set R00 can be taken to be empty. If for formal reasons one would not like to have such a
situation where a vesicle can pass through a cell without undergoing an evolution rule, we could
take:
R00 = {s→ s | s ∈ B}

decrement Passing the sequence of cells 0–r−–r̃−–r̄−–0− allows for decrementing the number of sym-
bols ar. Cell 0 sends the vesicle to r− by non-deterministically applying the rule p→ p+ and by
setting the polarization of the multiset to +1.
Rr− = {ar → ar

−} After the application of the rule ar → ar
− the polarization is again 0, so the

vesicle might also go back to cell 0, but all possible continuations from there finally get blocked
with the p+ in there for a label p of a SUB-instruction when moving into the increment group.
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Rr̃− = {p+→ q} With the application of the rule p+→ q the polarization changes; if the wrong
r-branch has been chosen from cell 0, the computation gets stuck here.

Rr̄− = {ar
−→ λ}

As in the zero-check group, the set R00 can be chosen to be empty or we take:

R00 = {s→ s | s ∈ B}
halting group As soon as M has reached the HALT -label lh, we may pass to cell lh containing the rule

lh→ λ ; the resulting vesicle then can go to the output cell l̃h to yield the result of the computation.

In the way described above Π can simulate the computations of M. If the vesicle reaches the output
cell l̃h, only terminal symbols from {ar | 1 ≤ r ≤ k} are contained in its multiset which represents the
k-dimensional vector computed by M by the number of symbols ar for the number contained in register r.

6 Conclusion and future research

In this paper, we have investigated tissue P systems operating on vesicles of multisets with point muta-
tions, i.e., with insertion, deletion, and substitution of single symbols, working either in the maximally
parallel set derivation mode or in the sequential derivation mode. Without any additional control fea-
tures, when using the sequential derivation mode, we obtain a characterization of the sets of (vectors of)
natural numbers generated by partially blind register machines, whereas when using all three operations
insertion, deletion, and substitution on the vesicles of multisets we can generate every recursively enu-
merable set of (vectors of) natural numbers. If we add the feature of elementary polarizations −1,0,1 to
the multisets and to the cells of the tissue P systems, even sequential tissue P systems are computationally
complete.

Besides the maximally parallel set derivation mode, also the other set derivation modes (see [2])
promise to yield similar results. Another topic is to investigate the influence of the underlying communi-
cation structure on the generative power, especially in the case of polarized tissue P systems. Moreover,
complexity issues like the number of cells remain to be investigated in the future, for example, also with
respect to find small universal devices, e.g., see [2]. We may also consider tissue P systems with more
than one vesicle moving around, which, for example, offers the possibility to require the whole system
to halt in order to obtain a result. Finally, using different evaluation functions may have an influence on
the descriptional complexity of polarized tissue P systems.
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A set X of partial words over a finite alphabet A is called unavoidable if every two-sided infinite
word over A has a factor compatible with an element of X . Unlike the case of a set of words without
holes, the problem of deciding whether or not a given finite set of n partial words over a k-letter
alphabet is avoidable is NP-hard, even when we restrict to a set of partial words of uniform length.
So classifying such sets, with parameters k and n, as avoidable or unavoidable becomes an interesting
problem. In this paper, we work towards this classification problem by investigating the maximum
number of holes we can fill in unavoidable sets of partial words of uniform length over an alphabet
of any fixed size, while maintaining the unavoidability property.

1 Introduction

The study of combinatorics on partial words has been developing in recent years (see, e.g., [3]). A partial
word is a finite sequence over a finite alphabet A, a sequence that may have some undefined positions,
called holes and denoted by ⋄’s, where the ⋄ symbol is compatible with every letter of A. For example,
a⋄⋄c⋄⋄⋄⋄b is a partial word with six holes over the alphabet {a,b,c}. Now let w be a two-sided infinite
word and u be a partial word. Then, w meets u if w has a factor compatible with u; otherwise, w avoids u.
A set X of partial words over A is unavoidable if every two-sided infinite word over A meets an element
of X ; otherwise, it is avoidable. It is important to note that if X is unavoidable, then every infinite unary
word has a factor compatible with a member of X . Unavoidable sets of partial words were introduced
in [5]. In the context of total words, those without holes, this concept of unavoidable sets has been
extensively studied (see, e.g., [1, 9, 10, 12, 13, 14, 15, 17, 18, 19]).

There are two major problems that have been identified in the context of unavoidable sets of partial
words. The first one is the problem of deciding whether a given finite set of partial words over a k-letter
alphabet is avoidable, where k ≥ 2. Unlike for total words, this problem is NP-hard [8] (see [11, 16]
for an algorithm that efficiently decides the avoidability of sets of total words). While several variations
of this problem are NP-hard, others are efficiently decidable [2, 7]. The second problem is the one of
characterizing the unavoidable sets of n partial words over an alphabet of size k. As shown in [5], it is
enough to consider the case where k ≤ n and when k ≥ 3, the case where k < n. The n = 1 and k = 1
cases being trivial, the n = 2,k = 2 case was completely characterized by coloring Cayley graphs [4]. So
the next step is to study the n = 3,k = 2 case.
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A problem, related to the characterization problem, we are concerned with is “What is the minimum
number of holes in an m-uniform unavoidable set of partial words (summed over all partial words in the
set)?” By m-uniform here, we mean each element in the set has constant length m. In [6], it was proved
that for m ≥ 4, the minimum number of holes in an m-uniform unavoidable set of size three over a binary
alphabet is 2m−5 if m is even, and 2m−6 if m is odd. An easier way to think of it is the following.

Theorem 1. [6] Let m ≥ 4 and let X = {a⋄m−2a,b⋄m−2b,a⋄m−2b} be an unavoidable set over {a,b}.
Then the maximum number of holes we can fill in X, while maintaining the unavoidability property, is
m−1 if m is even, and m if m is odd.

In this paper, given a k-letter alphabet Ak = {a1, . . . ,ak}, we consider subsets of X0 = {ai⋄m−2a j | i ≤
j}. We denote by Hk

m,n the minimum number of holes in any unavoidable m-uniform set (summed over
all partial words in the set) of size n over Ak. Thus Theorem 1 states that for m ≥ 4, H2

m,3 = 2m−5 if m
is even, and H2

m,3 = 2m− 6 if m is odd. Without loss of generality, we require that 0,m− 1 are defined
positions, i.e., 0,m−1 are not holes, in each partial word in any unavoidable m-uniform set.

The contents of our paper are as follows. In Section 2, we review some background material on
unavoidable sets of partial words. We also give the k+

(k
2

)
lower bound on the size of an m-uniform

unavoidable set over Ak. In Section 3, we give results on m-uniform unavoidable sets over A3 which
are useful to show our main result. In Section 4, we calculate the minimum number of holes in an m-
uniform unavoidable set X over Ak, where X has size exactly k+

(k
2

)
. In Section 5, we conclude with

some remarks.

2 Preliminaries on unavoidable sets

An alphabet A is a non-empty finite set of letters. A finite word over A is a finite sequence of elements
from A; in other words, it is a function w : {0, . . . , |w|−1} → A, where |w| denotes the length of w. We
write w(i) for the letter at position i of w (positions are indexed starting at 0).

A two-sided infinite word over A is a function w : Z→ A. It is called p-periodic, or has period p, if p
is a positive integer such that w(i) = w(i+ p) for all i ∈ Z. For a non-empty finite word v, we write vZ

for the unique two-sided infinite |v|-periodic word w such that w(0) · · ·w(|v|− 1) = v, and we write vN

for the unique one-sided infinite |v|-periodic word w such that w(0) · · ·w(|v|−1) = v. A finite word u is
a factor of a two-sided infinite word w if w(i) · · ·w(i+ |u|−1) = u for some i ∈ Z.

A (finite) partial word over A is a function u : {0, . . . , |u|−1} → A⋄, where A⋄ = A∪{⋄} with ⋄ 6∈ A.
For 0 ≤ i < |u|, if u(i) ∈ A then i ∈ D(u) or i is defined in u; otherwise, i is a hole in u. We write h(u) for
the number of holes in u. We say u is a total word when h(u) = 0. Letting u and v be two partial words
of equal length, u is compatible with v, denoted u ↑ v, if u(i) = v(i) whenever i ∈ D(u)∩D(v).

To strengthen a partial word is to replace a ⋄ with a letter in A, while to weaken a partial word is to set
u(i) = ⋄ for some i ∈ D(u). For example, aa⋄cb is a strengthening of aa⋄⋄b and a⋄⋄⋄b is a weakening
of aa⋄⋄b. We say that we have “filled a hole” or “inserted a letter” in a partial word u to mean that we
have strengthened u. We also say that the partial word v is a strengthening of the partial word u, denoted
v ≻ u, if v has a factor strengthening u. We similarly define weakening.

We extend these notions to sets X ,Y of partial words as follows. The set X is a strengthening of Y ,
denoted X ≻Y , if for every x ∈ X there exists y ∈Y such that x ≻ y. Similarly for X is a weakening of Y .
It is important to note that if an infinite word w meets a set X , then it also meets every weakening of X ,
while if w avoids X then it avoids any strengthening of X . This means that if X is unavoidable, so are all
weakenings of X , while if X is avoidable, so are all strengthenings of X .
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If X is a set of partial words and Y is the set resulting from performing operations on X called
factoring (if there exist partial words x,y∈X such that y is a weakening of a factor of x, then Y =X \{x}),
prefix-suffix (if there exists a partial word x = ya ∈ X with a ∈ A such that for every b ∈ A there exists a
suffix z of y and a partial word v ∈ X with v a weakening of zb, then Y = (X \{x})∪{y}), hole truncation
(if x⋄n ∈ X for some positive integer n, then Y = (X \ {x⋄n})∪{x}), and expansion (Y = (X \ {x})∪
{x1,x2, . . . ,xn}, where {x1,x2, . . . ,xn} is a partial expansion on x ∈ X ), then X is avoidable if and only
if Y is avoidable [5]. If u = u1⋄u2⋄ . . .un−1⋄un, then {u1a1u2a2 . . .un−1an−1un | a1,a2, . . . ,an−1 ∈ A} is
called a partial expansion on u (note that u1,u2, . . . ,un are partial words that may contain holes, and also
note that u is a weakening of v for every member v of a partial expansion on u).

Letting p be a prime and q,m ∈ N, we write pq‖m if pq maximally divides m, i.e., pq divides m, but
pq+1 does not divide m.

We end this section by establishing a lower bound on the size of an m-uniform unavoidable set over
a k-ary alphabet.
Proposition 1. There is no non-trivial unavoidable m-uniform set of size less than k+

(k
2

)
over Ak (we

call trivial any set of partial words containing the empty word or ⋄n for some positive integer n).

Proof. Let X be an m-uniform unavoidable set over Ak. None of the two-sided infinite words wi = aZi
and wi, j = (am−1

i am−1
j )Z, i < j, can avoid X . Therefore, X must contain an element compatible with a

length m factor of wi (by our convention, that element starts and ends with ai), for each i, and an element
compatible with a length m factor of wi, j (by our convention, that element starts with ai and ends with a j

or vice versa), for each i < j. Since these elements are distinct, we deduce that |X | ≥ k+
(k

2

)
.

3 Uniform unavoidable sets over the ternary alphabet

In examining the minimum number of holes in m-uniform unavoidable sets over {a,b,c}, we must con-
sider sets of size at least 3+

(3
2

)
= 6. As mentioned earlier, we restrict our attention to sets of size exactly

six. By the proof of Proposition 1, a⋄m−2a,b⋄m−2b,c⋄m−2c must be in the set, as well as one of a⋄m−2b
or b⋄m−2a, one of a⋄m−2c or c⋄m−2a, and one of b⋄m−2c or c⋄m−2b. There result eight possible sets:

{a⋄m−2a,b⋄m−2b,c⋄m−2c,a⋄m−2b,a⋄m−2c,b⋄m−2c},
{a⋄m−2a,b⋄m−2b,c⋄m−2c,a⋄m−2b,a⋄m−2c,c⋄m−2b},
{a⋄m−2a,b⋄m−2b,c⋄m−2c,a⋄m−2b,c⋄m−2a,c⋄m−2b},
{a⋄m−2a,b⋄m−2b,c⋄m−2c,b⋄m−2a,a⋄m−2c,b⋄m−2c},
{a⋄m−2a,b⋄m−2b,c⋄m−2c,b⋄m−2a,c⋄m−2a,b⋄m−2c},
{a⋄m−2a,b⋄m−2b,c⋄m−2c,b⋄m−2a,c⋄m−2a,c⋄m−2b},
{a⋄m−2a,b⋄m−2b,c⋄m−2c,a⋄m−2b,c⋄m−2a,b⋄m−2c},
{a⋄m−2a,b⋄m−2b,c⋄m−2c,b⋄m−2a,a⋄m−2c,c⋄m−2b}.

The last two are avoidable by (am−1cm−1bm−1)Z and (bm−1cm−1am−1)Z respectively, while the six others
are equivalent up to renamings of letters (in fact, there is an unavoidable m-uniform set of minimal size
for any total order on the alphabet). So we define the basic m-uniform unavoidable set of minimal size
over {a,b,c} as X0 = T0 ∪T ′

0, where
T0 = {a⋄m−2a,b⋄m−2b,c⋄m−2c} and T ′

0 = {a⋄m−2b,a⋄m−2c,b⋄m−2c}.
The set T0 contains only the words whose endpoints are the same, while T ′

0 contains only those whose
endpoints are different. We begin by filling in the holes in X0 one at a time to classify which strengthen-
ings preserve unavoidability. In the rest of the paper, the notation Xi refers to a set created by filling in i
holes in X0.
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3.1 Filling in holes in T0

When we attempt to strengthen one of the T0 words, we need to consider the following two cases: we
can either insert a into a⋄m−2a, say, to obtain a⋄x1a⋄x2 a, or we can insert b, say, into a⋄m−2a to obtain
a⋄x1 b⋄x2a. However, filling in one hole of a⋄m−2a with an a is equivalent to filling in any number of
holes in a⋄m−2a with a if that is the only word we strengthen.

Proposition 2. 1. For all q ∈ N, the m-uniform set Xq = (X0 \ {a⋄m−2a})∪{a⋄x1 a⋄x2a · · ·a⋄xqa} is
unavoidable.

2. The m-uniform set X1 = (X0 \{a⋄m−2a})∪{a⋄x1b⋄x2 a} is avoidable.

Now, let us fill in two holes in two words of T0. Recall that strengthenings of avoidable sets are
avoidable. We just noticed that if we want to preserve unavoidability, we cannot fill any of the holes in
a⋄m−2a with b. Furthermore, filling in any number of the holes in a⋄m−2a with a’s preserves unavoid-
ability. The only remaining way to fill in two of the holes in T0 is when one hole from a⋄m−2a is filled
with an a and one hole from b⋄m−2b is filled with a b.

Proposition 3. Let X2 = (X0 \ {a⋄m−2a,b⋄m−2b})∪{a⋄x1 a⋄x2a,b⋄y1 b⋄y2b} be an m-uniform set. Fur-
thermore, let 2r‖x1 + 1, 2s‖y1 + 1, and 2t‖m − 1. Then, X2 is avoidable if and only if m is odd and
r = s < t.

Next, we address what happens when we fill in one hole in each of the three words in T0. From
[5, Lemma 3], there exists a two-sided infinite word wi over {a,b,c} with period m − 1 that avoids
{a⋄ia,b⋄ib,c⋄ic} for every i ≤ ⌊m−3

2 ⌋. However, since wi has period m−1, wi avoids the set

Z = T ′
0 ∪{a⋄ia⋄m−i−3a,b⋄ib⋄m−i−3b,c⋄ic⋄m−i−3c}.

Proposition 4. Any m-uniform set of the form X3 = T3∪T ′
0, where T3 = {a⋄x1a⋄x2 a,b⋄y1 b⋄y2 b,c⋄z1c⋄z2c},

is avoidable.

3.2 Filling in holes in T ′
0

First, there are two cases to consider when filling a hole in a⋄m−2b: the added letter is distinct from both
a and b, or it is one of a or b. For the former case, the m-uniform set (X0 \

{
a⋄m−2b

}
)∪{a⋄x1 c⋄x2 b} is

avoidable by the infinite word (am−1bm−1)Z. For the latter case, the following proposition holds.

Proposition 5. 1. If x2+1 6≡ 0 (mod x1+1), the m-uniform set X1 = (X0 \
{

a⋄m−2c
}
)∪{a⋄x1c⋄x2 c}

is avoidable. Otherwise, x2 ≥ x1 and w = (ax1+1bx2+1cx1+1ax2+1bx1+1cx2+1)Z avoids X1.

2. If x1 +1 6≡ 0 (mod x2 +1), then the m-uniform set X1 = (X0 \
{

a⋄m−2c
}
)∪{a⋄x1a⋄x2 c} is avoid-

able. Otherwise, x1 ≥ x2 and w = (ax1+1bx2+1cx1+1)Z avoids X1.
Consequently, if (X0 \ {a⋄m−2c})∪ {x}, where x ↑ a⋄m−2c, is unavoidable, then x has no interior

defined positions.

Filling holes in the words a⋄m−2b and b⋄m−2c is not as simple as filling holes in a⋄m−2c while
maintaining unavoidability. We know that inserting a letter different from the endpoints of the word into
which it was inserted makes the resulting set avoidable. Thus we only consider the case when we insert
a letter that is the same as one of the endpoints. If we insert one letter into a⋄m−2b, then no c can appear
in an avoiding word w. This is because w must avoid a⋄m−2c, b⋄m−2c, and c⋄m−2c. Thus if w were to
contain a c, there would be no possible letter for the position m− 1 spaces before the c. Likewise, if
we insert one letter into b⋄m−2c, any word w which contains an a must meet one of a⋄m−2a, a⋄m−2b, or
a⋄m−2c. So in both of these cases, we are reduced to the use of a binary alphabet.
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Proposition 6. If any of the following conditions 1–4 hold, then the m-uniform set X1 is unavoidable if
and only if r ≤ s:

1. X1 = (X0 \{a⋄m−2b})∪{a⋄x1 b⋄x2 b}, and 2s‖m−1 and 2r‖x1 +1.

2. X1 = (X0 \{a⋄m−2b})∪{a⋄x1 a⋄x2 b}, and 2s‖m−1 and 2r‖x2 +1.

3. X1 = (X0 \{b⋄m−2c})∪{b⋄x1 b⋄x2 c}, and 2s‖m−1 and 2r‖x2 +1.

4. X1 = (X0 \{b⋄m−2c})∪{b⋄x1 c⋄x2 c}, and 2s‖m−1 and 2r‖x1 +1.

Second, let us fill in two holes in T ′
0 . We have seen that inserting any letter into a⋄m−2c causes X0 to

become avoidable, but that inserting a letter into only one of a⋄m−2b or b⋄m−2c only sometimes causes
X0 to become avoidable. Inserting a letter in a⋄m−2b or b⋄m−2c that is different from both endpoints
makes X0 avoidable. Thus, in examining what happens when we fill in two holes in T ′

0 we have two cases
to consider. The first is when we fill two of the holes in either a⋄m−2b or b⋄m−2c with letters that match
the endpoints. The second case to consider is we fill one hole from a⋄m−2b and one hole from b⋄m−2c
with letters matching one of the endpoints of their respective partial words. We consider the first case
first, for which results from [6] prove useful.

Let X2 be the set created from X0 by filling in two of the holes in the same word in T ′
0 . If we have filled

in two holes in a⋄m−2b, then, as before, any word avoiding X2 must be a word over {a,b}. Similarly, if
we have filled in two holes in b⋄m−2c, any word avoiding X2 must be a word over {b,c}. Let Y be the
set created by removing all of the elements of X2 that contain the letter that cannot be contained in X2’s
avoiding word. In either case, X2 has the same avoidability as Y , since any word avoiding Y automatically
avoids X2 and vice versa. The avoidability of Y is completely characterized in [6].

Theorem 2. [6] Let Y = {a⋄m−2a,b⋄m−2b,a⋄x1 b⋄x2b⋄x3 b} be an m-uniform set over {a,b}. Let 2s‖m−1,
2t‖x1 + 1, 2r‖x1 + x2 + 2. Then Y is unavoidable if and only if s ≥ t,r holds in addition to one of (i)
x1 = x2, (ii) x1 = x3, or (iii) m = 7(x1 +1)+1 and x2 +1 ∈ {2(x1 +1),4(x1 +1)}.

Theorem 3. [6] Let i1 < · · · < is < j1 < · · · < jr be elements of the set {1, . . . ,m−2}. Let x be defined
as follows: x(i) = a if i ∈ {0, i1, . . . , is}, x(i) = b if i ∈ { j1, . . . , jr,m− 1}, and x(i) = ⋄ otherwise. Then
Y = {a⋄m−2a,b⋄m−2b,x} has the same avoidability as some set Z = {a⋄m−2a,b⋄m−2b,z}, where z is
created by filling in r+ s of the holes in a⋄m−2b with b’s.

We now focus on the set created by filling in one hole in a⋄m−2b and one hole in b⋄m−2c. We define
such a set, with x1 + x2 = y1 + y2 = m−3, as

X2 = T0 ∪{a⋄x1 b⋄x2b,b⋄y1 b⋄y2c,a⋄m−2c}. (1)

Such set has the same avoidability as

Y2 = T0 ∪{a⋄y2 b⋄y1b,b⋄x2 b⋄x1c,a⋄m−2c}.

Proposition 7. The m-uniform sets

Y2 = (X0 \{a⋄m−2b,b⋄m−2c})∪{a⋄y2b⋄y1 b,b⋄x2b⋄x1 c}

and X2, defined by Eq. (1), have the same avoidability.

From Proposition 7, when considering X2, defined by Eq. (1), we can assume without loss of gen-
erality that x1 ≤ y2. If y2 < x1, X2 has the same avoidability as the set Y2 obtained by switching x1 and
y2.
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Proposition 8. If x1 ≤ x2, there exist integers p,q > 0, with p+ q = m− 1, such that the infinite word
w = (apcqbp)Z avoids X2, defined by Eq. (1).

Proof. Set v = apcqbp. If w(i) = a, we know w(i+m−1) = b. Thus in order for w to avoid X2, we need
p ≤ x2 + 1, to ensure that w avoids a⋄x1 b⋄x2 b. Since x1 + x2 + 2 = p+ q = m− 1, p ≤ x2 + 1 implies
q ≥ x1 +1. Additionally, if w(i) = c, we need q ≤ p in order to ensure that w(i+m−1) is an a and not
a c. Finally, if w(i) = b, then w(i+m− 1) ∈ {a,c}. In fact, m− 1 spaces after the first p− q b’s in v
is an a and m−1 spaces after the last q b’s in v is a c. Thus to ensure that w avoids b⋄y1 b⋄y2c, we need
q ≤ y2 + 1. Consequently, w avoids X2 if x1 ≤ y2, which we have already assumed, and if we can find
p,q such that x1 +1 ≤ q ≤ p ≤ x2 +1. This occurs when x1 ≤ x2.

Thus the set X2, defined by Eq. (1), is always avoidable except possibly when y1 ≤ x2 ≤ x1 ≤ y2.
Extensive computations yield the following conjecture.

Conjecture 1. Set X2, defined by Eq. (1), is avoidable when y1 ≤ x2 ≤ x1 ≤ y2.

We now discuss some results towards a proof of this conjecture. Table 1 gives specific examples of
words that avoid sets defined by Eq. (1) under conditions on m,x1, and y1. We prove only the third item
in Table 1, i.e, Proposition 9, as the proofs of the other items are analogous.

Proposition 9. The infinite word w = ((ab)pa(bc)q)Z, where p ≥ 0,q > 0, avoids X2, defined by Eq. (1),
if and only if the following conditions hold:

1. m ≡ 2 (mod 2(p+q)+1);

2. x1 ≡ 2 j−1 (mod 2(p+q)+1) for some j ∈ [0..q];

3. y1 ≡ 2k−1 (mod 2(p+q)+1) for some k ∈ [q..p+q+1].

Proof. For the remainder of the proof, assume all congruences are modulo 2(p+ q)+ 1. Suppose X2
satisfies the above conditions. Since m ≡ 2 by Condition 1 and, thus, m − 1 ≡ 1, w(i) = a implies
w(i+m−1) = b since any letter after an a is a b. Similarly, w(i) = b implies w(i+m−1) ∈ {a,c}, and
w(i) = c implies w(i+m−1) ∈ {a,b}. Thus w avoids a⋄m−2a, b⋄m−2b, c⋄m−2c, and a⋄m−2c.

Suppose w(i) = a. Consider w(i+ x1 + 1). By Condition 2, x1 ≡ 2 j− 1 for some j ∈ [0..q], which
implies w(i+ x1 + 1) = w(i+ 2 j). Since any letter an even distance at most 2q spaces ahead of an a is
in {a,c}, w(i+ x1 + 1) 6= b. Therefore, w avoids a⋄x1 b, which implies that w avoids a⋄x1 b⋄x2 b. Next,
suppose w(i) = b. By Condition 3, y1 ≡ 2k−1 for some k ∈ [q..p+q+1]. Equivalently, 2k−1+y2+3≡
y1 + y2 +3 = m ≡ 2. Thus, y2 +1 ≡ 2r for some r ∈ [0..p+1]. Since any letter an even distance at most
2p+ 2 spaces ahead of a b is in {a,b}, w(i+ y2 + 1) = w(i+ 2r) 6= c. Therefore, w avoids b⋄y2 c and,
thus, b⋄y1 b⋄y2c. Therefore, if Conditions 1–3 are satisfied, then w avoids X2.

Now, suppose w avoids X2. We show that X2 satisfies Conditions 1–3. Suppose for a contradiction
that Condition 1 does not hold. Then either m ≡ 2r + 1 for some r ∈ [0..p+ q] or m ≡ 2r for some
r ∈ [2..p+q]. Suppose m ≡ 2r+1 for some r ∈ [0..p+q]. Without loss of generality, suppose w(i) = a
begins a period of w and, thus, w(i− 2) = b. Consider w(i− 2+m− 1) = w(i+ 2r − 2). Since any
letter an even distance after the first letter in the period is in {a,c}, w meets either a⋄m−2a or a⋄m−2c, a
contradiction. Similarly, suppose m ≡ 2r for some r ∈ [2..p+q] and w(i) = a once again begins a period
of w. Consider w(i+m− 1) = w(i+ 2r). Since any letter an even distance after the first letter in the
period is in {a,c}, w meets either a⋄m−2a or a⋄m−2c, again a contradiction. Thus, Condition 1 holds.

Next, suppose for a contradiction that Condition 2 does not hold. There are two cases to consider.
The first is that x1 ≡ 2r for some r ∈ [0..p+q]. Suppose w(i) = a begins a period of w. Since any letter
an odd distance after the first letter in the period is a b, w(i+ x1 +1) = w(i+2r+1) = b. Furthermore,
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since w avoids X2, if w(i) = a, then w(i+m−1) = b. Thus, w meets a⋄x1 b⋄x2 b, which is a contradiction.
The second case is that x1+1 ≡ 2r for some r ∈ (q..p+q). Once again, let w(i) = a begin a period of w,
so w(i−2q−1) = a. Then w(i−2q−1+ x1 +1) = w(i+2r−2q−1). Since any letter an odd number
of spaces after the first a in the period is a b, this means w(i−2q−1+ x1 +1) = b. Since w avoids X2,
w(i− 2q− 1+m− 1) = b. Thus w meets a⋄x1b⋄x2 b, which is a contradiction. Thus, Condition 2 holds
as well.

Finally, suppose for a contradiction that Condition 3 does not hold. This means y1 6≡ 2k−1 for any
k ∈ [q..p+q+1]. By Condition 1, m ≡ 2 and since y1 + y2 +1 = m−2 ≡ 0, Condition 3 not holding is
equivalent to y2 +1 ≡ 2r+1 for some r ∈ [0..p+q) or y2 +1 ≡ 2r for some r ∈ [p+2..p+q]. Suppose
y2 + 1 ≡ 2r + 1 for some r ∈ [0..p + q). Now, let w(i) = c be the last letter in a period of w. Thus
w(i− (y2 +1)) = b and w(i− (m−1)) = b, since any letter an odd number of spaces before the last c in
the period is a b and since w avoids a⋄m−2c and c⋄m−2c. This contradicts the assumption that w avoids
b⋄y1 b⋄y2c. Similarly, suppose y2 +1 ≡ 2r for some r ∈ [p+2..p+q]. Let w(i) = a begin a period of w
and w(i− 2) = b. Consider w(i− 2+ y2 + 1) = w(i+ 2r− 2). Since any letter an odd distance at least
2p+ 2 spaces after the first letter in the period is a c, w(i− 2+ y2 + 1) = c. Since w avoids a⋄m−2c
and c⋄m−2c, we have that w(i− 2+ y2 + 1− (m− 1)) = b. This means w meets b⋄y1 b⋄y2c, which is a
contradiction. Thus, Condition 3 holds.

The following proposition also provides conditions for X2 to be avoidable.

Proposition 10. Let X2 be as defined by Eq. (1). Then X2 is avoided by an infinite word of period at most
m if one of the following conditions hold:

1. x1,y1 are even and y1 ≤ x2 ≤ x1;

2. y1 = 0 and x2 ≤ x1.

Tables 2, 3, and 4 summarize some sufficient conditions for patterns to avoid X2, defined by Eq. (1),
with respect to residues modulo 2, 3, and 4.

If X2, defined by Eq. (1), is avoidable, then all sets that contain strengthenings of two of the T ′
0 words

are avoidable.

Proposition 11. Let X2 be defined by Eq. (1) and let X ′
2 = (X2 \ {a⋄x1 b⋄x2b})∪{a⋄x2 a⋄x1 b}. Also let

Y ′
2 = (X ′

2 \ {a⋄x2 a⋄x1b,b⋄y1 b⋄y2c})∪{a⋄y2 b⋄y1 b,b⋄x1 c⋄x2 c} and Y2 = (Y ′
2 \ {a⋄y2 a⋄y1b})∪{a⋄y1b⋄y2 b}

be m-uniform sets.

1. If X2 is avoidable, then X ′
2 is avoidable.

2. The sets X ′
2 and Y ′

2 have the same avoidability.

3. If Y ′
2 is avoidable, then Y2 is avoidable.

Third, Theorems 2 and 3 state that filling in two holes in the same word in T ′
0 only sometimes makes

X0 avoidable. We now prove that once we have filled in three holes in the same word in T ′
0, X0 becomes

avoidable.

Proposition 12. If the m-uniform set X3 = (X0 \{a⋄m−2b})∪{x} is unavoidable, where x ↑ a⋄m−2b, then
x has at most two interior defined positions.

Proof. If more than two positions in x have been filled, we know that they have to be filled with a’s or b’s
otherwise X3 would be avoidable. However from [6, Corollary 4], {a⋄m−2a, b⋄m−2b,x} can be avoided
by an infinite word w over {a,b}. This means that w avoids c⋄m−2c, a⋄m−2c, and b⋄m−2c as well. Thus
w avoids all of X3 and thus X3 is avoidable.
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Table 1: Necessary and sufficient conditions for w to avoid sets defined by Eq. (1) when y1 ≤ x2 ≤ x1 ≤ y2

Avoiding word w Necessary and sufficient conditions

(apbp)Z m ≡ p+1 (mod 2p)
x1 ≡−1 (mod 2p)

(bpcp)Z m ≡ p+1 (mod 2p)
y1 ≡ p−1 (mod 2p)

((ab)pa(bc)q)Z m ≡ 2 (mod 2(p+q)+1)
p ≥ 0,q > 0 x1 ≡ 2 j−1 (mod 2(p+q)+1), j ∈ [0..q]

y1 ≡ 2k−1 (mod 2(p+q)+1), k ∈ [q..q+ p+1]
(ab((ab)pa(bc)q)r)Z m ≡ 2 (mod r(2p+2q+1)+2)
p ≥ 0,q > 0 x1 ≡ (2p+2q+1) j+2k−1 (mod r(2p+2q+1)+2)

j ∈ [0..r], k ∈ [1..r]
y1 ≡ (2q+2r+1)s+2t +1 (mod r(2p+2q+1)+2)

s ∈ [0..r), t ∈ [q..p+q)∪{0}
(((ab)pa(cb)q)r(ab)pa(cb)q−1)Z m ≡ 0 (mod (r+1)(2p+2q+1)−2)
p ≥ 0,q > 0 x1 ≡ (2p+2q+1) j+2k (mod (r+1)(2p+2q+1)−2)
r ≥ 0 j ∈ [0..r], k ∈ [p..p+q)

y1 ≡ (2p+2q+1)s+2t (mod (r+1)(2p+2q+1)−2)
s ∈ [0..r], t ∈ [−1..p]

(apbqcr)Z m ≡ q+1 (mod p+q+ r)
1 ≤ p ≤ q, 1 ≤ r ≤ q, x1 ≡ {p+q−1, . . . , p+q+ r−1} (mod p+q+ r)
q ≤ p+ r y1 ≡ {q−1, . . . , p+q−1} (mod p+q+ r)
(apcrbq)Z m ≡ p+ r+1 (mod p+q+ r)
1 ≤ p ≤ q, 1 ≤ r ≤ q, x1 ≡ {−1, . . . ,r−1} (mod p+q+ r)
q ≤ p+ r y1 ≡ {r−1, . . . , p+ r−1} (mod p+q+ r)
(ap+1bq−1crapbqcr−1)Z m ≡ p+ r+2q (mod 2p+2q+2r−1)
0 ≤ p < q, 1 ≤ r ≤ q, x1 ≡ {p+q−1, . . . , p+q+ r−2,2p+2q+ r−1,
q ≤ p+ r . . . ,2p+2q+2r−2} (mod 2p+2q+2r−1)

y1 ≡ {q−1, . . . , p+q−1, p+2q+ r−2,
. . . ,2p+2q+ r−2 (mod 2p+2q+2r−1)

(ap−1cr+1bq−1apcrbq)Z m ≡ p+ r+1 (mod 2p+2q+2r−1)
1 ≤ p ≤ q, 0 ≤ r < q, x1 ≡ {1, . . . ,r−1, p+ r+q−1, . . . , p+2r+q−1}
q ≤ p+ r (mod 2p+2q+2r−1)

y1 ≡ {r−1, . . . , p+ r−1,2p+ r, . . . ,2p+2r+q−2}
(mod 2p+2q+2r−1)

(ar(bqcq)p)Z m ≡ q+1 (mod 2pq+ r)
1 ≤ r ≤ q, p > 0 x1 ≡ {−1,2q j+ k} (mod 2pq+ r),

j ∈ [0..p),k ∈ [q+ r−1..2q)
y1 ≡ q−1 (mod 2pq+ r)

(ar(cqbq)p)Z m ≡−q+1 (mod 2pq+ r)
1 ≤ r ≤ q, p > 0 x1 ≡ {−1,2q j+ k} (mod 2pq+ r),

j ∈ [0..p),k ∈ [r−1..r+q−2]
y1 ≡ {−q−1,q−1} (mod 2pq+ r)

(aqbqcq(cqb2qcq)p)Z m ≡−2q+1 (mod (4p+3)q)
p ≥ 0,q > 0 x1 ≡ {−1,4q j+ k−1} (mod (4p+3)q),

j ∈ [0..p],k ∈ [2q..3q]
y1 ≡ {−2q−1,2q−1} (mod (4p+3)q)

((apcrbq)tb)Z m ≡ q+2 (mod t(p+q+ r)+1)
1 ≤ p ≤ q, x1 ≡ (2q+1) j+ k−1 (mod t(p+q+ r)+1)
p+ r = q+1 j ∈ [0..t], k ∈ [1..r]

y1 ≡ (2q+1)h+ i (mod t(p+q+ r)+1)
h ∈ [0..t], i ∈ [r..q]
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Table 2: Sufficient conditions on residues modulo 2 for w to avoid sets defined by Eq. (1)

Avoiding word w m x1 y1

(ab)Z 0 1 0,1
(bc)Z 0 0,1 0
((ab)pa(cb)q)Z 1 0 0

Table 3: Sufficient conditions on residues modulo 3 for w to avoid sets defined by Eq. (1)

Avoiding word w m x1 y1

(abc)Z 2 1,2 0,1
(acb)Z 0 0,2 0,1
(ab(abc)p)Z 1 1 0,= 1
((acb)pb)Z 1 0 = 0,1

3.3 Filling in holes in T0 and T ′
0

Since filling in any of the holes in a⋄m−2c results in an avoidable set, the only strengthenings of T ′
0 we

need to consider are strengthenings of a⋄m−2b and b⋄m−2c. Furthermore, in order to preserve unavoid-
ability, we must fill in a word in T0 with the same letter as its two endpoints. Thus when filling in one
hole in T0 and one hole in T ′

0 , there are two possible cases to consider: the endpoints of the T0 word are
the same as one of the endpoints of the T ′

0 word or the endpoints of the T0 word are different from the
two endpoints of the T ′

0 word. We now focus on the m-uniform set

X2 = (X0 \{a⋄m−2a,b⋄m−2c})∪{a⋄x1a⋄x2 a,b⋄y1c⋄y2 c}. (2)

When considering it, we can assume without loss of generality that x1 ≤ x2. Indeed, it is easy to show
that the m-uniform set X2, defined by Eq. (2), is avoidable if and only if the m-uniform set X ′

2 = (X0 \
{a⋄m−2a,b⋄m−2c})∪{a⋄x2 a⋄x1 a,b⋄y1 c⋄y2 c} is avoidable. It is also easy to show that if the m-uniform set
X2, defined by Eq. (2), is unavoidable, then so is Y2 = (X0 \{a⋄m−2a,b⋄m−2c})∪{a⋄x1 a⋄x2a,b⋄y2 b⋄y1c}.

Table 5 gives some of the recurring patterns of words avoiding sets defined by Eq. (2). For instance,
the last item in Table 5 translates as Proposition 13.
Proposition 13. Let u = (by2+1cy2+1)N. If y2 ≤ x1 ≤ x2 ≤ y1, there exist integers p,q > 0, p+q = m−1
such that the infinite word w = vZ avoids X2, defined by Eq. (2), where v = apuqapuq (here, uq denotes
the q-length prefix of u and uq denotes the complement of uq, where b = c and c = b).
Proposition 14. Let X2, defined by Eq. (2), and

Y ′
2 = (X0 \{a⋄m−2a,b⋄m−2c})∪{a⋄x1 a⋄x2 a,b⋄y2 b⋄y1 c}

Table 4: Sufficient conditions on residues modulo 4 for w to avoid sets defined by Eq. (1)

Avoiding word w m x1 y1

(a2b2)Z 3 3 0,1,2,3
(b2c2)Z 3 0,1,2,3 1
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Table 5: Conditions for w to avoid sets defined by Eq. (2); here, uq denotes the q-length prefix of u, uq
denotes the complement of uq where b = c and c = b, and p,q > 0 are integers such that p+q = m−1

Conditions Avoiding word w

m even, y1 even (a(bc)
m−2

2 a(cb)
m−2

2 )Z

m odd, x1 even, y1 even ((ab)
m−1

2 (ac)
m−1

2 )Z

y1 ≤ x1 ≤ x2 ≤ y2 (apbqapcq)Z

y2 ≤ x1 ≤ x2 ≤ y1 (apuqapuq)
Z, where u = (by2+1cy2+1)N

be m-uniform sets. Furthermore, let 2s‖x1 + 1 and 2t‖y1 + 1. If y1 = y2 and s 6= t, then X2 and Y ′
2 are

unavoidable.

Proof. Suppose y1 = y2 and s 6= t. From now on, we refer to y1 = y2 just as y. By performing the
operations of factoring, prefix-suffix, hole truncation, and expansion on X2 from [5], we obtain the set

Y = {a⋄x1a,b⋄yb,b⋄yc,c⋄yb,c⋄yc,a⋄ya⋄yb,a⋄ya⋄yc,b⋄ya⋄yb,c⋄ya⋄yc},

which has the same avoidability as X2.
Assume for contradiction that Y is avoidable. This implies there exists an infinite word w that avoids

Y . It is clear that w cannot contain only a’s since w must avoid a⋄x1a. Thus, w must contain a b or
a c. Without loss of generality let us assume that w contains a b since the argument if w contains a c
is identical. Now without loss of generality, assume w(y+ 1) = b. Since w avoids b⋄yb and b⋄yc, this
means w(2(y+1)) = a. Since w avoids b⋄ya⋄yb, w(3(y+1)) 6= b. If w(3(y+1)) = a, w(4(y+1)) = a
since w avoids a⋄ya⋄yb and a⋄ya⋄yc. But this means that w(5(y+1)) = a and so on. Thus inductively, if
w(3(y+ 1)) = a, then w(p(y+ 1)) = a for all p ≥ 2. If w(3(y+ 1)) = c, then w(4(y+ 1)) = a because
w must avoid c⋄yb and c⋄yc. Since w(4(y+1)) = a and w avoids c⋄ya⋄yc, then either w can degenerate
into a repeating string of a’s as before, or w(5(y+ 1)) = b and the sequence repeats. Thus it is easy to
see that w must be made up of two possible strings of letters:

a︸︷︷︸
y

a︸︷︷︸
y

a︸︷︷︸
y

a︸︷︷︸
y

a︸︷︷︸
y

a,

a︸︷︷︸
y

b︸︷︷︸
y

a︸︷︷︸
y

c︸︷︷︸
y

a︸︷︷︸
y

b.

Thus w must be 4(y+1)-periodic. Since the period of w must avoid a⋄x1 a, the period of w cannot contain
all a’s. Thus the second string must occur in the period of w.

Without loss of generality assume w(0) = a, w(y+ 1) = b, w(2(y+ 1)) = a, and w(3(y+ 1)) = c.
This implies for k ≥ 1 that w(k(y+1) = a if k is even and w(k(y+1)) ∈ {b,c} if k is odd.

Since w(0) = a and w avoids a⋄x1 a, w(x1 + 1) ∈ {b,c}. This means that w(x1 + y+ 1) = a. Now
assume w(n(x1 + 1)+ n(y+ 1)) = a and consider w((n+ 1)(x1 + 1)+ (n+ 1)(y+ 1)). Since w(n(x1 +
1) + n(y + 1)) = a, w((n+ 1)(x1 + 1) + n(y+ 1)) ∈ {b,c} because w avoids a⋄x1 a. This means that
w((n+1)(x1 +1)+ (n+1)(y+1)) = a. So by induction, w(n(x1 +1)+n(y+1)) = a for all n ∈N.

Now consider w(p(x1 +1)+q(y+1)) for p,q ∈N with one of p,q even and the other odd. We know
p±r = q for some odd r ∈N. Thus, w(p(x1+1)+q(y+1)) =w(p(x1+1)+ p(y+1)±r(y+1)) ∈{b,c}.
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Similarly, if we consider w(p(x1 + 1)+ q(y+ 1)) for p,q ∈ N with both of p,q even or both of p,q
odd, p±r = q for some even r ∈N. Thus, w(p(x1+1)+q(y+1)) = w(p(x1+1)+ p(y+1)±r(y+1)) =
a.

Now, let l be the least common multiple of x1 + 1 and y+ 1. Since s 6= t the power of two that
maximally divides l is the same as the power of two that maximally divides one of x1 +1 and y+1 and
is greater than the power of two that maximally divides the other. Thus l is even and l = α(x1 +1) and
l = β (y+1) where one of α ,β is odd and the other is even. This implies w(α(x1+1)+β (y+1))∈{b,c}.
However, w(α(x1 +1)+β (y+1)) = w(2l) = w(2β (y+1)) = a, which is a contradiction.

Thus, Y is unavoidable and so is X2. The set Y ′
2 is then unavoidable. To see this, assume for contradic-

tion that there exists an infinite word w that avoids Y ′
2. Since X2 is unavoidable, w must meet an element

of X2. This means w meets b⋄y1 c⋄y2 c. Suppose w(i) = b,w(i+y1 +1) = c, and w(i+y1+1+y2 +1) = c.
Since w avoids a⋄m−2c and c⋄m−2c, this means w(i+ y1 + 1− (m− 1)) = w(i− (y2 + 1)) = b. Thus,
w(i−(y2+1)) = b, w(i) = b, and w(i+y1+1) = c. This contradicts the fact that w avoids b⋄y2b⋄y1 c.

4 Minimum number of holes in uniform unavoidable sets

We now consider the minimum number of holes in an m-uniform unavoidable set of size k+
(k

2

)
over Ak.

To do this, our results from Section 3 prove useful. As discussed in Section 3, there is an unavoidable
m-uniform set of minimal size for any total order on the alphabet and these sets are equivalent up to
renamings of letters. So we define the basic m-uniform unavoidable set of minimal size over Ak as
X0 = T0 ∪T ′

0, where T0 = {ai⋄m−2ai | 1 ≤ i ≤ k} and T ′
0 = {ai⋄m−2a j | 1 ≤ i < j ≤ k}.

Proposition 15. Let X2 = (X0 \ {ai1⋄m−2ai2 ,ai3⋄m−2ai4})∪{x,y} where the integers i1, i2, i3, i4 are all
distinct and where x ↑ ai1⋄m−2ai2 and y ↑ ai3⋄m−2ai4 . If x and y both have at least one defined interior
position, then X2 is avoidable.

Proof. If we fill in ai1⋄m−2ai2 or ai3⋄m−2ai4 with letters different from their endpoints, we know that X2
is avoidable by an infinite word over a ternary alphabet. Thus, we must fill in ai1⋄m−2ai2 and ai3⋄m−2ai4
with letters that are the same as their respective endpoints. For ease of notation, we let ai1 = a,ai2 =
b,ai3 = c,ai4 = d. Without loss of generality, assume x = a⋄x1 b⋄x2 b and y = c⋄y1 d⋄y2d. Filling in more
holes in x and y is just a strengthening of X2. Furthermore, filling in a⋄m−2b with an a instead of a b or
c⋄m−2d with a c instead of a d yield an equivalent proof. We thus have eight cases:

x1 ≤ y1 ≤ y2 ≤ x2; (3)

x1 ≤ y2 ≤ y1 ≤ x2; (4)

y1 ≤ x1 ≤ x2 ≤ y2; (5)

y2 ≤ x1 ≤ x2 ≤ y1; (6)

x2 ≤ y1 ≤ y2 ≤ x1; (7)

x2 ≤ y2 ≤ y1 ≤ x1; (8)

y1 ≤ x2 ≤ x1 ≤ y2; (9)

y2 ≤ x2 ≤ x1 ≤ y1. (10)

In any infinite word w that avoids X2, if w(i) = a, w(i+m− 1) = b and w(i+ 2(m− 1)) = a and
similarly if w(i) = c, w(i + m − 1) = d and w(i + 2(m − 1)) = c. So let a = b, b = a, c = d, and
d = c. Furthermore, given a one-sided infinite word v, let vi denote the prefix of v of length i. Now, let
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v = (ax2+1bx2+1)N and u = (cy2+1dy2+1)N. Define the infinite word w = (vpuqvpuq)
Z where p,q > 0 and

p+q = m−1. The word w avoids X2 as long as q > x2 and p > y2. This is because in w, m−1 spaces
after every a is a b and m−1 spaces after every b is an a and similarly for c and d. Furthermore, as long
as q > x2 and p > y2, if w(i) = b, then w(i− (m−1)) = a and if w(i) = d, then w(i− (m−1)) = c. Since
p+q = x1 + x2 +2 = y1 + y2 +2 = m−1, w avoids X2 in Cases (6), (7), (8), and (10).

Let us now define the infinite word w′ = (apcqbpdq)Z for some p,q > 0 such that p+q = m−1. We
claim that w′ avoids X2 as long as p ≤ x2 + 1 and q ≤ y2 + 1. If w′(i) = a, then w′(i+m− 1) = b, if
w′(i) = b, then w′(i+m−1) = a, and similarly for c and d. Furthermore, as long as p ≤ x2+1, w′ avoids
a⋄x1 b⋄x2b and as long as q ≤ y2+1, w′ avoids c⋄y1 d⋄y2d. Since p+q = x1+x2+2 = y1+y2+2 = m−1,
w′ avoids X2 in Cases (3), (4), (5), and (9).

We have thus found infinite words that avoid X2 for all eight cases and so X2 is avoidable.

Proposition 16. Let X1 = (X0 \{ai⋄m−2ai+p})∪{x} where k ≥ i+ p ≥ i+2, x ↑ ai⋄m−2ai+p, and x has
at least one defined interior position. Then X1 is avoidable.

Proof. Suppose an infinite word w avoids X1 and contains only the letters ai, ai+1, and ai+p. If w( j) = ai,
then w( j+m−1) = ai+p since w must avoid ai⋄m−2ai and ai⋄m−2ai+1. If w( j) = ai+1, then w( j+m−
1) = ai since w must avoid ai+1⋄m−2ai+1 and ai+1⋄m−2ai+p. Finally, if w( j) = ai+p, then w( j+m−1) =
ai or w( j+m−1)= ai+1 since w must avoid ai+p⋄m−2ai+p. Therefore, the conditions on ai,ai+1, and ai+p
are identical to the conditions on the letters a,b, and c when we considered the avoidability over {a,b,c}
of {a⋄m−2a,b⋄m−2b,c⋄m−2c,a⋄m−2b,b⋄m−2c,x}, where x ↑ a⋄m−2c and x contains only a’s and c’s. Thus,
the proof that we can generate such an avoiding word is identical to the proof of Proposition 5.

To prove our main result, we show that X0 becomes avoidable once we fill in more than m−1 holes
if m is even and m holes if m is odd.

Theorem 4. For m ≥ 4, if Conjecture 1 is true, then the maximum number of holes we can fill into an
m-uniform unavoidable set of size k+

(k
2

)
over Ak is m−1 if m is even and m if m is odd. In other words,

Hk
m,k+(k

2)
= (k+

(k
2

)
)(m−2)− (m−1) if m is even, and Hk

m,k+(k
2)
= (k+

(k
2

)
)(m−2)−m if m is odd.

Proof. When we fill in holes in T0, say we fill in a hole in ai⋄m−2ai, the letter we fill in must be ai or else
the infinite word aZi avoids X0 (see Proposition 2). Additionally, filling in holes in more than two words
in T0 makes X0 avoidable. This is because by Proposition 4, if we fill in holes in three words in T0, there
exists an infinite word w that avoids X0 and that contains three distinct letters. Since w does not contain
any of the letters that make up the other elements of X0, w avoids all of the elements of X0 and thus X0 is
avoidable. Thus we can fill holes into at most two of the words in T0.

Using Proposition 11 we prove that if Conjecture 1 is true, then filling in holes in two T ′
0 words that

have an endpoint in common makes X0 avoidable. To prove this, it is enough to consider the 3-letter
alphabet {a,b,c}. Let Z2 = (X0 \{a⋄m−2b,b⋄m−2c})∪{x,y} where x ↑ a⋄m−2b, y ↑ b⋄m−2c, and x and y
each have at least one defined interior position. We show that if Conjecture 1 is true, then Z2 is avoidable.
Indeed, we know that if the defined interior letter in either x or y is different from the endpoints of its
respective word, then Z2 is avoidable. Thus,

X2 = (X0 \{a⋄m−2b,b⋄m−2c}) ∪ {a⋄x1 b⋄x2 b,b⋄y1 b⋄y2 c},
X ′

2 = (X0 \{a⋄m−2b,b⋄m−2c}) ∪ {a⋄x2 a⋄x1 b,b⋄y1 b⋄y2 c},
Y2 = (X0 \{a⋄m−2b,b⋄m−2c}) ∪ {a⋄y1 b⋄y2 b,b⋄x1c⋄x2 c},
Y ′

2 = (X0 \{a⋄m−2b,b⋄m−2c}) ∪ {a⋄y2 a⋄y1 b,b⋄x1 c⋄x2 c}
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represent the only remaining cases to consider. If Conjecture 1 is true, then X2 is avoidable for all
x1,x2,y1,y2 > 0. However if X2 is avoidable for all x1,x2,y1,y2 > 0, this implies X ′

2 is avoidable for all
x1,x2,y1,y2 > 0, which then implies Y ′

2 is avoidable for all x1,x2,y1,y2 > 0, which implies Y2 is avoidable
for all x1,x2,y1,y2 > 0.

Using Proposition 15, filling in holes in two T ′
0 words whose endpoints are all distinct also makes X0

avoidable. Thus we can fill in holes in at most one word in T ′
0 . Furthermore, we know that the letter we

fill in must be the same as one of the endpoints. From Proposition 16, the word we fill in must be of the
form ai⋄m−2ai+1 and from Proposition 12, we cannot fill in more than two holes in any word in T ′

0 .
Thus if we want to preserve the unavoidability of X0, we can fill in holes in at most two of the T0

words and one of the T ′
0 words. Therefore, filling in holes in X0 is equivalent to filling in holes in subsets

of X0 of size three, where each subset contains two words from T0 and one word from T ′
0. So given a

word u in T ′
0, either none of the two T0 words share endpoints with u, both of the two T0 words share

endpoints with u, or one of the two T0 words shares an endpoint with u. Without loss of generality, these
subsets are of three possible forms:

Q = {ai⋄m−2ai,a j⋄m−2a j,al⋄m−2al+1},
R = {ai⋄m−2ai,ai+1⋄m−2ai+1,ai⋄m−2ai+1},
S = {ai⋄m−2ai,a j⋄m−2a j,ai⋄m−2ai+1}.

We first consider Q. Let Z = (X0 \Q)∪{y,z,al⋄x1d⋄x2 al+1} where y ↑ ai⋄m−2ai, z ↑ a j⋄m−2a j, and
d ∈ {al ,al+1}. We now show that if h(y)+h(z) = m−2 then Z is avoidable. So suppose h(y)+h(z) =
m−2. If h(y) = 0, then (am−2

j alam−2
j al+1)

Z avoids Z, and similarly, if h(z) = 0, then (am−2
i alam−2

i al+1)
Z

avoids Z. Thus, suppose h(y),h(z) ≥ 1. Let h(y) = n− 2 and h(z) = m− n. If the m− n holes in z
are not consecutive, then the (m− 1)-periodic word (an−1

j am−n
i )Z avoids Z, while if the m− n holes in

z are consecutive, then the (m−1)-periodic word (an−2
j aia jam−n−1

i )Z avoids Z. Filling in a second hole
in al⋄m−2al+1 for a total of m holes filled is just a strengthening of Z and thus is also avoidable. Thus,
filling in more than m−1 holes in Q makes X0 avoidable.

We now consider S. Let Y = (X0 \S)∪{x,y,z} where x ↑ ai⋄m−2ai, y ↑ a j⋄m−2a j, and z ↑ ai⋄m−2ai+1.
We show that filling in more than m− 1 holes in S makes Y avoidable (and thus X0 avoidable). As
discussed above, we can assume that x contains only the letter ai and y contains only the letter a j. If
h(y) = 0, then filling in any of the holes in S is equivalent to filling in holes in R, which we do below.
Thus, we assume h(y)≥ 1.

Let Y ′ = {x,y,ai⋄x1ai⋄x2ai+1,ai+1⋄m−2ai+1,a j⋄m−2ai,a j⋄m−2ai+1}. We now show that if h(x) +
h(y) = m− 2, then Y ′ is avoidable. If h(x) = 0, then (a j

m−2aia j
m−2ai+1)

Z avoids Y ′. Thus, assume
h(x) ≥ 1. Let h(x) = m−n and h(y) = n−2. First, suppose the m−n holes in x do not appear in a con-
tiguous block. Then the (m−1)-periodic word w= (ai

n−1a j
m−n)Z avoids Y ′. Since w is (m−1)-periodic,

it does not meet a j⋄m−2ai. Since w does not contain any ai+1’s it avoids ai+1⋄m−2ai+1, a j⋄m−2ai+1, and
ai⋄x1ai⋄x2 ai+1. Let u be an m-length factor of w such that u(0) = a j. We know that u contains n− 1
consecutive occurrences of ai. Since h(y) = n− 2, there is at least one instance where u has an ai in a
position where y has an a j. Thus, w does not meet y. Similarly, let v be an m-length factor of w such
that v(0) = ai. This means v contains a contiguous block of m− n a j’s. However, v 6↑ x since the holes
in x do not form a contiguous block. Now, suppose the m− n holes in x appear in a contiguous block.
Then the (m− 1)-periodic word w′ = (ai

n−2a jaia j
m−n−1)Z avoids Y ′. It avoids a j⋄m−2ai, a j⋄m−2ai+1,

ai⋄x1ai⋄x2 ai+1, ai+1⋄m−2ai+1, and y for the same reasons that w does. However, since the m− n holes
in x appear in a contiguous block, and there are m− n a j’s in w′ that are not situated in a contiguous
block, w′ avoids x. Thus we have shown that filling in m− 2 holes in T0 and filling in a hole with ai
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in ai⋄m−2ai+1 makes Y ′ avoidable. If we fill in a second hole with ai in ai⋄m−2ai+1, for a total of m
holes filled, this is just a strengthening of the previous case and thus is also avoidable. Furthermore, by
Theorem 3 substituting ai+1’s for the ai’s would yield the same avoidability.

We finally consider R. Suppose an infinite word w avoids X = (X0 \R)∪{x,y,z} where x ↑ ai⋄m−2ai,
y ↑ ai+1⋄m−2ai+1, and z ↑ ai⋄m−2ai+1. Since we want to show that we can fill in m− 1 holes, suppose
at least two of x,y,z have some defined interior positions. We prove that w must be over the binary
alphabet {ai,ai+1} by considering two cases. First, suppose ai = a1 (the proof is similar if ai+1 = ak). If
w(m− 1) = ak, then no letter works for w(0) since w must avoid a j⋄m−2ak for all j ∈ {1, . . . ,k}; thus,
w does not contain any ak’s. Similarly if w(m− 1) = ak−1, then no letter works for w(0) since w must
avoid a j⋄m−2ak−1, for all j ∈ {1, . . . ,k − 1}, and w does not contain any ak’s; thus, w cannot contain
any ak−1’s. We can continue eliminating potential letters from w until we are left with only a1 and a2.
If w(m− 1) = a2, then w(0) ∈ {a1,a2} depending on which of x,y,z have defined interior positions.
Similarly, if w(m− 1) = a1, then w(0) ∈ {a1,a2}. Thus, w is over {a1,a2}. Now, suppose ai 6= a1 and
ai+1 6= ak. If w(m−1) = ak, then as above we can show that w cannot contain any of ai+2, . . . ,ak, and if
w(0) = a1, that w cannot contain any of a1, . . . ,ai−1. If w(0) = ai, then w(m−1) ∈ {ai,ai+1} depending
on which of x,y,z have defined interior positions. Similarly, if w(0) = ai+1, then w(m−1) ∈ {ai,ai+1}.

We have shown that any infinite word that avoids X must be over the alphabet {ai,ai+1}. Thus, by
Theorem 1, the maximum number of holes we can fill in X while maintaining the unavoidability property
is m−1 if m is even and m if m is odd.

5 Conclusion

In this paper, we have considered m-uniform unavoidable sets of partial words over an arbitrary alphabet
Ak = {a1, . . . ,ak}. We have formulated a conjecture, Conjecture 1, that states that the sets defined by
Eq. (1) are avoidable when y1 ≤ x2 ≤ x1 ≤ y2 and a,b,c are distinct letters. If Conjecture 1 is true, for
m ≥ 4, we have exhibited a formula that calculates the maximum number of holes we can fill in any
m-uniform unavoidable set of partial words over Ak, while maintaining the unavoidability property.

We believe that Conjecture 1 is true and have tested it for all m-uniform sets defined by Eq. (1) up
to m = 100 that satisfy y1 ≤ x2 ≤ x1 ≤ y2. We have found that these sets are all avoidable. In fact, all
of the sets we tested have an avoiding word with period less than 2m. Of the 41,650 such sets, only 4
were found to require avoiding words that did not match any of our patterns. Furthermore, only 77 of the
roughly 42 million sets for m ≤ 1000 are not covered by our patterns. However, we are doubtful that a
small number of similar patterns could be shown to cover the remaining cases.
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We investigate the descriptional complexity of operations on semilinear sets. Roughly speaking,
a semilinear set is the finite union of linear sets, which are built by constant and period vectors.
The interesting parameters of a semilinear set are: (i) the maximal value that appears in the vectors
of periods and constants and (ii) the number of such sets of periods and constants necessary to
describe the semilinear set under consideration. More precisely, we prove upper bounds on the
union, intersection, complementation, and inverse homomorphism. In particular, our result on the
complementation upper bound answers an open problem from [G. J. LAVADO, G. PIGHIZZINI,
S. SEKI: Operational State Complexity of Parikh Equivalence, 2014].

1 Introduction

A subset of Nk, where N refers to the set of non-negative integers, of the form

L(C,P) =

{
~c+ ∑

~xi∈P
λi ·~xi

∣∣∣∣∣ ~c ∈C and λi ∈ N

}
,

for finite sets of periods and constants P,C ⊆Nk, is said to be linear if C is a singleton set. In this case we
just write L(~c,P), where~c is the constant vector. This can be seen as a straightforward generalization of
an arithmetic progression allowing multiple differences. Moreover, a subset of Nk is said to be semilinear
if it is a finite union of linear sets. Semilinear sets were extensively studied in the literature and have
many applications in formal language and automata theory.

Let us recall two famous results from the very beginning of computer science, where semilinear sets
play an important role. The Parikh image of a word w ∈ Σ∗ is defined as the function ψ : Σ∗ → N|Σ|

that maps w to a vector whose components are the numbers of occurrences of letters from Σ in w.
Parikh’s theorem states that the Parikh image of every context-free language L, that is, {ψ(w) | w ∈ L},
is a semilinear set [11]. A direct application of Parikh’s theorem is that every context-free language
is letter equivalent to a regular language. Another famous result on semilinear sets is their definability
in Presburger arithmetic [6], that is, the first order theory of natural numbers with addition but without
multiplication. Since Presburger arithmetic is decidable, corresponding questions on semilinear sets
are decidable as well, because the conversion between semilinear set representations by vectors and
Presburger formulas and vice versa is effectively computable.

Recently, semilinear sets appeared particularly in two different research directions from automata
theory. The first research direction is that of jumping automata, a machine model for discontinuous in-
formation processing, recently introduced in [10]. Roughly speaking, a jumping finite automaton is an
ordinary finite automaton, which is allowed to read letters from anywhere in the input string, not neces-
sarily only from the left of the remaining input. Since a jumping finite automaton reads the input in a
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discontinuous fashion, obviously, the order of the input letters does not matter. Thus, only the number
of symbols in the input is important. In this way, the behavior of jumping automata is somehow related
to the notions of Parikh image and Parikh equivalence. As already mentioned regular and context-free
languages cannot be distinguished via Parikh equivalence, since both language families have semilinear
Parikh images. This is in fact the starting point of the other recent research direction, the investigation
of several classical results on automata conversions and operations subject to the notion of Parikh equiv-
alence. For instance, in [8] it was shown that the cost of the conversion of an n-state nondeterministic
finite automaton into a Parikh equivalent deterministic finite state device is of order eΘ(

√
n ln n)—this is in

sharp contrast to the classical result on finite automata determinization which requires 2n states in the
worst case. A close inspection of these results reveals that there is a nice relation between Parikh images
and Parikh equivalence of regular languages and jumping finite automata via semilinear sets. Thus one
can read the above mentioned results as results on semilinear sets as well.

Here we investigate the descriptional complexity of the operation problem on semilinear sets. Recall
that semilinear sets are closed under Boolean operations. The operands of the operations are semilinear
sets of the form

⋃
i∈I L(~ci,Pi)⊆Nk. Our resulting semilinear sets are of the form S=

⋃
j∈J L(C j,Q j)⊆Nk.

We investigate upper bounds for the cardinality |J| of the index set and for the norms ||Q j|| and ||C j||,
these are the maximal values that appear in the vectors of periods Q j and constants C j. From this, one can
automatically get upper bounds for the cardinalities of periods and constants through |Q j| ≤ (||Q j||+1)k

and |C j| ≤ (||C j||+1)k. One can also write the resulting set S in the form S =
⋃

j∈J,~c∈C j
L(~c,Q j), which

is a finite union of linear sets. In this form the index set has cardinality ∑ j∈J |C j|. Upper bounds are
proved for the Boolean operations and inverse homomorphism on semilinear sets. For instance, roughly
speaking we show that intersection increases the size description polynomially, while complementation
increases it double exponentially. A summary of our results can be found in Table 1. The precise bound
of the former result improves a recent result shown in [9], and the latter result on the complementation
answers an open question stated in [9], too.

Parameters of the resulting semilinear set
⋃

j∈J L(C j,Q j)

Operation |J| max{||C j||, ||Q j||}
Union |I1|+ |I2| ν
Intersection |I1| · |I2| O(m2νk+2 +ν)
Complementation 2(ν+2)O(m)·|I1|log(3k+2)

2(ν+2)O(m)·|I1 |log(3k+2)

Inverse Homom. |I1| O
(
(||H||+1)min(k1,k)(m+1)(ν +1)k+1

)

Table 1: Descriptional complexity results on the operation problem for semilinear subsets of Nk. We
assume k to be a constant in this table. The operands of the operations are semilinear sets of the
form

⋃
i∈Iε L(~ci,Pi) ⊆ Nk, where ε ∈ {1,2} for the first two operations and ε = 1 for the last two op-

erations. The parameter ν is the maximal value that appears in the vectors of periods and constants in
the operands. The parameter m is the maximal cardinality |Pi| of all the period sets appearing in the
operands. The inverse homomorphism is given by the matrix H ∈Nk×k1 , where k1 is also assumed to be
a constant in this table. The parameter ||H|| is the maximal value that appears in H .

It is worth mentioning that independently in [2] the operation problem for semilinear sets over the
integers Z were studied. The obtained results there rely on involved decomposition techniques for semi-
linear sets. In contrast to that, our results are obtained by careful inspections of the original proofs on
the closure properties. An application of the presented results on semilinear sets to the descriptional
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complexity of jumping automata and finite automata subject to Parikh equivalence is given in [1].

2 Preliminaries

Let Z be the set of integers and N = {0,1,2, . . .} be the set of non-negative integers. For the notion of
semilinear sets we follow the notation of Ginsburg and Spanier [5]. For a natural number k ≥ 1 and
finite C,P ⊆ Nk let L(C,P) denote the subset

L(C,P) =

{
~c+ ∑

~xi∈P
λi ·~xi

∣∣∣∣∣ ~c ∈C and λi ∈ N

}

of Nk. Here the ~c ∈ C are called the constants and the ~xi ∈ P the periods. If C is a singleton set we
call L(C,P) a linear subset of Nk. In this case we simply write L(~c,P) instead of L({~c},P). A subset
of Nk is said to be semilinear if it is a finite union of linear subsets. We further use |P| to denote the size
of a finite subset P ⊆ Nk and ||P|| to refer to the value max{||~x|| |~x ∈ P}, where ||~x|| is the maximum
norm of~x, that is, ||(x1,x2, . . . ,xk)||= max{|xi| | 1 ≤ i ≤ k}. Observe, that

|P| ≤ (||P||+1)k.

Analogously we write ||A|| for the maximum norm of a matrix A with entries in Z, i.e. the maximum of
the absolute values of all entries of A. The elements of Nk can be partially ordered by the ≤-relation on
vectors. For vectors~x,~y ∈Nk we write~x ≤~y if all components of~x are less or equal to the corresponding
components of~y. In this way we especially can speak of minimal elements of subsets of Nk. In fact, due
to [3] every subset of Nk has only a finite number of minimal elements.

Most results on the descriptional complexity of operations on semilinear sets is based on a size
estimate of minimal solutions of matrix equations. We use a result due to [7, Theorem 2.6], which is
based on [4], and can slightly be improved by a careful inspection of the original proof. The generalized
result reads as follows:

Theorem 1 Let s, t ≥ 1 be integers, A ∈ Zs×t be a matrix of rank r, and~b ∈ Zs be a vector. Moreover,
let M be the maximum of the absolute values of the r× r sub-determinants of the extended matrix (A |~b),
and S ⊆ Nt be the set of minimal elements of {~x ∈ Nt \{~0} | A~x =~b}. Then ||S|| ≤ (t +1) ·M.

We will estimate the value of the above mentioned (sub)determinants with a corollary of Hadamard’s
inequality:

Theorem 2 Let r ≥ 1 be an integer, A ∈ Zr×r be a matrix, and mi, for 1 ≤ i ≤ r, be the maximum of the
absolute values of the entries of the ith column of A. Then |det(A)| ≤ rr/2 ∏r

i=1 mi.

3 Operational complexity of semilinear sets

In this section we consider the descriptional complexity of operations on semilinear sets. We investigate
the Boolean operations union, intersection, and complementation w.r.t. Nk. Moreover, we also study the
operation of inverse homomorphism on semilinear sets.
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3.1 Union on semilinear sets

For the union of semilinear sets, the following result is straightforward.

Theorem 3 Let
⋃

i∈I L(~ci,Pi) and
⋃

j∈J L(~c j,Pj) be semilinear subsets of Nk, for some k ≥ 1. Assume
that I and J are disjoint finite index sets. Then the union

(
⋃

i∈I

L(~ci,Pi)

)
∪
(
⋃

j∈J

L(~c j,Pj)

)
=
⋃

i∈I∪J

L(~ci,Pi)

can be described by a semilinear set with index sets size |I|+ |J|, the maximal number of elements m =
maxi∈I∪J |Pi| in the period sets, and the entries in the constant vectors are at most ℓ= maxi∈I∪J ||~ci|| and
in the period vectors at most n = maxi∈I∪J ||Pi||.

Thus, the size increase for union on semilinear sets is only linear with respect to all parameters.

3.2 Intersection of semilinear sets

Next we consider the intersection operation on semilinear sets. The outline of the construction is as
follows: we analyse the proof that semilinear sets are closed under intersection from [5, Theorem 6.1].
Due to distributivity it suffices to look at the intersection of linear sets. Those coefficients of the periods
of our linear sets, which deliver a vector in the intersection, are described by systems of linear equations.
For the intersection of the linear sets we get a semilinear set, where the periods and constants are built out
of the minimal solutions of these systems of equations. We will estimate the size of the minimal solutions
with the help of Theorems 1 and 2 in order to obtain upper bounds for the norms of the resulting periods
and constants.

Theorem 4 Let
⋃

i∈I L(~ci,Pi) and
⋃

j∈J L(~c j,Pj) be semilinear subsets of Nk, for some k ≥ 1. As-
sume that I and J are disjoint finite index sets. We set n = maxi∈I∪J ||Pi||, m = maxi∈I∪J |Pi|, and
ℓ= maxi∈I∪J ||~ci||. Then for every (i, j) ∈ I × J there exist Pi, j,Ci, j ⊆ Nk with

||Pi, j|| ≤ 3m2kk/2nk+1,

||Ci, j|| ≤ (3m2kk/2nk+1 +1)ℓ,

and
(⋃

i∈I L(~ci,Pi)
)
∩
(⋃

j∈J L(~c j,Pj)
)
=
⋃

(i, j)∈I×J L(Ci, j, Pi, j).

Proof : We analyse the proof that semilinear sets are closed under intersection from [5, Theorem 6.1].
Let i ∈ I and j ∈ J be fixed and let Pi = {~x1,~x2, . . . ,~xp}, and Pj = {~y1,~y2, . . . ,~yq}. Denote by X and Y the
subsets of Np+q defined by

X =

{
(λ1, . . . ,λp,µ1, . . . ,µq) ∈ Np+q

∣∣∣∣∣ ~ci +
p

∑
r=1

λr~xr =~c j +
q

∑
s=1

µs~ys

}

and

Y =

{
(λ1, . . . ,λp,µ1, . . . ,µq) ∈ Np+q

∣∣∣∣∣
p

∑
r=1

λr~xr =
q

∑
s=1

µs~ys

}
.

Let C and P be the sets of minimal elements of X and Y \{~0}. In the proof of [5, Theorem 6.1] it was
shown that X = L(C,P).
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In order to estimate the size of ||C|| and ||P|| we use an alternative description of the vectors in X
and Y in terms of matrix calculus. Let us define the matrix H = (~x1 |~x2 | · · ·~xp | −~y1 | −~y2 | · · · | −~yq)
in Zk×(p+q). Then it is easy to see that

~x ∈ X if and only if H~x =~c j −~ci,

and

~y ∈ Y if and only if H~y =~0.

With ||Pi||, ||Pj|| ≤ n, we derive from Theorem 2 that the maximum of the absolute values of any r× r
sub-determinant, for 1 ≤ r ≤ k, of the extended matrix (H |~0) is bounded from above by kk/2nk, because
the maximum of the absolute values of the entries of the whole extended matrix (H |~0) is n. Then by
Theorem 1 we conclude that

||P|| ≤ (p+q+1)kk/2nk ≤ 3mkk/2nk.

Analogously we can estimate the value of the maximum of the absolute values of any r× r sub-deter-
minant, for 1 ≤ r ≤ k, of the extended matrix (H | ~c j −~ci) by Theorem 2. It is bounded by kk/2nkℓ,
because the maxima of the absolute values of the columns of (H |~c j −~ci) are bounded by n and ℓ. Thus
we have

||C|| ≤ (p+q+1)kk/2nkℓ≤ 3mkk/2nkℓ

by Theorem 1.
Let τ : Np+q → Nk be the linear function given by (λ1, . . . ,λp,µ1, . . . ,µq) 7→ ∑p

r=1 λr~xr. Then we
have L(~ci,Pi)∩L(~c j,Pj) =~ci + τ(X). The linearity of τ implies that τ(X) is equal to the semilinear
set L(τ(C),τ(P)) (see, for example, [5]). So we get L(~ci,Pi)∩L(~c j,Pj) = L(~ci + τ(C),τ(P)). Because
of p ≤ m and ||Pi|| ≤ n we obtain

||τ(P)|| ≤ m · ||P|| ·n ≤ 3m2kk/2nk+1

and

||τ(C)|| ≤ m · ||C|| ·n ≤ 3m2kk/2nk+1ℓ.

It follows that ||~ci + τ(C)|| ≤ ℓ+ ||τ(C)||= (3m2kk/2nk+1 +1)ℓ.
Because

(⋃
i∈I L(~ci,Pi)

)
∩
(⋃

j∈J L(~c j,Pj)
)

is equal to the semilinear set
⋃

(i, j)∈I×J L(~ci,Pi)∩L(~c j,Pj)
our theorem is proved.

The index set of the semilinear set for the intersection has size |I| · |J| and the norms of the periods
and constants are in O(m2νk+2 + ν) if dimension k is constant. Here ν is the maximum of n and ℓ,
which means that it is the maximum norm appearing in the two operands of the intersection. So the size
increase for intersection is polynomial with respect to all parameters.

Now we turn to the intersection of more than two semilinear sets. The result is later utilized to
explore the descriptional complexity of the complementation. First we have to deal with the intersection
of two semilinear sets of the form

⋃
i∈I L(Ci,Pi) instead of

⋃
i∈I L(~ci,Pi) as in the previous theorem. The

following lemma is proved by writing a semilinear set of the form L(Ci,Pi) as
⋃
~ci∈Ci

L(~ci,Pi) and applying
Theorem 4.

Lemma 5 Let
⋃

i∈I L(Ci,Pi) and
⋃

j∈J L(C j,Pj) be semilinear subsets of Nk, for some k ≥ 1. As-
sume that I and J are disjoint finite index sets. We set p = max{|I|, |J|}, n = maxi∈I∪J ||Pi||, and
ℓ= maxi∈I∪J ||Ci||. Define ak = 4k+1kk/2. Then there exists an index set H with

|H| ≤ p2(ℓ+1)2k
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such that, for each h ∈ H, there are Ph,Ch ⊆ Nk with

||Ph|| ≤ akn3k+1,

||Ch|| ≤ (akn3k+1 +1)ℓ,

and
(⋃

i∈I L(Ci,Pi)
)
∩
(⋃

j∈J L(C j,Pj)
)
=
⋃

h∈H L(Ch, Ph).

Proof : Let i ∈ I, j ∈ J,~c ∈ Ci, and ~d ∈ C j be fixed. The proof of Theorem 4 shows that there ex-
ist Ci, j,~c, ~d , Pi, j,~c, ~d ⊆ Nk with

||Pi, j,~c, ~d || ≤ 3m2kk/2nk+1,

||Ci, j,~c, ~d || ≤ (3m2kk/2nk+1 +1)ℓ,

and L(~c,Pi)∩L(~d,Pj) = L(Ci, j,~c, ~d , Pi, j,~c, ~d), where m is the maximum of |Pi| and |Pj|. Since Pi, Pj ⊆ Nk,
we have m ≤ (n+1)k ≤ (2n)k, for n > 0. This gives us

||Pi, j,~c, ~d || ≤ 3m2kk/2nk+1 ≤ 3(2n)2kkk/2nk+1 = 3 ·4kkk/2n3k+1 ≤ akn3k+1

and ||Ci, j,~c, ~d || ≤ (akn3k+1 +1)ℓ. With

(
⋃

i∈I

L(Ci,Pi)

)
∩
(
⋃

j∈J

L(C j,Pj)

)
=

⋃

(i, j)∈I×J

L(Ci,Pi)∩L(C j,Pj)

and

L(Ci,Pi)∩L(C j,Pj) =

(
⋃

~c∈Ci

L(~c,Pi)

)
∩


⋃

~d∈C j

L(~d,Pj)


=

⋃

(~c,~d)∈Ci×C j

L(~c,Pi)∩L(~d,Pj)

our result is proven because of |Ci ×C j| ≤ (ℓ+1)2k.

Now we present the result on the intersection of a finite number of semilinear sets.

Theorem 6 Let k ≥ 1 and X 6= /0 be a finite index set. For every x ∈ X let
⋃

i∈Ix
L(Ci,Pi) be a semilin-

ear subset of Nk. Assume that Ix, Iy are disjoint finite index sets for x, y ∈ X with x 6= y. We set n =
maxx∈X , i∈Ix ||Pi|| and ℓ = maxx∈X , i∈Ix ||Ci||. Define p = maxx∈X |Ix|, q = ⌈log2 |X |⌉, and ak = 4k+1kk/2.
Then there exists an index set J with

|J| ≤ p2q
(ℓ+1)k·2q+1

(akn+1)4(3k+2)q+1
, (1)

such that, for each j ∈ J, there are Pj,C j ⊆ Nk with

||Pj|| ≤ (akn)(3k+1)q
,

||C j|| ≤ (akn+1)(3k+2)q
ℓ,

and
⋂

x∈X
(⋃

i∈Ix
L(Ci,Pi)

)
=
⋃

j∈J L(C j,Pj).
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Proof : We prove this by induction on q. For q = 0 we have |X | = 1, so let X be the set {x}. Then we
choose J = Ix and get

|J|= p ≤ p1(ℓ+1)2k(akn+1)4(3k+2)1
= p2q

(ℓ+1)k·2q+1
(akn+1)4(3k+2)q+1

and

||Pj|| ≤ n ≤ (akn)1 = (akn)(3k+1)q
,

||C j|| ≤ ℓ≤ (akn+1)1ℓ= (akn+1)(3k+2)q
ℓ

for every j ∈ J = Ix. This proves the statement for q = 0.
For q = 1 we have |X |= 2. In this case our statement follows directly from Lemma 5. Now let q > 1.

We build pairs of the indices in X . This gives us ⌊|X |/2⌋ pairs of indices and an additional single index,
if |X | is odd. Due to Lemma 5 we get for each such pair (x,y) of indices an index set Hx,y with

|Hx,y| ≤ p2(ℓ+1)2k (2)

and for each h ∈ Hx,y sets Ch, Ph ⊆ Nk with

||Ph|| ≤ akn3k+1, ||Ch|| ≤ (akn3k+1 +1)ℓ, (3)

and (
⋃

i∈Ix

L(Ci,Pi)

)
∩


⋃

j∈Iy

L(C j,Pj)


=

⋃

h∈Hx,y

L(Ch, Ph).

So we have such a semilinear set for each of our pairs of indices and additionally a semilinear set
for a single index out of X , if |X | is odd. If we now intersect these ⌈|X |/2⌉ semilinear sets, we
get

⋂
x∈X
(⋃

i∈Ix
L(Ci,Pi)

)
. Because of ⌈log2⌈|X |/2⌉⌉ = ⌈log2 |X |⌉ − 1 = q− 1, we can build this in-

tersection by induction. This gives us an index set J and for each j ∈ J sets C j, Pj ⊆ Nk with

⋂

x∈X

(
⋃

i∈Ix

L(Ci,Pi)

)
=
⋃

j∈J

L(C j,Pj).

To get a bound for |J| we use Inequality 1, where we replace q by q− 1. Inequalities 2 and 3 give us
bounds for p, ℓ, and n. So we have

|J| ≤ (p2(ℓ+1)2k)2q−1
((akn3k+1 +1)ℓ+1)k·2q

(a2
kn3k+1 +1)4(3k+2)q

≤ p2q
(ℓ+1)k·2q

((akn3k+1 +1)(ℓ+1))k·2q
(akn+1)4(3k+1)(3k+2)q

.

By ordering the factors we get the upper bound

p2q
(ℓ+1)k(2q+2q)(akn+1)(3k+1)k·2q+4(3k+1)(3k+2)q

= p2q
(ℓ+1)k·2q+1

(akn+1)4((3k+1)k·2q−2+(3k+1)(3k+2)q).

Then
(3k+1)k ·2q−2 +(3k+1)(3k+2)q ≤ (3k+2)q +(3k+1)(3k+2)q = (3k+2)q+1

gives us
|J| ≤ p2q

(ℓ+1)k·2q+1
(akn+1)4(3k+2)q+1

.
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For each j ∈ J we get
||Pj|| ≤ (a2

kn3k+1)(3k+1)q−1 ≤ (akn)(3k+1)q

and
||C j|| ≤ (a2

kn3k+1 +1)(3k+2)q−1
(akn3k+1 +1)ℓ≤ (akn+1)(3k+1)(3k+2)q−1+3k+1ℓ.

Because of (3k + 1)(3k + 2)q−1 + 3k + 1 ≤ (3k + 1)(3k + 2)q−1 + (3k + 2)q−1 = (3k + 2)q we finally
obtain the bound ||C j|| ≤ (akn+1)(3k+2)q

ℓ.

3.3 Complementation of semilinear sets

The next Boolean operation is the complementation. Our result is based on [5, Lemma 6.6, Lemma 6.8,
and Lemma 6.9], which we slightly adapt. First we complement a linear set where the constant is the
null-vector and the periods are linearly independent in Lemma 7. We continue by complementing a
linear set with an arbitrary constant and linearly independent periods in Corollary 8. To complement a
semilinear set where all the period sets are linearly independent in Theorem 9 we use DeMorgan’s law:
a semilinear set is a finite union of linear sets, so the complement is the intersection of the complements
of the linear sets. For this intersection we use Theorem 6. Then we convert an arbitrary linear set to a
semilinear set with linearly independent period sets in Lemma 10. Finally we insert the bounds from
Lemma 10 into the bounds from Theorem 9 to complement an arbitrary semilinear set in Theorem 11.

Lemma 7 Let n, k ≥ 1, and P ⊆ Nk be linearly independent with ||P|| ≤ n. Then there exists an index
set I with |I| ≤ 2k + k−1 such that, for each i ∈ I, there are subsets Pi,Ci ⊆Nk with

||Pi||, ||Ci|| ≤ (2k+1)kk/2nk

and Nk \L(~0,P) =
⋃

i∈I L(Ci,Pi).

Proof : Let P = {~x1,~x2, . . . ,~xp}. Since the vectors in P are linearly independent, we conclude p ≤ k.
For i ∈ {1,2, . . . ,k} let~ei ∈ Nk be the unit vector defined by (~ei)i = 1 and (~ei) j = 0 for i 6= j. By elemen-
tary vector space theory there exist~xp+1,~xp+2, . . . ,~xk ∈ {~e1,~e2, . . . ,~ek} such that~x1,~x2, . . . ,~xk are linearly
independent. Let ∆ be the absolute value of the determinant of the matrix (~x1 |~x2 | · · · |~xk). Moreover,
let π : Nk ×Nk → Nk be the projection on the first factor. For J, K ⊆ {1,2, . . . ,k} we define

AJ = {(~y,~a) ∈ Nk ×Nk | a j > 0 for all j ∈ J }

and

BK =

{
(~y,~a) ∈Nk ×Nk

∣∣∣∣∣ ∆~y+ ∑
i∈K

ai~xi = ∑
i∈{1,...,k}\K

ai~xi

}
.

Let QK and DK,J be the sets of minimal elements of BK \{~0} and BK ∩AJ. Looking at the proof of [5,
Theorem 6.1] we see that BK ∩AJ = L(DK,J ,QK). The linearity of π implies

π(BK ∩AJ) = L(π(DK,J),π(QK)).

Next define

B′
K =

{
(~y,~a) ∈ Nk ×Nk

∣∣∣∣∣ ~y+ ∑
i∈K

ai~xi = ∑
i∈{1,...,k}\K

ai~xi and~y = ∆~z for some~z ∈ Nk

}
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and Q′
K and D′

K,J to be the sets of minimal elements of B′
K \ {0} and B′

K ∩ AJ. Then the mapping
f : B′

K → BK , defined via (~y,~a) 7→ (~y/∆,~a) is a bijection. The proof of [4] and Theorem 2 show that

||Q′
K ||, ||D′

K,J || ≤ (2k∆+1)kk/2nk ≤ ∆ · (2k+1)kk/2nk.

With QK = f (Q′
K) and DK,J = f (D′

K,J) we get

||π(QK)||, ||π(DK,J)|| ≤ (2k+1)kk/2nk.

Set G1 =
⋃

/06=K⊆{1,...,k} π(BK ∩AK).
Because~x1,~x2, . . . ,~xk are linearly independent every~y ∈Nk can be written uniquely as~y = ∑k

i=1 λy,i~xi
with λy,i ∈ Q, for i ∈ {1,2, . . . ,k}. Then ~y ∈ L(~0,P) if and only if λy,i ∈ N, for every i ∈ {1,2, . . . , p}
and λy,i = 0, for every i ∈ {p+1, p+2, . . . ,k}. In the proof of [5, Lemma 6.7] it was shown that ∆~y can
be written uniquely as ∆~y = ∑k

i=1 µy,i~xi with µy,i ∈ Z, for i ∈ {1,2, . . . ,k}. Because of λy,i = µy,i/∆ we get
that~y ∈ L(~0,P) if and only if µy,i is a non-negative multiple of ∆, for every i ∈ {1,2, . . . , p} and µy,i = 0,
for every i ∈ {p+ 1, p+ 2, . . . ,k}. The set G1 consists of all ~y ∈ Nk such that at least one of the µy,i is
negative. This implies G1 ⊆ Nk \L(~0,P).

Now we set G2 =
⋃k

i=p+1 π(B /0 ∩A{i}). This set consists of all ~y ∈ Nk such that all the µy,i are non-
negative and there exists i∈ {p+1, p+2, . . . ,k} such that µy,i is positive. This implies G2 ⊆Nk \L(~0,P).

For i ∈ {1,2, . . . , p} and r ∈ {0,1, . . . ,∆−1} we set

Ei,r =

{
(~y,~a) ∈ Nk ×Np

∣∣∣∣∣ ∆~y =
p

∑
j=1

a j~x j and ai mod ∆ = r

}
.

Let Ri,r be the set of minimal elements of Ei,r \ {~0}. According to the proof of [5, Theorem 6.1] we
get Ei,r = L(Ri,r,Ri,0), for r > 0. We set π ′ : Nk ×Np → Nk to be the projection on the first factor.
Then π ′(Ei,r) = L(π ′(Ri,r),π ′(Ri,0)), for r > 0, and

∆−1⋃

r=1

π ′(Ei,r) = L(
∆−1⋃

r=1

π ′(Ri,r),π ′(Ri,0)).

Let (~y,~a) ∈ Ri,r. Then we have ||~a|| ≤ ∆. This implies ||~y|| ≤ pn. So we obtain ||π ′(Ri,r)|| ≤ pn.
Define G3 =

⋃p
i=1
⋃∆−1

r=1 π ′(Ei,r). This is the set of all vectors ~y ∈ Nk such that µy, j = 0, for every j ∈
{p+ 1, p+ 2, . . . ,k}, µy, j ≥ 0, for every j ∈ {1,2, . . . , p}, and µy, j is not divisible by ∆ for at least one
j ∈ {1,2, . . . , p}. Thus we have G1 ∪G2 ∪G3 = Nk \L(~0,P).

The next lemma gives a size estimation for the set Nk \L(~x0,P), for an arbitrary vector~x0, instead of
the null-vector, as in the previous theorem.

Lemma 8 Let k ≥ 1, subset P ⊆ Nk be linearly independent, and ~x0 ∈ Nk. Then there exists an index
set I with |I| ≤ 2k +2k−1 such that, for each i ∈ I, there are Pi,Ci ⊆Nk with

||Pi|| ≤ (2k+1)kk/2(||P||+1)k,

||Ci|| ≤ (2k+1)kk/2(||P||+1)k + ||~x0||,
|Ci| ≤ max(4kkk2/2+k(||P||+1)k2

, ||~x0||),

and Nk \L(~x0,P) =
⋃

i∈I L(Ci,Pi).
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Proof : For j ∈ {1,2, . . . ,k} let

D j = {~y ∈ Nk | yℓ = 0 for ℓ 6= j and y j < (~x0) j }

and Q j = {~e1, . . . ,~e j−1,~e j+1, . . . ,~ek}, where the ~eℓ are defined as in the proof of Lemma 7. Define the
set G=

⋃k
j=1 L(D j,Q j). This is the set of all~y∈Nk such that~x0 ≤~y is false. So we have G⊆Nk\L(~x0,P).

Now let Y = {~y ∈ Nk |~x0 ≤~y}. Then Nk \L(~x0,P) = G∪ (Y \ L(~x0,P)). We have Y \ L(~x0,P) =
(Nk \L(~0,P))+~x0. Due to Lemma 7 we have an index set J with |J| ≤ 2k + k− 1 and for each j ∈ J
subsets C j, Pj ⊆ Nk with ||C j||, ||Pj|| ≤ (2k+1)kk/2(||P||+1)k such that Nk \L(~0,P) =

⋃
j∈J L(C j,Pj).

This gives us (Nk \L(~0,P))+~x0 =
⋃

j∈J L(C j +~x0,Pj). Because of C j ⊆ Nk we obtain

|C j +~x0|= |C j| ≤ ((2k+1)kk/2(||P||+1)k +1)k ≤ (4kk/2+1(||P||+1)k)k = 4kkk2/2+k(||P||+1)k2
.

This proves the stated claim.

Now we are ready to deal with the complement of a semilinear set with linearly independent period
sets.

Theorem 9 Let k ≥ 1 and
⋃

i∈I L(~xi,Pi) be a semilinear subset of Nk with I 6= /0 and linearly independent
sets Pi. We set n = maxi∈I ||Pi|| and ℓ = maxi∈I ||~xi||. Define q = ⌈log2 |I|⌉. Then there exists an index
set J with

|J| ≤ (4k(n+1))5(k+2)(3k+2)q+1
(ℓ+1)k·2q+1

such that, for each j ∈ J, there are Pj,C j ⊆ Nk with

||Pj|| ≤ (4k(n+1))(k+2)(3k+1)q
,

||C j|| ≤ (4k(n+1))(k+2)(3k+2)q+k(ℓ+1),

and Nk \⋃i∈I L(~xi,Pi) =
⋃

j∈J L(C j,Pj).

Proof : Due to DeMorgan’s law we have

Nk \
⋃

i∈I

L(~xi,Pi) =
⋂

i∈I

(
Nk \L(~xi,Pi)

)
.

Because of Lemma 8 for every i∈ I there exists an index set Hi with |Hi| ≤ 2k+1 such that, for each h∈Hi,
there are Ch, Ph ⊆ Nk with

||Ph|| ≤ (2k+1)kk/2(n+1)k ≤ 3kk/2+1(n+1)k,

||Ch|| ≤ (2k+1)kk/2(n+1)k + ℓ≤ 3kk/2+1(n+1)k + ℓ,

and Nk \L(~xi,Pi) =
⋃

h∈Hi
L(Ch,Ph). Theorem 6 gives us an index set J and for each j ∈ J sets C j, Pj ⊆Nk

with
⋃

j∈J

L(C j,Pj) =
⋂

i∈I

(
⋃

h∈Hi

L(Ch,Ph)

)
= Nk \

⋃

i∈I

L(~xi,Pi)

and

|J| ≤ (2k+1)2q
(3kk/2+1(n+1)k + ℓ+1)k·2q+1

(4k+1kk/2 ·3kk/2+1(n+1)k +1)4(3k+2)q+1

≤ 2(k+1)·2q
(4kk/2+1(n+1)k(ℓ+1))k·2q+1

(4k+2kk+1(n+1)k)4(3k+2)q+1
.
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Now we order the factors and get that this is less than or equal to

2(k+1)·2q+2k·2q+1+8(k+2)(3k+2)q+1
(k(n+1))(k+1)k·2q+1+4(k+1)(3k+2)q+1

(ℓ+1)k·2q+1
.

Because of (5k+1) ≤ (k+2)(3k+2) we have

(k+1) ·2q +2k ·2q+1 +8(k+2)(3k+2)q+1 = (5k+1) ·2q +8(k+2)(3k+2)q+1 ≤ 9(k+2)(3k+2)q+1 .

Furthermore k ·2q+1 ≤ (3k+2)q+1 gives us

(k+1)k ·2q+1 +4(k+1)(3k+2)q+1 ≤ 5(k+1)(3k+2)q+1.

So we get

|J| ≤ 29(k+2)(3k+2)q+1
(k(n+1))5(k+1)(3k+2)q+1

(ℓ+1)k·2q+1 ≤ (4k(n+1))5(k+2)(3k+2)q+1
(ℓ+1)k·2q+1

.

For each j ∈ J we have

||Pj|| ≤ (4k+1kk/2 ·3kk/2+1(n+1)k)(3k+1)q ≤ (4k(n+1))(k+2)(3k+1)q

and

||C j|| ≤ (4k+1kk/2 ·3kk/2+1(n+1)k +1)(3k+2)q
(3kk/2+1(n+1)k + ℓ)

≤ (4k+2kk+1(n+1)k)(3k+2)q
(4kk/2+1(n+1)k(ℓ+1)).

From k(k+1)(3k+2)q
kk/2+1 = k(k+1)(3k+2)q+k/2+1 ≤ k(k+1)(3k+2)q+k+(3k+2)q

= k(k+2)(3k+2)q+k we finally de-
duce ||C j|| ≤ (4k(n+1))(k+2)(3k+2)q+k(ℓ+1).

Next we convert an arbitrary linear set to a semilinear set with linearly independent period sets. The
idea is the following: If the periods are linearly dependent we can rewrite our linear set as a semilinear
set, where in each period set one of the original periods is removed. By doing this inductively the period
sets get smaller and smaller until they are finally linearly independent.

Lemma 10 Let L(~x0,P) be a linear subset of Nk for some k ≥ 1. We set m = |P| and n = ||P||. Then
there exists an index set I with

|I| ≤ (m+1)! ·m!/2m · (kk/2nk +1)m−1

and, for each i ∈ I, a linearly independent subset Pi ⊆ Nk with ||Pi|| ≤ n and a vector~xi ∈Nk with

||~xi|| ≤ ||~x0||+(m+1)(m+2)/2 · kk/2nk+1

such that
⋃

i∈I L(~xi,Pi) = L(~x0,P).

Proof : We prove this by induction on m. The statement of the lemma is clearly true for m = 0 or m = 1.
So let m ≥ 2 now. If P is linearly independent the statement of the lemma is trivial. Thus we as-
sume P to be linearly dependent. Then there exists p ∈ {1,2, . . . ,⌊m/2⌋} and pairwise different vec-
tors x1,x2, . . . ,xp,y1,y2, . . . ,ym−p ∈ P such that X =

{
~a ∈ Nm \{~0}

∣∣∣ H ·~a =~0
}

, where H ∈ Zk×m is
the matrix (x1|x2| . . . |xp| − y1| − y2| . . . | − ym−p), is not empty. Let ~a be a minimal element of X .
From Theorem 1 and Theorem 2 we deduce ||~a|| ≤ (m + 1)kk/2nk. For j ∈ {1,2, . . . , p} let C j =
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{
~x0 +λ~x j

∣∣ λ ∈ {0,1, . . . ,a j −1}
}

, if a j > 0, and C j = {~x0}, otherwise. Furthermore let Q j = P\{~x j}.
In the proof of [5, Lemma 6.6] it was shown that

⋃p
j=1 L(C j,Q j) = L(~x0,P). We can rewrite this set

as
⋃

j∈{1,2,...,p},~c∈C j
L(~c,Q j). Here the size of the index set is smaller than or equal to m/2 · ||~a|| ≤

(m+ 1)m/2 · kk/2nk and for each such ~c we have ||~c|| ≤ ||~x0||+ ||~a|| · n ≤ ||~x0||+(m+ 1)kk/2nk+1. Be-
cause of |Q j| = m− 1 for each j ∈ {1,2, . . . , p} and ~c ∈ C j, by induction, there exists an index set I j,~c
with

|I j,~c| ≤ m! · (m−1)!/2(m−1) · (kk/2nk +1)m−2

and, for each i ∈ I j,~c, a linearly independent subset Ri ⊆ Nk with ||Ri|| ≤ n and a vector~zi ∈ Nk with

||~zi|| ≤ ||~c||+m(m+1)/2 · kk/2nk+1

such that
⋃

i∈I j,~c
L(~zi,Ri) = L(~c,Q j). This gives us

⋃

j∈{1,2,...,p},~c∈C j , i∈I j,~c

L(~zi,Ri) = L(~x0,P).

The size of this index set is smaller than or equal to

(m+1)m/2 · kk/2nk ·m! · (m−1)!/2(m−1) · (kk/2nk +1)m−2 ≤ (m+1)! ·m!/2m · (kk/2nk +1)m−1.

With

||~zi|| ≤ ||~x0||+(m+1)kk/2nk+1 +m(m+1)/2 · kk/2nk+1 ≤ ||~x0||+(m+1)(m+2)/2 · kk/2nk+1

the lemma is proved.

With Theorem 9 and Lemma 10 we are ready to complement an arbitrary semilinear set.

Theorem 11 Let k ≥ 1 and
⋃

i∈I L(~xi,Pi) be a semilinear subset of Nk with I 6= /0. We set n = maxi∈I ||Pi||,
m = maxi∈I |Pi|, and ℓ= maxi∈I ||~xi||. Define b(k,n,m, I) as

(√
k(n+2)

)k·log2(3k+2)·(3m+1)+3
· (3k+2)−(2log2(e)+1)m+7 · |I|log2(3k+2).

Then there exists an index set J with

|J| ≤ 2b(k,n,m,I) · (ℓ+2)(
√

k(n+2))
k·(3m+1)+8·(2e2)

−m·|I|

such that, for each j ∈ J, there are Pj,C j ⊆ Nk with

||Pj|| ≤ 2b(k,n,m,I),

||C j|| ≤ 2b(k,n,m,I) · (ℓ+1),

and Nk \⋃i∈I L(~xi,Pi) =
⋃

j∈J L(C j,Pj).

Proof : Because of Lemma 10 there exists an index set H 6= /0 with

|H| ≤ (m+1)! ·m!/2m · (kk/2nk +1)m−1 · |I|

and, for each h ∈ H , a linearly independent subset Ph ⊆ Nk with ||Ph|| ≤ n and a vector~xh ∈Nk with

||~xh|| ≤ ℓ+(m+1)(m+2)/2 · kk/2nk+1
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such that
⋃

h∈H L(~xh,Ph) =
⋃

i∈I L(~xi,Pi). With Stirling’s formula we get

(m+1)! ≤ (m+1)m+3/2e−m and m! ≤ (m+1)m+1/2e−m+1.

This gives us (m+1)! ·m! ≤ (m+1)2m+2e−2m+1 ≤ ((n+1)k +1)2m+2e−2m+1 and we get

|H| ≤ (m+1)! ·m!/2m · (kk/2nk +1)m−1 · |I|
≤ ((n+1)k +1)2m+2e−2m+1/2m · (kk/2nk +1)m−1 · |I|
≤ (kk/2(n+2)k)2m+2e−2m+1/2m · (kk/2(n+2)k)m−1 · |I|

= e ·
(√

k(n+2)
)k·(3m+1)

·
(
2e2)−m · |I|.

We shall use Theorem 9 to get upper bounds for the complement. So we set q = ⌈log2 |H|⌉. In all three
bounds of Theorem 9 the exponent of 4k(n+1) is bounded from above by (3k+2)q+3. We have

(3k+2)q+3 ≤ (3k+2)log2 |H|+4

= (3k+2)4 · |H|log2(3k+2)

≤ (3k+2)4 ·
(

e ·
(√

k(n+2)
)k·(3m+1)

·
(
2e2)−m · |I|

)log2(3k+2)

=
(√

k(n+2)
)k·log2(3k+2)·(3m+1)

· (3k+2)−(2log2(e)+1)m+log2(e)+4 · |I|log2(3k+2)

≤
(√

k(n+2)
)−3

· (3k+2)−1 ·b(k,n,m, I).

Because of log2(4k(n+1))≤
(√

k(n+2)
)2

we get

(4k(n+1))(3k+2)q+3 ≤ 2(
√

k(n+2))
−1·(3k+2)−1·b(k,n,m,I). (4)

For the sets Pj from Theorem 9 this implies ||Pj|| ≤ 2b(k,n,m,I) . For each h ∈ H we have

||~xh||+1 ≤ ℓ+(m+1)(m+2)/2 · kk/2nk+1 +1

≤ ℓ+ kk/2(n+2)k(n+3)knk+1/2+1

≤ ℓ+
(√

kn(n+2)(n+3)
)k+1

/2+1

≤ ℓ+
(√

k(n+2)3
)k+1

= ℓ+2(k+1)·log2(
√

k(n+2)3)

≤ 2(k+1)·log2(
√

k(n+2)3) · (ℓ+1).

From (3k+2)q+3 ≤
(√

k(n+2)
)−3

· (3k+2)−1 ·b(k,n,m, I) we get

(k+1) · log2

(√
k(n+2)3

)
≤
(√

k(n+2)
)3

≤ (3k+2)−1 ·b(k,n,m, I).

This leads to ||~xh||+1 ≤ 2(3k+2)−1·b(k,n,m,I) · (ℓ+1). Together with Inequality (4) this implies

||C j|| ≤ 2b(k,n,m,I) · (ℓ+1)
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for the sets C j from Theorem 9, because of 3k+2 ≥ 2. For each h ∈ H we have

(||~xh||+1)k·2q+1 ≤
(
ℓ+2(k+1)·log2(

√
k(n+2)3)

)4k·|H|

≤ (ℓ+2)(k+1)·log2(
√

k(n+2)3)·4k·e·(
√

k(n+2))
k·(3m+1)·(2e2)

−m·|I|

≤ (ℓ+2)(
√

k(n+2))
k·(3m+1)+8·(2e2)

−m·|I|

because

4e ·k(k+1) · log2

(√
k(n+2)3

)
≤ 12 ·2k2 ·3 · log2

(√
k(n+2)

)
≤ 72k2 ·

√
k ·(n+2)≤ 27 ·

(√
k
)5

(n+2).

With Inequality (4) we get |J| ≤ 2b(k,n,m,I) ·(ℓ+2)(
√

k(n+2))
k·(3m+1)+8·(2e2)

−m·|I| for the set J from Theorem 9.
This proves our theorem.

The size of the resulting index set and the norms for the resulting periods and constants are bounded
from above by 2(ν+2)O(m)·|I|log(3k+2)

, if k is constant and, as before, ν is the maximum of n and ℓ. So we
observe that the size increase is exponential in ν and |I| and double exponential in m.

3.4 Inverse homomorphism on semilinear sets

Finally, we consider the descriptional complexity of the inverse homomorphism. We follow the lines of
the proof on the inverse homomorphism closure given in [5]. Since inverse homomorphism commutes
with union, we only need to look at linear sets. The vectors in the pre-image of a linear set, with respect
to a homomorphism, can be described by a system of linear equations. Now we use the same techniques
as in the proof of Theorem 4: out of the minimal solutions of the system of equations we can build
periods and constants of a semilinear description of the pre-image. With Theorems 1 and 2 we estimate
the size of the minimal solutions to get upper bounds for the norms of the resulting periods and constants.

Theorem 12 Let k1, k2 ≥ 1 and
⋃

i∈I L(~ci,Pi) be a semilinear subset of Nk2 . We set n = maxi∈I ||Pi||,
m = maxi∈I |Pi|, and ℓ = maxi∈I ||~ci||. Moreover let H ∈ Nk2×k1 be a matrix and h : Nk1 → Nk2 be the
corresponding linear function~x 7→ H~x. Then for every i ∈ I there exist Qi,Ci ⊆ Nk1 with

||Qi|| ≤ (k1 +m+1)kmin(k1+m,k2)/2
2 · (||H||+1)min(k1,k2)(n+1)min(m,k2),

||Ci|| ≤ (k1 +m+1)kmin(k1+m,k2)/2
2 · (||H||+1)min(k1,k2)(n+1)min(m,k2)ℓ,

and h−1 (
⋃

i∈I L(~ci,Pi)) =
⋃

i∈I L(Ci,Qi).

Proof : Let i ∈ I be fixed and define Pi to be {~y1,~y2, . . . ,~yp}. Then the set of vectors
{
~x ∈Nk1

∣∣ H~x ∈ L(~ci,Pi)
}

is equal to
{
~x ∈Nk1

∣∣ ∃λ1,λ2, . . . ,λp ∈ N : H~x =~ci +λ1~y1 +λ2~y2 + · · ·+λp~yp
}

.
Now let τ : Nk1 ×Np → Nk1 be the projection on the first component and let J ∈ Zk2×(k1+p) be the

matrix J = (H | −~y1 | −~y2 | · · · | −~yp). We obtain
{
~x ∈ Nk1

∣∣ H~x ∈ L(~ci,Pi)
}
= τ

({
~x ∈Nk1+p

∣∣ J~x =~ci

})
.
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Let C ⊆ Nk1+p be the set of minimal elements of
{
~x ∈Nk1+p

∣∣ J~x =~ci
}

and Q ⊆ Nk1+p be the set

of minimal elements of
{
~x ∈Nk1+p \{~0}

∣∣∣ J~x =~0
}

. In the proof of [5, Theorem 6.1] it is shown

that L(C,Q) =
{
~x ∈ Nk1+p

∣∣ J~x =~ci
}

. With p ≤ m and ||Pi|| ≤ n, we derive from Theorems 1 and 2
that

||Q|| ≤ (k1 +m+1)kmin(k1+m,k2)/2
2 · (||H||+1)min(k1,k2)(n+1)min(m,k2)

With ||~ci|| ≤ ℓ we get

||C|| ≤ (k1 +m+1)kmin(k1+m,k2)/2
2 · (||H||+1)min(k1,k2)(n+1)min(m,k2)ℓ.

Since τ is linear we have L(τ(C),τ(Q)) =
{
~x ∈ Nk1

∣∣ H~x ∈ L(~ci,Pi)
}

. Moreover, we have the inequali-
ties ||τ(Q)|| ≤ ||Q|| and ||τ(C)|| ≤ ||C||. Because of h−1 (

⋃
i∈I L(~ci,Pi))=

⋃
i∈I h−1 (L(~ci,Pi)) our theorem

is proved.

We see that the index set of the semilinear set is not changed under inverse homomorphism. If k1
and k2 are constant, then the norms of the periods and constants of the resulting semilinear set are in
O
(
(||H||+1)min(k1,k2)(m+1)(ν +1)k2+1

)
. Again ν is the maximum of n and ℓ. Thus, the size increase

for inverse homomorphism is polynomial with respect to all parameters.
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We use results on Dyck words and lattice paths to derive a formula for the exact number of binary
words of a given length with a given minimal abelian border length, tightening a bound on that
number from Christodoulakis et al. (Discrete Applied Mathematics, 2014). We also extend to any
number of distinct abelian borders a result of Rampersad et al. (Developments in Language Theory,
2013) on the exact number of binary words of a given length with no abelian borders. Furthermore,
we generalize these results to partial words.

1 Introduction

Abelian borders and abelian periods are defined similarly to their classical counterparts based on abelian
equivalence. Two words are abelian equivalent if they have the same Parikh vector (a vector that records
the frequency of each letter occurring in the word); equivalently, if the two words are the same up to
a permutation of characters. For example, the word 010000010010100 has, in particular, an abelian
border of length 3 since the prefix of length 3, 010, is abelian equivalent to the suffix of length 3,
100. It has an abelian period of length 4 as the following factorization suggests: 0100 | 0001 | 0010 |
100. Connections between these concepts exist (see, e.g., [7]). Abelian versions of some well-known
results such as Fine and Wilf’s periodicity theorem [11, 2] and the critical factorization theorem [1] were
proposed. Several algorithms that efficiently compute abelian periods in a given word were developed
[12, 15, 18]. Abelian concepts were reviewed in [9]; applications include sequencing from compomers
[3], permutation pattern discovery in biosequences [14], gapped permutation patterns for comparative
genomics [21], and jumbled pattern matching [5, 4, 6].

Christodoulakis et al. [10] studied abelian borders in words over an alphabet of size two. They
investigated the number of such words with fixed minimal border length by establishing connections
with Dyck words. A Dyck word is a word over the alphabet {0,1} that has the same number of zeros
and ones and that has no prefix with more ones than zeros, e.g., 0100110101 is a Dyck word but 0110
is not. The language of Dyck words is equivalent to the language of balanced parentheses: 0101000111
corresponds to ()()((())). The number of Dyck words of length 2n is given by the Catalan number
Cn =

1
n+1

(2n
n

)
. Christodoulakis et al. [10] gave bounds on the number of binary words of a given length

with no abelian borders and on the number of binary words of a given length with at least one abelian
border. They also described an algorithm to find the minimal abelian border of a binary word of length
n in Θ(

√
n) time on average (when the word has an abelian border). They left as open problems the

derivation of tighter bounds and the generalization to larger alphabet sizes.
Rampersad et al. [22] investigated the number of words with or without abelian borders by estab-

lishing connections with lattice paths; in particular, they used lattice paths to find the exact number of
binary words of a given length with no abelian borders. Similarly to a construction given in [22], we can
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visualize a word w over {0,1} as an ordered pair of increasing lattice paths, where one path corresponds
to the prefixes of the word, and the other corresponds to the suffixes. A step to the right represents the
letter 0, and a step upward represents the letter 1. An intersection between the two paths after k steps
indicates an abelian border of length k. If we graph the distance in steps between the prefix path and the
suffix path, we get a Motzkin path which consists of steps diagonally upward corresponding to 0, steps
diagonally downward corresponding to 1, and steps straight forward corresponding to 2. If we remove
the straight forward steps, we get a Dyck path. A binary word has an abelian border of a given length if
and only if the corresponding Dyck path is encoded by a Dyck word or the bitwise negation of a Dyck
word [10].

Since lattice paths have been studied independently of the (relatively new) concept of abelian borders
(see, e.g., [13, 16]), in this paper we use known results about lattice paths to discover properties of words
with abelian borders. Among other results, by counting pairs of lattice paths by intersections, we derive
a formula, that involves the Catalan number, for the exact number of binary words of a given length
with a given minimal abelian border length, tightening the abovementioned bound on that number from
Christodoulakis et al. [10]. We also extend the abovementioned result of Rampersad et al. [22] to any
number of distinct abelian borders. Furthermore, we generalize these results to partial words. Other
enumerative applications of non-intersecting lattice paths can be found in [17].

Our paper is the first attempt to study abelian borders of partial words (abelian periods were studied
in [2]). Our paper’s contents are as follows: In Section 2, we review some basic concepts on partial
words such as abelian borders. In Section 3, we describe an O(n) time algorithm to compute the minimal
abelian border of a given partial word of length n over an alphabet of any size. It is an adaptation of
an algorithm from [10]. In Section 4, we extend to partial words a relation from [10] between minimal
abelian borders and Dyck words. In Section 5, we apply results from intersecting lattice paths to the
enumeration of abelian borders for total words. We also count abelian bordered partial words using
lattice paths. Finally in Section 6, we conclude with some remarks.

2 Preliminaries

Let Σ be a finite and non-empty set of characters, called an alphabet. A sequence of characters from Σ is
referred to as a total word over Σ. A partial word over Σ is a sequence of characters from Σ� = Σ∪{�},
where �, a new character which is not in Σ, is the “don’t care” or “hole” character (it represents an
undefined position). A partial word may have zero or more holes, while a total word has zero holes. A
total word is also a partial word. In the rest of the paper, when we refer to a “letter” we mean a character
from the alphabet Σ (we will never call the � character a letter since it does not belong to Σ). We will
use “word” and “total word” as equivalent terms. The length of a partial word w, denoted by |w|, is
the number of Σ� characters in w, e.g., if w = abbac��c then |w| = 8. The empty word is the word of
length zero and we let ε denote it. The set of all words over Σ is denoted by Σ∗. Similarly, the set of all
non-empty words over Σ is denoted by Σ+. We let Σn denote the set of all words of length n over Σ. We
can similarly define Σ∗�, Σ+

� , and Σn
� for partial words over Σ.

A completion over Σ of a partial word w, denoted by ŵ, is a total word constructed by replacing
each � in w with some letter in Σ (i.e., we fill all the holes in w). If w has one or more holes and Σ has
more than one letter, then there is more than one distinct completion of w and in this case ŵ denotes an
arbitrary completion of w unless otherwise specified.

A partial word u is a factor of a partial word w if there exist (possibly empty) partial words x,y such
that w = xuy. We say that u is a prefix of w if x = ε . Similarly, u is a suffix of w if y = ε . Starting
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numbering positions from 0, we let w[i] denote the character in position i of w and let w[i.. j] denote the
factor of w from position i to position j (inclusive). We let wm denote w concatenated with itself m times.

If u and v are partial words of equal length over Σ, then u is contained in v, denoted by u ⊂ v, if
u[i] = v[i] for all i such that u[i]∈ Σ; in other words, the set of non-hole positions in u is a subset of the set
of non-hole positions in v. Partial words u and v are compatible, denoted by u v, if there exists a partial
word w such that u⊂ w and v⊂ w, i.e., there are completions û of u and v̂ of v such that û = v̂.

The number of occurrences of a letter a in a partial word w is denoted by |w|a. The Parikh vector of w
over Σ = {a0, . . . ,ak−1} is defined as ψ(w) = 〈|w|a0 , . . . , |w|ak−1〉. Note that we do not count occurrences
of the � character in Parikh vectors. A partial word u is abelian compatible with a partial word v, denoted
by u v, if a permutation of u is compatible with v (this implies that u and v are of equal length). For
example, the partial words ab�bb� and bbb�ab are abelian compatible. Note that for total words u and v
of same length, we have u v if and only if ψ(u) = ψ(v), i.e., if u and v are permutations of one another
(we also say that u and v are abelian equivalent).

For a non-empty partial word w, if non-empty partial words x1,x2,u,v exist such that w = x1u = vx2
and x1 x2, we call w abelian bordered. In this case, a total word x exists such that x1 x and x2 x, and
x is called an abelian border of w (we also call x1,x2 abelian borders of w). Two abelian borders x,y
of w are equivalent if and only if |x| = |y|. We refer to non-equivalent abelian borders as distinct. An
abelian border x of w is minimal if |x|> |y| implies that y is not an abelian border of w and x is maximal
if |x|< |y| implies that y is not an abelian border of w.

Equivalence of abelian borders being an equivalence relation, we identify abelian borders by their
equivalence classes to avoid counting equivalent borders multiple times, but we will not refer to the
equivalence classes explicitly. Since we are only interested in identifying and counting distinct abelian
borders, we hereafter use the phrase the abelian border of length k to mean the equivalence class of
abelian borders of length k, and we refer to this equivalence class by one of its representatives.

If a total word of length n has an abelian border of length k, then it must also have an abelian border
of length n− k. For example, the word babbbbba of length 8 has abelian borders of lengths 2, 3, 4, 5,
and 6. Note that equivalent abelian borders of a total word always come in pairs of the same length. Note
also that for a total word of length n, abelian borders come in complementary pairs whose lengths sum
to n (if n is even, then any abelian border of length n

2 is equivalent to its complementary partner) [10].
However for a partial word of length n, we may have an abelian border of length greater than

⌊n
2

⌋
with

no complementary abelian border of shorter length. For example, bb�a has no abelian borders of length
two or less, but it does have the non-abelian border bba (bb� bba and b�a bba).

The following proposition shows that all partial words of length at least two without abelian borders
are total words.

Proposition 1. If w is a partial word of length greater than one, with at least one hole, then w has an
abelian border.

3 Computing the minimal abelian border

We now present an algorithm, based on algorithm SHORTEST-ABELIAN-BORDER in [10]. Our algorithm
computes the length of the minimal abelian border of a given non-empty partial word w (over an alphabet
of any size) and runs in O(n) time, where n is the length of the input w. We provide the pseudo-code.

Algorithm MINIMAL-ABELIAN-BORDER-PARTIAL works as follows. We can assume without loss
of generality that w is a partial word over the alphabet {0, . . . ,σ −1}. We define V as a vector which
gives the difference between the Parikh vectors of a prefix and a suffix of equal length, as defined in [10].
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Algorithm 1 MINIMAL-ABELIAN-BORDER-PARTIAL(w,n,σ )
Require: w, a partial word with letters in Σ = {0,1, . . . ,σ −1}, and n≥ 1, the length of w

1: V ← 〈0,0, . . . ,0〉, |V |= 0, and holes = 0;
2: if w[0] = � or w[n−1] = � then
3: return 1;
4: else
5: V [w[0]] =V [w[0]]+1 and V [w[n−1]] =V [w[n−1]]−1;
6: if V [w[0]] = 0 then
7: return 1;
8: else
9: |V |= 2;

10: for i← 1 to n−1 do
11: if w[i] = � then
12: holes = holes+1;
13: else
14: V [w[i]] =V [w[i]]+1;
15: if V [w[i]]> 0 then
16: |V |= |V |+1;
17: else if V [w[i]]≤ 0 then
18: |V |= |V |−1;
19: if w[n−1− i] = � then
20: holes = holes+1;
21: else
22: V [w[n−1− i]] =V [w[n−1− i]]−1;
23: if V [w[n−1− i]]≥ 0 then
24: |V |= |V |−1;
25: else if V [w[n−1− i]]< 0 then
26: |V |= |V |+1;
27: if |V | ≤ holes then
28: return i+1;
29: return n;

We define the magnitude of V , denoted by |V |, as the sum of the absolute values of the entries in V . This
variable |V | represents the “absolute total difference” between two Parikh vectors. The variable holes
keeps track of the number of holes we have encountered so far in w.

Every time we read a letter from the left side of the partial word, we increment the entry of V
corresponding to that letter, e.g., if we read the letter 3 then we increment V [3]. Similarly, every time we
read a letter on the right side, we decrement the corresponding entry of V . This process of incrementing
and decrementing corresponds to calculating Parikh vectors for the prefix and suffix and then subtracting
them. Each time we increment or decrement an entry in V , we check the new value of that entry and
adjust |V | accordingly. For example, if we increment V [w[i]] by 1 and V [w[i]]≤ 0 after this action, then
|V | must be decreased by 1. Every time we read a � instead of a letter, we count it by incrementing holes
but do nothing to V since holes are not counted in Parikh vectors.

Each time we finish moving “inward” by one position on each side, we check to see if we have found
an abelian border. This is equivalent to checking whether the prefix up to the current position is abelian
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compatible with the suffix of the same length; this is equivalent to checking whether |V | is less than or
equal to the total number of holes in both the prefix and the suffix.

Unlike the algorithm in [10] for total words, we must run through the entire length of the partial word
instead of stopping halfway. If the input partial word has no abelian borders, then we return the length
of the partial word. Note that by Proposition 1, this can only occur when the input is a total word.
Proposition 2. Algorithm MINIMAL-ABELIAN-BORDER-PARTIAL computes the minimal abelian bor-
der for any partial word of length n over any finite alphabet and runs in O(n) time.

4 Abelian borders and Dyck words

We extend a result from [10], which relates minimal abelian borders to Dyck words (see Proposition 3
below). We start with a lemma and a definition.
Lemma 1. A partial word w has an abelian border of length k if and only if there exists a completion of
w2 with an abelian border of length k.
Definition 1. Let w be a total word over {0,1} with |w|= n≥ 2. Let 1≤ k ≤ n.
• The Yk-form of w, denoted by Yk(w), is a total word over {0,1,2} of length k defined by

Yk(w)[i] =





0, if w[i] = 0 and w[n−1− i] = 1;
1, if w[i] = 1 and w[n−1− i] = 0;
2, if w[i] = w[n−1− i].

• The Zk-form of w, denoted by Zk(w), is a total word over {0,1} defined by removing the twos
from Yk(w).

For example, if w = 1010011001, then Y5(w) = 22100 and Z5(w) = 100. If w = 010, then Y3(w) =
222 and Z3(w) = ε . Note that Zk(w) is a subsequence of (not necessarily consecutive) letters of w.

A Dyck word of length 2n ≥ 0 is a total word over {0,1} which consists of n zeros and n ones
arranged so that no prefix of the word has more ones than zeros. We call a Zk-form Dyckian if it is a
Dyck word or the bitwise negation of a Dyck word. For a given partial word w of length n with h holes,
we let D(w) denote the set of all Zk((ŵ2)i) such that 1 ≤ k ≤ n, 0 ≤ i ≤ 22h− 1, (ŵ2)i is a completion
of w2, and Zk((ŵ2)i) is Dyckian. Note that there are 22h distinct completions of w2 (since w2 has 2h
holes) and they can be ordered lexicographically. For example, let w = 11�0. Then the completions of
w2 = 11�011�0 are (ŵ2)0 = 11001100,(ŵ2)1 = 11001110,(ŵ2)2 = 11101100,(ŵ2)3 = 11101110. So
D(w) = {Z4((ŵ2)0),Z3((ŵ2)1),Z4((ŵ2)3)}. Looking at D(w), the following proposition implies that
the minimal abelian border of w has length 3. The proof’s main idea comes from [10, Lemma 1].
Proposition 3. A partial word w over {0,1} of length at least two has a minimal abelian border of length
min{k | there exists i such that Zk((ŵ2)i) ∈ D(w)}.

5 Abelian borders and lattice paths

We can represent a word over {0,1} as an ordered pair of paths of equal length on the lattice Z2. The first
path corresponds to the prefixes, and the second path corresponds to the suffixes. Both paths begin at the
origin (the southwest corner of the lattice). For the prefix, we start with the leftmost letter and step right
every time we see a zero and up every time we see a one. For the suffix, we start with the rightmost letter
and step in the same manner. Note that both paths are monotonically increasing, also called minimal.
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Lemma 2 ([22]). A total word w over {0,1} has an abelian border of length k if and only if the lattice
paths for w meet after k steps.

Figure 1 gives an example of a lattice representation of a word that has abelian borders. If we draw
the paths diagonally (taking a step diagonally upward for a zero and diagonally downward for a one) and
treat them as discrete functions of the prefix (suffix) length, then we can easily take the absolute differ-
ence between these functions, and this difference is precisely |V | as in Algorithm MINIMAL-ABELIAN-
BORDER-PARTIAL. Note that since we are dealing with total words, we have an abelian border of length
k if and only if |V |= 0 after k steps, and this corresponds to a meeting of the two paths.

We can also think of the graph of |V | as corresponding to the Yk-form of w, where a zero gets a step
diagonally upward, a one gets a step diagonally downward, and a two gets a step straight forward. Note
that this is a Motzkin path. Similarly, we can extend this correspondence to Zk-forms by removing all
of the straight steps from the graph. Just as we saw a relationship between Zk-forms, Dyck words, and
abelian borders in Proposition 3, here we have that a word has an abelian border of length k if and only if
the Zk graph is a Dyck path. A Dyck path of length 2n is a sequence of n upward steps and n downward
steps that starts at the origin and never passes below the horizontal axis. As the name suggests, Dyck
paths are coded by Dyck words [13].

Lattice representation Diagonal form

Y8 graph Z8 graph

Figure 1: The word w = 01000101 has abelian borders of length 2 and 6; Y8(w) = 10122010 and
Z8(w) = 101010.

5.1 The total word case

First, we count binary words of a given length with a given minimal abelian border length. Theorem 4 in
[10] gives a bound on that number, but by counting pairs of lattice paths we can find the exact number.
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Our formula involves the Catalan number, Cn =
1

n+1

(2n
n

)
, which enumerates Dyck words of length 2n.

Theorem 1. The number of binary total words of length n with minimal abelian border of length k,
1≤ k ≤

⌊n
2

⌋
, is 2n−2k+1Ck−1.

Proof. The result can easily be checked for k = 1, so suppose that k ≥ 2. Clearly, we want to count the
number of ordered pairs of increasing lattice paths of equal length which meet for the first time after k
steps. For a given rectangle with dimensions r× (n− r) on the lattice, the number of ordered pairs of
increasing lattice paths which begin at the southwest corner of the rectangle and meet at the northeast
corner (without meeting in between) is given by

2Nn−1,r =
2

n−1

(
n−1

r

)(
n−1
r−1

)

where Nn,r =
1
n

(n
r

)( n
r−1

)
is the Narayana number [16].

For an abelian border of length k, we want to find all such paths for all rectangles such that the
southwest corner is at the origin and the perimeter of the rectangle is 2k. It is easy to see that there are
k−1 such rectangles. For each rectangle, we calculate the number of permissible pairs of paths, giving
a total of

k−1

∑
r=1

2
k−1

(
k−1

r

)(
k−1
r−1

)
.

There is a relationship between the Narayana numbers and the Catalan numbers, namely

n

∑
r=1

Nn,r =
n

∑
r=1

1
n

(
n
r

)(
n

r−1

)
=

1
n+1

(
2n
n

)
=Cn, (1)

which can be seen by the fact that Nn,r counts the number of Dyck paths of length 2n that have r peaks
[19]. Using Equation (1), we get

k−1

∑
r=1

2
k−1

(
k−1

r

)(
k−1
r−1

)
= 2Ck−1.

Since we do not care what happens after the minimal abelian border, every position numbered from k to
n− k− 1 can either be one of two distinct letters, so we also need to count each of these possibilities.
There are 2n−2k such configurations possible, so for the total number of binary words of length n with
minimal abelian border of length k we arrive at 2n−2k+1Ck−1.

Second, we can also use lattice paths to find the exact number of binary total words of a given length
that have no abelian borders. This result was proved by Rampersad et al. in [22] using a similar method
with Motzkin paths.

Theorem 2. The number of binary partial words of length n with no abelian borders is equal to the
number of binary total words of length n with no abelian borders, which is

(n
n
2

)
when n is even, and

2
(n−1

n−1
2

)
when n is odd.

Third, we use lattice path methods to arrive at a more general formula for counting binary total words
of a given length with a given number of distinct abelian borders. As was the case with Theorem 1, the
following theorem uses formulas for counting the number of ordered pairs of lattice paths that intersect
in particular ways [16]. Note that when m = 0, this reduces to Theorem 2.
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Theorem 3. The number of binary total words of length n with m distinct abelian borders is





2
m
2 +1 (n−m

2−1)!

( n
2)!( n−m

2 −1)!
, if n and m are both even;

2
m−1

2 (m+1) (n−m+3
2 )!

( n
2)!( n−m−1

2 )!
, if n is even and m is odd;

2
m
2 +1
(n−m

2−1
n−1

2

)
, if n is odd and m is even;

0, if n and m are both odd.

Proof. When n and m are even, the number of binary words of length n with m distinct abelian borders
is precisely the number of ordered pairs of minimal lattice paths of length n

2 which start at the origin,
intersect exactly m

2 times, and end at different points. By [16], this is equal to

(
# of such paths that intersect

m
2

times and end anywhere
)

−
(

# of such paths that intersect
m
2
−1 times and end at the same point

)
.

If p = n
2 and q = m

2 , then this quantity is

2q
(

2p−q
p

)
−q2q (2p−q−1)!

p!(p−q)!
. (2)

By substituting our fractions into Equation (2) and simplifying, we get our result.
When n is even and m is odd, first recall that for total words, abelian borders come in complementary

pairs whose lengths sum to n. The only abelian border length that does not have a complementary partner
which is distinct is the abelian border of length n

2 , so the only way a word can have an odd number m of
abelian borders is if it has an abelian border of this length. This corresponds to pairs of minimal lattice
paths of length n

2 which begin at the origin, end at the same point, and intersect m−1
2 times (not including

the origin or the end point). This is given by

2
m−1

2 (m+1)

(
n− m+3

2

)
!(n

2

)
!
(n−m−1

2

)
!
.

When n is odd and m is even, note that if a given word of length n has prefix and suffix lattice paths
which after

⌊n
2

⌋
steps have intersected r times, then the word has a total of 2r distinct abelian borders.

Therefore, for a word with m distinct abelian borders, the number of options for the first
⌊n

2

⌋
steps is

2
m
2

(
n− m

2 −1
n−1

2

)
.

Since the first
⌊n

2

⌋
steps determine all but one of the letters in the word, and the middle letter does not

affect the number of abelian borders, the total number of binary words of length n with m abelian borders
is twice the above quantity. Finally, when n and m are odd, it follows immediately from the above that
an odd number of abelian borders can only occur when the length is even. Therefore, there are no words
of odd length having an odd number of distinct abelian borders.
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5.2 The partial word case

We generalize Theorem 1 and Theorem 3 to partial words. First, we count the number of partial words
of a given length with a given minimal abelian border length.

Theorem 4. The number of partial words of length n with h holes over an alphabet of size σ with
minimal abelian border of length k, n≥ 2k, is

h

∑
j=0

gσ (k, j)
(

n−2k
h− j

)
σn−2k−h+ j,

where gσ (k, j) is the number of words of length 2k over an alphabet of size σ with j holes and a minimal
abelian border of length k.

Proof. For 0≤ j≤ h there are gσ (k, j) choices for the prefix and suffix of length k containing a total of j
holes, and there are n−2k remaining positions in the partial word, exactly h− j of which must be holes.
For each position that is a letter, there are σ possibilities, and there are n−2k−h+ j such positions.

In the k = 1 case, we can compute the gσ (k, j)’s. For h = 1, the number of partial words of length n
with h holes over an alphabet of size σ with minimal abelian border of length one, where n≥ 2, is

1

∑
j=0

gσ (1, j)
(

n−2
1− j

)
σn+ j−3,

where gσ (1,0) = σ and gσ (1,1) = 2σ . For h≥ 2, the number of partial words of length n with h holes
over an alphabet of size σ with minimal abelian border of length one, where n≥ 2, is

h

∑
j=0

gσ (1, j)
(

n−2
h− j

)
σn−h+ j−2,

where gσ (1,0) = σ , gσ (1,1) = 2σ , gσ (1,2) = 1, and gσ (1, j) = 0 for j ∈ [3..h]. In the σ = 2 case, we
can compute the gσ (k, j)’s using the next corollary. To illustrate the proof, the total words over {0,1},
up to renaming of letters and reversal, of length 2k = 10 with minimal abelian border length k = 5 are

0000100001,0001100011,0001100101,0001101001,
0010100011,0010100101,0011101101,

the underlined positions are the k ways to insert a hole while preserving the minimal abelian border.

Corollary 1. For k≥ 2 and 0≤ j≤ k, the equality g2(k, j) = 2
(k

j

)
Ck−1 holds. Thus for k≥ 2, the number

of binary partial words with h holes of length n, n≥ 2k, with minimal abelian border of length k is

f (n,k,h) = 2n−2k+1Ck−1

h

∑
j=0

(
k
j

)(
n−2k
h− j

)
2 j−h.

Second, we count the number of partial words of a given length with a given number of distinct
abelian borders. In the proof of Proposition 1, we saw that a partial word of length n with one hole must
have at least an abelian border of length n−1. By induction on h, if we insert a hole into a partial word
with h−1 holes, we are guaranteed to get an additional abelian border of length n−h.

Theorem 5. A partial word w of length n with h holes, 0≤ h < n, has at least h distinct abelian borders.
In particular, w has at least abelian borders of lengths n−1,n−2, . . . ,n−h.
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We next focus on the one-hole case. Experimental data suggest some elegant formulas in this case.

Theorem 6. If n is even, then the number of binary partial words of length n with exactly one hole and
n−1 distinct abelian borders is 4(3n/2−2n/2).

Proof. It is clear that for n even and m = n− 1, each binary partial word of length n with exactly one
hole and m distinct abelian borders generates, through renaming of letters and reversal, three other partial
words with the same properties. So to get the number of partial words satisfying the desired properties,
we need to find the number of “unique” partial words satisfying them and multiply by 4; “unique” is
defined in terms of the hole being in the first half of the partial word and the first non-hole letter being 0.
The first few values are given in Table 1. For example, for n = 6, there are 9 unique partial words with �
in position 0, 6 with � in position 1, and 4 with � in position 2, for a total of 19.

length\i 0 1 2 · · · n−2
2

2 1
4 3 2
6 9 6 4
8 27 18 12

10 81 54 36
...

...
...

...
n 20×3(

n
2−1) 21×3(

n
2−2) 22×3(

n
2−3) · · · 2(

n
2−1)×30

Table 1: Number of unique binary partial words of even length n with one hole in position i and with
n−1 distinct abelian borders.

Thus, the number of unique partial words N for a given n is

N = 20×3(
n
2−1)+21×3(

n
2−2)+22×3(

n
2−3)+ · · ·+2(

n
2−1)×30.

This is a geometric series with ratio 2
3 , so N = 3n/2−2n/2.

For n = 2, there is one unique partial word. For n = 4, there are three unique partial words with �
in position 0 and two with � in position 1. Then to build the partial words of length n+2 from those of
length n, when n ≥ 4, we proceed as follows. Each partial word a0 · · ·a n−2

2
a n

2
· · ·an−1 of length n gives

rise to a partial word of length n+2 by inserting a pair of suitable letters between a n−2
2

and a n
2
, to obtain

three partial words of the form a0 · · ·a n−2
2

aba n
2
· · ·an−1. Then there are 2

n
2 additional unique partial words

of length n+2 with � in position n
2 .

It is clear that each binary partial word of even length n with exactly one hole having a minimal
abelian border of length n− 1 generates, through renaming of letters and reversal, three other partial
words with the same properties. So to get the number of partial words satisfying the desired properties,
we need to find the number of “unique” partial words satisfying them and multiply by 4; “unique” is
defined in terms of the hole being in the first half of the partial word and the first non-hole letter being 0.

Lemma 3. If a binary partial word of even length n, n≥ 4, with exactly one hole in the first half having
a minimal abelian border of length n− 1 starts with 0, then it ends with 11. Therefore if such w = uv,
with |u|= |v|, is unique, then |u|0 > |v|0 and |u|1 < |v|1−1.

Lemma 4. The number of unique binary partial words of even length n, n≥ 4, with exactly one hole in
the first half and no 1 in the first half having a minimal abelian border of length n−1 is (n

2 −1)2(
n
2−2).
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Lemma 5. The number of unique binary partial words of even length n, n≥ 4, with exactly one hole in
the first half and exactly one 0 in the first half having a minimal abelian border of length n−1 is 1; such
partial word is of the form 0�1n−2.

Proposition 4. The number of unique binary partial words of even length n, n≥ 6, with exactly one hole
in the first half and exactly two 0’s in the first half having a minimal abelian border of length n− 1 is
n2

4 − n
2 −2.

Proof. We proceed by induction. For the basis n = 6, the unique partial words are 0�0011, 0�0111,
00�011, 00�111 and the result holds. For the inductive step, we show how to build the unique partial
words w′ = a0 · · ·a n

2−1aba n
2
· · ·an−1 of length n+ 2 with minimal abelian border of length (n+ 2)− 1

and exactly two 0’s in the first half, where ab ∈ {00,01,10,11}, from the unique partial words w =
a0 · · ·a n

2−1a n
2
· · ·an−1 of length n with minimal abelian border of length n− 1 but not necessarily with

exactly two 0’s in the first half (there could be only one 0 in the first half).
By Lemma 3, the first half of w, say u, has more 0’s than the second half, say v. If we start with a

unique partial word w with |u|0 = 2, then we obtain a unique partial word w′ that satisfies our desired
properties by inserting the pair ab = 11 of letters between a n

2−1 and a n
2
. There are n2

4 − n
2 − 2 such w’s

by the inductive hypothesis. For some of these w’s, it is also possible to insert the pair ab = 10, i.e.,
when |v|0 = 0. There are n− 4 such w’s resulting in n− 4 unique w′ with 10 in the middle. Indeed
when n = 6, the n− 4 = 2 unique w′ are 0�010111 and 00�10111. When n > 6, we first claim that
w′[n

2 +2..n+1] = 1
n
2 . Indeed by Lemma 3, the number of 0’s in w′[n

2 +1..n+1] is zero or one, so it is
one in this case. We now claim that w′[1] 6= 1; otherwise, w′ has an abelian border of length (n+2)−2 <
(n+ 2)− 1. If w′[0..1] = 0�, then there are n

2 − 2 positions left in the first half to position the other 0,
while if w′[0..1] = 00, then there are n

2 −2 positions left in the first half to position the �.
If we start with a unique partial word w with |u|0 = 1, then w = 0�1n−2 by Lemma 5. We obtain a

unique partial word w′ that satisfies our desired properties by inserting ab = 00 or ab = 01.
There are also two unique w′ with a � in position n

2 . When n = 6, the two unique w′ are 001�0111 and
001�1111. When n > 6, we first claim that w′[n

2 +2..n+1] = 1
n
2 . Indeed by Lemma 3, the number of 0’s

in w′[n
2 +1..n+1] is zero or one. If it is one and that 0 appears in w′[n

2 +2..n+1], then w′ has an abelian
border of length n

2 +2 < (n+2)−1, implying a contradiction. We now claim that w′[1] = 0; otherwise,
w′ has an abelian border of length (n+2)−2 < (n+2)−1. So the two unique w′ are 001

n
2−2�01

n
2 and

001
n
2−2�11

n
2 . Altogether, there are n2

4 − n
2 −2+n−4+2+2 = (n+2)2

4 − n+2
2 −2 unique w′.

Proposition 5. The number of unique binary partial words of even length n, n ≥ 6, with exactly one
hole in the first half and exactly one 1 in the first half having a minimal abelian border of length n−1 is
(n

2 −2)(2(
n
2−2)(n

2 −3)+1).

Proof. We proceed by induction. For the basis n = 6, the unique partial word is 0�1111 by Lemma 5
and the result holds. For the inductive step, we show how to build the unique partial words w′ =
a0 · · ·a n

2−1aba n
2
· · ·an−1 of length n+2 with minimal abelian border of length (n+2)−1 and exactly one

1 in the first half, where ab ∈ {00,01,10,11}, from the unique partial words w = a0 · · ·a n
2−1a n

2
· · ·an−1

of length n with minimal abelian border of length n−1 but not necessarily with exactly one 1 in the first
half (there could be no 1 in the first half).

Let u be the first half of w and v be the second half. If we start with a unique partial word w with
|u|1 = 1, then we obtain a unique partial word w′ that satisfies our desired properties by inserting the pair
ab = 00 or ab = 01 of letters between a n

2−1 and a n
2
. There are (n

2−2)(2(
n
2−2)(n

2−3)+1) such w’s by the
inductive hypothesis. If we start with a unique partial word w with |u|1 = 0, then there are (n

2 −1)2(
n
2−2)
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such w’s by Lemma 4. We obtain a unique partial word w′ that satisfies our desired properties by inserting
ab = 11. For some of those w’s, we can also insert ab = 10. To see how many such w′’s there are, the �
can be in any position in {1, . . . , n

2 −1}. The last two positions are 11. There are 2(
n
2−2)−1 choices for

the n
2 −2 positions after the middle 10. The −1 comes from the fact that these positions cannot be all 0’s

(otherwise, there would be an abelian border of length n
2 +1 < (n+2)−1).

There are also (n
2 − 3)2(

n
2−1) + 2 unique w′ with a � in position n

2 . We first claim that w′[1] = 0;
otherwise, w′ has an abelian border of length (n+ 2)− 2 < (n+ 2)− 1. We next claim that for 2 ≤
i < n

2 , if w′[0..i] = 0i1 then w′[n− i+ 1..n− 1] 6= 0i−1; otherwise, w′ has an abelian border of length
(n+2)− (i+1)< (n+2)−1. So if the 1 in the first half is in position 2, there are (21−1)2(

n
2−2) unique

corresponding w′, if the 1 in the first half is in position 3, there are (22−1)2(
n
2−3) unique corresponding

w′, . . . , and if the 1 in the first half is in position n
2 −1, there are (2(

n
2−2)−1)21 unique corresponding w′.

So, we get a total of (n
2 −3)2(

n
2−1)+2 unique w′ with a � in position n

2 .

Theorem 7. The number of binary partial words of even length n with exactly one hole having a minimal
abelian border of length n−1 is Θ(2n−1).

Proof. Let f (n,n− 1,1) denote the number of binary partial words of even length n with exactly one
hole having a minimal abelian border of length n−1. For n = 2, there is one unique partial word with �
in position 0. For n = 4, there is one unique partial word with � in position 1 by Lemma 4 or Lemma 5.
Then, for n≥ 4, to build the unique partial words of length n+2 with minimal abelian border of length
(n+ 2)− 1 from those of length n with minimal abelian border of length n− 1, we proceed as follows.
Each unique binary partial word w = a0 · · ·a n

2−1a n
2
· · ·an−1 of even length n with exactly one hole having

a minimal abelian border of length n− 1 gives rise to a partial word of length n+ 2 by inserting a pair
ab of letters, ab ∈ {00,01,11}, between a n

2−1 and a n
2
, to obtain three unique partial words of the form

w′ = a0 · · ·a n
2−1aba n

2
· · ·an−1. For some w’s, it is sometimes also possible to insert the pair ab = 10.

To see this, let w be as above. By our convention, w starts with 0, and by Lemma 3, w ends with
11. Since w has no abelian border of any length in {1, . . . , n

2}, w′ has no such abelian border. Clearly,
w′ has also no abelian border of any length in {n

2 + 2, . . . ,n}. If ab ∈ {00,11}, then a0 · · ·a n
2−1a is not

abelian compatible with ba n
2
· · ·an−1 and such w′ has no abelian border of length n

2 +1. If ab = 01, then
a0 · · ·a n

2−1a is not abelian compatible with ba n
2
· · ·an−1 since the number of 0’s in a0 · · ·a n

2−1 is greater
than the number of 0’s in a n

2
· · ·an−1 by Lemma 3, and so such w′ has no abelian border of length n

2 +1.
Then there are 2(

n
2−2)+2n−4 additional unique partial words w′ of length n+2 with � in position n

2 .
To see this, we first claim that w′[1] = 0; otherwise, w′ has an abelian border of length (n+ 2)− 2 <
(n+ 2)− 1. So we can write w′ = 00u�v11, where u and v are total words of length n

2 − 2 and n
2 − 1,

respectively. There are 2
n
2−2 possibilities for u, ranging from u = 1

n
2−2 to u = 0

n
2−2. On the one hand,

by the proof of Proposition 4, if u = 1
n
2−2 then there are 2 unique partial words of length n+ 2 with �

in position n
2 , i.,e., 001

n
2−2�01

n
2 and 001

n
2−2�11

n
2 . On the other hand if u = 0

n
2−2, there are 2

n
2−1 unique

such partial words. Altogether, there are 2+ 4+ 6+ · · ·+ 2(
n
2−1) unique partial words of length n+ 2

with � in position n
2 , for a total of 2(1+2+3+ · · ·+2(

n
2−2)) = 2(

n
2−2)+2n−4.

Thus, the number of unique partial words with exactly one hole of length n+ 2 having a minimal
abelian border of length (n+2)−1 satisfies

3 f (n,n−1,1)
4 +2(

n
2−2)+2n−4 < f (n+2,(n+2)−1,1)

4 < 4 f (n,n−1,1)
4 +2(

n
2−2)+2n−4.

From this we deduce that, for n sufficiently large, if f (n,n−1,1) is O(2n−1) then f (n+2,(n+2)−1,1)
is O(2(n+2)−1), and if f (n,n−1,1) is Ω(2n−1) then f (n+2,(n+2)−1,1) is Ω(2(n+2)−1).
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Theorem 7 equivalently states that the number of binary partial words of even length n with exactly
one hole and one abelian border is Θ(2n−1). This is implied by Theorem 5 that guarantees at least a
minimal border of length n− 1 when a partial word has at least one hole. We can prove that for n
sufficiently large, the number of binary partial words of even length n with exactly one hole and m,
m > 1 odd, distinct abelian borders is bounded from above by the number of binary partial words of
length n with exactly one hole and one abelian border. The proof is based on the following lemmas.

First, we consider unique binary partial words of even length n with exactly one hole in position 0
and m distinct abelian borders.
Lemma 6. Let m > 1 be odd. If a binary partial word of even length n, n ≥ 4, has exactly one hole in
position 0 and m distinct abelian borders, then three of these abelian borders have lengths 1, n

2 ,n− 1.
Furthermore, for k ∈ {1, . . . , n

2 −1}, we have that k is an abelian border length if and only if n− k is an
abelian border length.

Similarly, we can show that for odd m, if a binary partial word of odd length n, n ≥ 3, has exactly
one hole and m distinct abelian borders, then the hole is not in position 0.
Lemma 7. Let m > 1 be odd. If a partial word w = a0 · · ·a n

2−1a n
2
· · ·an−1 of even length n, n ≥ 6,

over the alphabet {0,1} has exactly one hole in position 0 and m distinct abelian borders, then for j ∈
{2, . . . , n

2 −1} and ab ∈ {00,11}, the partial word w′ = a0 · · ·a j−1aa j · · ·a n
2−1a n

2
· · ·an− j−1ban− j · · ·an−1

has exactly m distinct abelian borders.
Now, we consider unique binary partial words of even length n with exactly one hole in position 1

and m distinct abelian borders.
Lemma 8. Let m be odd. If a binary partial word of even length n, n ≥ 6, has exactly one hole in
position 1 and m distinct abelian borders, then n−1 is an abelian border length and for k∈{2, . . . , n

2−1}
we have that k is an abelian border length if and only if n−k is an abelian border length. Consequently,
either both 1, n

2 are abelian border lengths or none is an abelian border length.
If m = 3 in Lemma 8, then an abelian border of length 1 would imply an abelian border of length 2

(and also one of length n−2), so there would be at least four distinct border lengths, a contradiction. So
neither 1 nor n

2 is an abelian border length in the m = 3 case when the position of the hole is 1.
Lemma 9. Let m be odd. If a partial word w = a0 · · ·a n

2−1a n
2
· · ·an−1 of even length n, n≥ 6, over {0,1}

has exactly one hole in position 1 and m distinct abelian borders, then for at least three pairs ab in
{00,01,10,11}, the partial word w′ = a0 · · ·a n

2−1aba n
2
· · ·an−1 has exactly m distinct abelian borders.

Next, we consider unique binary partial words of even length n with exactly one hole in position i,
where 2≤ i≤ n

2 −1, and m distinct abelian borders.
Lemma 10. Let m > 1 be odd. If a binary partial word of even length n, n≥ 8, has exactly one hole in
position i, 2≤ i≤ n

2−1, and m distinct abelian borders, one whose length is 1, then two of these abelian
borders have lengths n− 2,n− 1. Furthermore, for k ∈ {i+ 1, . . . , n

2 − 1}, we have that k is an abelian
border length if and only if n− k is an abelian border length.
Lemma 11. Let m > 1 be odd. If a partial word w = a0 · · ·a n

2−1a n
2
· · ·an−1 of even length n, n ≥ 8,

over the alphabet {0,1} has exactly one hole in position i, 2 ≤ i ≤ n
2 − 1, and m distinct abelian

borders, one whose length is 1, then for at least three pairs ab in {00,01,10,11}, the partial word
w′ = a0 · · ·a n

2−1aba n
2
· · ·an−1 has exactly m distinct abelian borders.

The m= 1 case of the next theorem follows from Theorem 7. The general m> 1 odd case is similar to
the m = 1 case, the only difference is that we can have some more trivial values. We can prove the result
based on the location of the hole, inserting three or four pairs in {00,01,10,11} in suitable positions of
partial words of even length n to get partial words of length n+2, and finding the dominant term.
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Theorem 8. If m is odd, then the number of binary partial words of length n with exactly one hole and
m distinct abelian borders is Θ(2n−1).

6 Conclusion

Computer experiments strongly suggest that the following conjectures are true. The integer A191386(n)
in Sloane’s Online Encyclopedia of Integer Sequences (OEIS) gives the number of ascents of length 1
in all dispersed Dyck paths of length n. A dispersed Dyck path is one or more Dyck paths connected by
one or more horizontal steps [8], or equivalently a Motzkin path of length n with no horizontal steps at
positive heights. An ascent is a maximal sequence of upward steps. The first few values of this sequence
(starting at n = 0) are 0, 0, 1, 2, 5, 10, 23, 46, 102, 204, 443, 886, 1898, 3796, 8054.

Conjecture 1. The number of binary partial words of length n with exactly one hole having a minimal
abelian border of length k < n is

f (n,k,1) =





A191386(n), if n≥ 3 is odd and k = n−1;
2A191386(n−1), if n≥ 4 is even and k = n−1;
2A191386(n−2), if n≥ 5 is odd and k = n−2;
4A191386(n−3), if n≥ 6 is even and k = n−2.

Note that Theorem 5 suggests that Conjecture 1 is true if and only if the number of binary partial
words of length n with exactly one hole and exactly one abelian border is A191386(n) when n is odd and
2A191386(n−1) when n is even.

Conjecture 2. The set of binary total words without abelian borders is non-context-free.
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Fraenkel and Simpson showed that the number of distinct squares in a word of length n is bounded
from above by 2n, since at most two distinct squares have their rightmost, or last, occurrence begin
at each position. Improvements by Ilie to 2n−Θ(logn) and by Deza et al. to ⌊11n/6⌋ rely on the
study of combinatorics of FS-double-squares, when the maximum number of two last occurrences of
squares begin. In this paper, we first study how to maximize runs of FS-double-squares in the prefix
of a word. We show that for a given positive integer m, the minimum length of a word beginning with
m FS-double-squares, whose lengths are equal, is 7m+ 3. We construct such a word and analyze its
distinct-square-sequence as well as its distinct-square-density. We then generalize our construction.
We also construct words with high distinct-square-densities that approach 5/6.

1 Introduction

Computing repetitions in strings of letters from a finite alphabet is profoundly connected to numerous
fields such as mathematics, computer science, and biology, where the data can be easily represented
as words over some alphabet, and finds important practical uses in several research areas, notably in
text compression, string searching and pattern matching [10, 15], cryptography, music, natural language
processing [36], and computational biology [22,40]. Several pattern matching algorithms take advantage
of the repetitions of the pattern to speed up the search of its occurrences in a text [13,14] and algorithms
for text compression are often based on the study of repetitions in strings [34]. We refer the reader to [11]
for a survey on algorithms and combinatorics of repetitions in strings.

There is a vast literature dealing with squares, which are repetitions of the form xx. This is due to
their fundamental importance in algorithms and combinatorics on words. Different notions and tech-
niques such as primitively or non-primitively-rooted squares [16, 32], positions starting a square [25],
frequencies of occurrences of squares [33,39], three-squares property [18,31], overlapping squares [21],
distinct squares [17, 19, 20, 26–28, 38], double squares [17], non-standard squares [29], etc., have been
studied and extended to partial words [2–8, 24].

Various questions on squares have received a lot of attention. Among them is Fraenkel and Simp-
son’s long-standing question “How many distinct squares are there in a word of length n?”, where each
square is counted only once [19]. Fraenkel and Simpson [20] showed in 1998 that the maximum num-
ber of distinct squares in such a word is asymptotically bounded from below by n− o(n), and bounded
from above by 2n, since at each position of a word of length n at most two distinct squares have their
rightmost, or last, occurrence begin. They conjectured that this maximum number is at most n. This
work became the motivation for linear-time algorithms that find all repetitions in a string, encoded into
maximal repetitions [1, 9, 12, 23, 30, 37].

In 2005, Ilie [26] gave a simpler proof of the 2n upper bound and he [27] improved it to 2n−Θ(log n)
in 2007. More recently, Deza et al. [17] improved the upper bound further to ⌊11n/6⌋. Both Ilie’s and
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Deza et al.’s improvements rely on the study of the combinatorics of FS-double-square-positions, i.e.,
positions at which two last occurrences of squares begin, which is the maximum number of occurrences
possible. Let si denote the number of distinct squares whose last occurrence in a word w of length n
begins at position i, and let the distinct-square-sequence s(w) be the word s1s2 · · · sn. Then the result of
Fraenkel and Simpson implies that si ∈{0,1,2}. A position i with si = 2 is an FS-double-square-position.

In this paper, we consider the problem of counting distinct squares in a word w of length n. In
particular, we study consecutive 2’s in the sequence s(w), called runs of 2’s. We also construct words
that have a high distinct-square-density, that is, the ratio of the number of distinct squares to length is
high.

The contents of our paper are as follows. In Section 2, we review some basic definitions and notations
that we use throughout the paper. We also discuss some preliminary results on double-squares. In
Section 3, we study runs of double-square-positions and we focus on maximizing runs of FS-double-
squares. We first recall two results of Ilie [27]; one gives a relation between the lengths of squares
having their last occurrence at positions neighboring an FS-double-square-position and the other one
considers the case when the lengths of squares in a run of 2’s are equal. It follows from the latter that
for a given m, the minimum length of a word beginning with m FS-double-squares, whose lengths are
preserved, is 7m+3. We show its existence by constructing one, i.e., we construct a word wm of length
7m + 3 beginning with m FS-double-squares, whose lengths are preserved, and analyze the distinct-
square-sequence s(wm) as well as the distinct-square-density of wm. We then generalize our construction.
In Section 4, we construct words in which the distinct-square-density approaches 5/6. These words do
not have many FS-double-squares, and those they do have are not at the beginning. The majority of
distinct squares in these words are the only distinct squares at a particular position. All our constructions
in Sections 3 and 4 are such that each run of 2’s in the corresponding distinct-square-sequence is followed
by a run of at least twice as many 0’s. We refer to such a run of 2’s as selfish 2’s. In Section 5, we discuss
ways to break the selfish rule, e.g., omit or alter the last letter of the word wm. Finally in Section 6, we
conclude with some remarks and suggestions for future work.

2 Preliminaries

We refer the reader to the book [35] for some basic concepts in combinatorics on words. We also adopt
some of the terminology of [17, 20, 27] on squares. For integers i, j such that i ≤ j, the notation [i.. j]
denotes the discrete interval consisting of the integers {i, i+1, . . . , j}.

Let A be an alphabet with size denoted by |A|; we assume throughout the paper that |A| ≥ 2. A word
w over A is a sequence a1 · · ·an, where ai is the letter in A that occurs at position i of w; we also let w[i]
denote the letter at position i. The integer n is the length of w, denoted by |w|. The empty word, denoted
by ε , is the word of length zero. It acts as the identity under the concatenation of words, so the set of all
words over A, denoted by A∗, becomes a monoid.

If w = xy, then x is a prefix of w, denoted by x ≤ w; when x 6= w, we say that x is a proper prefix of
w, denoted by x < w. If w = xyz, then y is a factor of w and z is a suffix of w; here y is an interior factor
of w if x 6= ε and z 6= ε . For 1 ≤ i ≤ j ≤ |w|, the notation w[i.. j] refers to the factor w[i]w[i+1] · · ·w[ j].

A word w is primitive if it cannot be written as a non-trivial power ve, i.e., the concatenation of e
copies of a word v where e is an integer greater than 1. It is well-known that this is equivalent to saying
that w is not an interior factor of ww.

A square in a word consists of a factor of the form x2 = xx, where x 6= ε . A double-square is a pair
(u,U) such that u2 and U2 are two squares that begin at the same position with |u|< |U |. An FS-double-
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square is a double-square (u,U) positioned such that both u2 and U2 are last occurrences; the FS notation
refers to work of Fraenkel and Simpson on double-squares. Note that all FS-double-squares (u,U) are
such that |u| < |U |< 2|u|. A double-square-position is a position at which a double-square begins, and
likewise for FS-double-squares. The structure of an FS-double-square follows Lemma 2.1 since the third
condition is always true, by definition.

Lemma 2.1. [17] Let (u,U) be a double-square such that |u|< |U |< 2|u|. If one of the conditions 1. u
is primitive, 2.U is primitive, or 3. u2 has no further occurrence in U2 is satisfied, then there is a unique
primitive word v1, a unique non-empty proper prefix v2 of v1, and unique integers e1 and e2 satisfying
1 ≤ e2 ≤ e1 such that u = ve1

1 v2 and U = ve1
1 v2ve2

1 . Moreover, U is primitive.

Note that by Lemma 2.1, U2 has the form ve1
1 v2ve2

1 ve1
1 v2ve2

1 . Any FS-double-square (u,U) such that
|u| < |U | < 2|u| can therefore be fully defined by giving values to the terms v1,v2,e1, and e2. When
defining a word in such a manner, we will list the terms in the order just given; e.g., (ba,b,2,1) =
bababbabababba.

The converse of Lemma 2.1 is nearly true as well, as the next lemma shows.

Lemma 2.2. For any word w that can be written as w = (ve1
1 v2ve2

1 )2, where v1 is primitive, v2 is a
proper non-empty prefix of v1, and e1 and e2 are integers such that 1 ≤ e2 ≤ e1, the following hold: 1.
U = ve1

1 v2ve2
1 is primitive, 2. u2 = (ve1

1 v2)
2 occurs at position 1 of w and has no further occurrence in w,

and 3. (u,U) is an FS-double-square such that |u|< |U |< 2|u|.

Proof. Deza et al. [17, Lemma 6] prove that U must be primitive. Since v2 is a prefix of v1, it is clear
that u2 = (ve1

1 v2) occurs at position 1 of w. If u2 occurs anywhere else in w, then v1 is a power of v2, in
which case v1 is not primitive, v1 = v2, or v2 is the empty word, a contradiction. With w = U2, and u2

occurring exactly once in w, at its first position, w meets the definition of an FS-double-square.

Referring to Lemma 2.2, note that u may or may not be primitive. An example of u being primitive
is achieved by letting v1 = am−1ba, v2 = am−1b, and e2 = e1 = 1, where m is an integer greater than
or equal to 1. An example of u not being primitive is shown by letting v1 = abaaaba, v2 = a, and
e2 = e1 = 1, giving the non-primitive word u = abaaabaa and w = abaaabaaabaaabaabaaabaaabaaaba
has the distinct-square-sequence 200111011101111000011110001000.

If a word w has length n, we let d(w) denote the distinct-square-density of w equal to d(w) = s/n,
where s is the number of distinct squares in w. We also let s(w) denote the sequence s1 · · · sn such
that each si is the number of distinct squares whose last occurrence in w begins at position i. As men-
tioned earlier, si ∈ {0,1,2}. If si = 2, then i is an FS-double-square-position. In Figure 1, the sequence
s(w) = s1 · · · s17 = 22000011100110010 is such that each si is the number of distinct squares whose last
occurrence in the word w begins at position i (there are 10 distinct squares in that word of length 17).
There are two FS-double-square-positions: position 1 with FS-double-square (abaab,abaababa) and
position 2 with (baaba,baababaa). There are also six positions with one square whose last occurrence
begins: position 7 with (baa)2, position 8 with (aab)2, position 9 with (aba)2, position 12 with (ab)2,
position 13 with (ba)2, and position 16 with a2, and all other positions are such that no last occurrence
of a square begins.

3 Runs of double-square-positions

Ilie [27] gave the following relation between the lengths of squares having their last occurrence at posi-
tions neighboring an FS-double-square-position.
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i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
w[i] a b a a b a b a a b a a b a b a a
si 2 2 0 0 0 0 1 1 1 0 0 1 1 0 0 1 0

Figure 1: Word w of length 17 with distinct-square-sequence s(w) = s1 · · · s17, where si is the number of
distinct squares whose last occurrence in w begins at position i. Up to a renaming of letters, this is the
shortest word that begins with two consecutive double-square-positions.

Lemma 3.1 ( [27]). If (u,U) is an FS-double-square beginning at position i and w2 is a square with last
occurrence beginning at position i+1, then either |w| ∈ {|u|, |U |} or |w| ≥ 2|u|.

Ilie [27] also considered the case when the lengths of squares in a run of 2’s are equal. His lemma
was originally stated for m ≥ 2, but it also holds for m = 1.

Lemma 3.2 ( [27]). Let m ≥ 1 be such that i is an FS-double-square-position for all i ∈ [1..m], and let
(ui,Ui) be the FS-double-square at i. If |u1|= · · ·= |um| and |U1|= · · ·= |Um|, then for all i ∈ [1..m] the
following hold:

1. |Ui|+m ≤ 2|ui|,
2. |Ui| ≥ |ui|+m+1,

3. |Ui| ≥ 3m+2 and |ui| ≥ 2m+1.

From Lemma 3.2, it follows that for a given m, the minimum length of a word beginning with m
FS-double-squares, whose lengths are preserved, is 7m+3. The existence of such a word can be easily
verified by constructing one. Theorem 3.3 constructs a word wm of length 7m+ 3 with a prefix of m
FS-double-square-positions; the number m of initial FS-double-square-positions is maximum for a word
of that length. We do not claim wm has the largest possible number of distinct squares given its length
(words with higher distinct-square-densities will be constructed in the next section).

Theorem 3.3. Let m ≥ 1. Then there exists a word wm of length 7m+ 3 such that i is an FS-double-
square-position with double-square (ui,Ui) for all i ∈ [1..m], where |u1| = · · · = |um| = 2m + 1 and
|U1|= · · ·= |Um|= 3m+2. This word is unique up to a renaming of letters, i.e.,

wm = (am−1baam−1bam−1ba)2am−1

where a and b are distinct letters of the alphabet.

Proof. We construct such a word wm. Note that wm must contain at least two distinct letters, otherwise
the squares would appear later. Let u1 = am−1baam−1b and U1 = u1am−1ba, and let

wm =U2
1 am−1 = (am−1baam−1bam−1ba)2am−1.

By [17, Definition 10], recall that a factor u = x[i′.. j′] of a word x can be cyclically shifted right by 1
position if x[i′] = x[ j′+1]. The factor u can be cyclically shifted right by k positions if u can be cyclically
shifted right by 1 position and the factor x[i′+1.. j′+1] can be cyclically shifted right by k−1 positions.
This similarly holds for left cyclic shifts. A trivial cyclic shift is a shift by 0 positions.

It is easy to see that the last and only occurrences of both u2
1 and U2

1 in wm are at position 1. Further-
more, both u2

1 and U2
1 can be cyclically shifted right m− 1 times, such that ui = am−ibaam−1bai−1 and
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Ui = am−ibaam−1bam−1bai. With this shift, both u2
i and U2

i have last occurrences at position i of wm, for
all i ∈ [1..m]. Thus, wm begins with m FS-double-square-positions.

We claim that wm is unique up to a renaming of letters. Let w = a1 · · ·a7m+3 be a word that satisfies
the requirements. We have u1 = a1 · · ·a2m+1 and U1 = u1a2m+2 · · ·a3ma3m+1a3m+2 = u1a1 · · ·am−1amam+1,
and w =U2

1 a6m+5 · · ·a7m+3.
For all i ∈ [1..m], we have the square u2

i of length 4m+ 2 and the square U2
i of length 6m+ 4 both

beginning at position i, so ai · · ·ai+2m = ai+2m+1 · · ·ai+4m+1 and ai · · ·ai+3m+1 = ai+3m+2 · · ·ai+6m+3. This
implies that for all such i, we have ai = ai+2m+1 = ai+3m+2 = ai+5m+3 = ai+m+1 = ai+4m+3.

We next show that the first m− 1 positions of w each have the same letter, i.e., a1 = · · · = am−1.
To do this, we show that for all i ∈ [2..m − 1], we have ai = ai−1. So let i ∈ [2..m − 1]. Recalling
that |ui| = 2m+ 1 and |Ui| = 3m+ 2, an FS-double-square (ui,Ui) beginning at position i implies that
ai = ai+2m+1 and an FS-double-square (ui+1,Ui+1) at position i+1 implies that the following letters are
equal:

ai = ai+2m+1 = w[(i+1)+2m] = w[((i+1)+2m)+ (2m+1)]
= w[(i+1)+4m+1]
= w[((i+1)+4m+1)− (3m+2)]
= w[(i+1)+m−1]
= w[((i+1)+m−1)+ (2m+1)]
= w[(i+1)+3m]
= w[((i+1)+3m)− (3m+2)]
= w[i−1] = ai−1.

It follows that all positions in w other than m,2m+1,3m+1,4m+2,5m+3, and 6m+3 must have
the same letter. It can be easily verified that the remaining six positions must all have the same letter, and
that they may not have the same letter as position 1. Our claim follows.

By Lemma 2.1, the first FS-double-square (u1,U1) of wm of Theorem 3.3 satisfies u1 = am−1baam−1b=
ve1

1 v2 and U1 = am−1baam−1bam−1ba = ve1
1 v2ve2

1 , where v1 = am−1ba, v2 = am−1b, and e1 = e2 = 1. As
discussed in Section 2, we can write wm = (am−1ba,am−1b,1,1)am−1.

The word in Figure 1 is the (m = 2)-case of Theorem 3.3 whose distinct-square-sequence can be
generalized as follows.

Theorem 3.4. For wm as in Theorem 3.3,

s(wm) = 2m02m1m+1001m02⌊m+1
2 ⌋(10)⌊

m
2 ⌋.

Proof. As noticed earlier, wm begins with m FS-double-square-positions, so s(wm)[1..m] = 2m.
Let us look at the aam−1-suffix of wm. We have one position where the last occurrence of the square

(ai)2, where 1 ≤ i ≤ ⌊m
2 ⌋, begins, so the corresponding position in the suffix of s(wm) is a 1. Each

of the other ⌊m
2 ⌋ positions in the aam−1-suffix of wm corresponds to a 0, yielding a suffix of (10)⌊

m
2 ⌋

for s(wm). Looking at the am−1baam−1-suffix of wm, the remaining positions must correspond to 0
since any square cannot contain only one b, and the other squares only contain a’s but appear later. So
s(wm)[5m+4..7m+3] = 02⌊m+1

2 ⌋(10)⌊
m
2 ⌋.

Next, let us look at wm[4m+ 4..7m+ 3] = am−1bam−1baam−1. If a square contains only a’s, its last
occurrence has already been discussed. Otherwise, it contains b’s. Each of the positions 4m+4, . . . ,5m+
3 give the last occurrence of the square (am−1b)2 or one of its rotations. So s(wm)[4m+4..5m+3] = 1m.
It is easy to see that s(wm)[4m+ 2..4m+ 3] = 00. Also, s(wm)[3m+ 1..4m+ 1] = 1m+1 due to the last
occurrence of the square (baam−1)2 and its rotations.
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Finally, let us look at wm[m+1..7m+3]. Either the squares have two b’s or four b’s or they have only
a’s. The case of four b’s is impossible and the case of only a’s have their last occurrence later. In the
case of two b’s, the square (am−1b)2 or its rotations at positions m+2, . . . ,2m+1 appear later. Similarly,
the square (am−1ba)2 and its rotations at positions 2m+2, . . . ,3m appear later. It is easy to check that no
square has its last occurrence beginning at position m+1. So s(wm)[m+1..3m] = 02m.

For wm as in Theorem 3.3, d(wm) =
4.5m+1
7m+3 for even values of m and d(wm) =

4.5m+.5
7m+3 for odd values

of m. In both cases, for large values of m the distinct-square-density of wm is approximately .643.
From Theorem 3.3, it follows that the probability of a word of length 7m+3 beginning with a run of

m FS-double-square-positions, where the lengths of the squares are preserved, is equal to |A|2−|A|
|A|7m+3 .

While we prove the converse of Lemma 3.2 in a specific case, the converse is not true in general.
That is, in the proof of Theorem 3.3 we construct, for every m ≥ 1, a word starting with m FS-double-
squares (ui,Ui), whose lengths are preserved, such that 1′. |Ui|+m = 2|ui|, 2′. |Ui| = |ui|+m+ 1, and
3′. |Ui| = 3m+2 and |ui|= 2m+1, but the construction may be impossible if we replace the equalities
1′− 2′− 3′ with Lemma 3.2’s inequalities 1− 2− 3. For example, given m = 1, |u1| = 6, and |U1| = 8,
all three conditions of Lemma 3.2 are satisfied, but it is impossible to construct a word starting with one
FS-double-square fulfilling those criteria. The same is true for m = 1, |u1| = 6, and |U1| = 9 or m = 2,
|u1|= |u2|= 6, and |U1|= |U2|= 9. However, the following theorem holds.

Theorem 3.5. Let m ≥ 1 and ℓ≥ m. Then there exist at least |A|(|A|−1)ℓ−m+1 and fewer than |A|ℓ−m+2

words of length 6ℓ+m+3 over an alphabet A, with |A| ≥ 2, such that i is an FS-double-square-position
with double-square (ui,Ui) for all i ∈ [1..m], where |u1| = · · · = |um| = 2ℓ+ 1 and |U1| = · · · = |Um| =
3ℓ+2.

Proof. Such a word w can be constructed as follows, where ℓ′ = ℓ−m+ 2 and {α2, . . . ,αℓ′} denotes a
set of ℓ′−1 letters distinct from α1 = a. Set w = a1 · · ·a6ℓ+m+3 where each ai is a letter of the alphabet.
Since u2

1 = (a1 · · ·a2ℓ+1)
2 and U2

1 = (a1 · · ·a3ℓ+2)
2 are squares starting at position 1, we deduce that for

all i ∈ [1..ℓ+ 1], we have ai = ai+2ℓ+1 and for all i ∈ [1..ℓ], we have ai = ai+ℓ+1. Since all the m first
positions of w are FS-double-square-positions, we also have ai = ai+ℓ for all i ∈ [1..m−1].

Thus for all i ∈ [1..m − 2], ai = ai+ℓ+1 = ai+1, so set a1 = · · · = am−1 = a. Also set am · · ·aℓ =
α2 · · ·αℓ′ . We obtain w =U2

1 am−1 where

u1 = am−1α2 · · ·αℓ′aam−1α2 · · ·αℓ′ ,
U1 = am−1α2 · · ·αℓ′aam−1α2 · · ·αℓ′am−1α2 · · ·αℓ′a.

As with Theorem 3.3, it is easy to see that the last and only occurrences of both u2
1 and U2

1 in w are
at position 1 of w. Furthermore, both u2

1 and U2
1 can be cyclically shifted right m−1 times, such that

ui = am−iα2 · · ·αℓ′aam−1α2 · · ·αℓ′ai−1,
Ui = am−iα2 · · ·αℓ′aam−1α2 · · ·αℓ′am−1α2 · · ·αℓ′ai.

With this shift, both u2
i and U2

i have last occurrences at position i of w, for all i ∈ [1..m]. Thus, w begins
with m FS-double-square-positions.

The minimum number of possible words |A|(|A|− 1)ℓ−m+1 is calculated by allowing α1 to be any
letter of alphabet A and allowing each letter αi, with i ∈ [2..ℓ−m+2] to be any letter of A distinct from
α1. The exclusive maximum number of words is calculated by allowing each letter αi to be any letter of
A including α1.
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Note that in the case of ℓ= m, this word w is identical to wm given in Theorem 3.3. Note also that the
proof holds even if the letters α2, . . . ,αℓ′ are not distinct. To see this, letting α2, . . . ,αℓ′ be some letters
distinct from a = α1, we have w =U2

1 am−1 where

u1 = am−1bℓ−m+1aam−1bℓ−m+1,
U1 = am−1bℓ−m+1aam−1bℓ−m+1am−1bℓ−m+1a.

The next theorem, which constructs FS-double-squares, extends Theorem 3.5.

Theorem 3.6. Let m ≥ 1, Z be a non-empty word such that am−1Za is primitive, w = (ve1
1 v2ve2

1 )2am−1

where v1 = am−1Za, v2 = am−1Z, e1 and e2 are integers such that 1 ≤ e2 ≤ e1. Then w begins with m
FS-double-squares (ui,Ui), i ∈ [1..m], where

ui = (am−iZai)e1 am−iZai−1 and Ui = (am−iZai)e1 am−iZai−1(am−iZai)e2 .

Proof. Let i ∈ [1..m]. Set v1,i = am−iZai and v2,i = am−iZai−1. Then v1,i is primitive being a cyclic shift
of v1, and v2,i is a proper non-empty prefix of v1,i. By Lemma 2.2, the word (ve1

1,iv2,iv
e2
1,i)

2, where e1 and
e2 are integers such that 1 ≤ e2 ≤ e1, is an FS-double-square.

We claim that adding any number of a’s to the end of (ve1
1 v2ve2

1 )2 will not destroy the initial FS-
double-square, since a Z would be required to create an additional (ve1

1 v2)
2 or (ve1

1 v2ve2
1 )2 to the right of

the initial FS-double-square. It follows that w begins with an FS-double-square (u1,U1). Furthermore,
both u2

1 and U2
1 can be cyclically shifted right m times, to create m double-squares (ui,Ui) such that

ui = ve1
1,iv2,i and Ui = ve1

1,iv2,iv
e2
1,i.

Thus, FS-double-squares are found at each of the first m positions of w.

In Theorem 3.6, note that in the case where Z begins with a, adding an additional a to the end of w
will produce a word that begins with an additional FS-double-square.

Note that our constructions have focused on a run of 2’s in the prefix in which the lengths of the
double-squares remain the same. The following word

b a b b a b a b b a a a b b a b a b b a
2 2 0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 0 0 1

a b b a b a b b a a a b b a b a b b a
0 0 0 0 0 0 0 0 0 1 0 0 1 1 0 0 1 0 0

has a distinct-square-sequence with two consecutive 2’s in the prefix that refer to double-squares of
different lengths, (bab,babba) and (abbababbaa,abbababbaaabbababba).

4 Constructions with higher distinct-square-densities

For any pair of integers (i, j) with i < j, let Yi, j = XiXi+1 · · ·X j−1X jaa j−1, where

Xk = ak−1baak−1bak−1baak−1baak−1bak−1b

for each k ∈ [i.. j]. We will show that the distinct-square-density of the word Yi, j approaches 5/6 as j
approaches infinity.

Lemma 4.1. Each factor Xk with k < j has, in Yi, j , the distinct-square-sequence 12k+10k+11k012k, giving
5k+1 distinct squares per Xk. No Xk, where k < j, has more distinct squares than those listed in Table 1.
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first in set last in set count root of first in set root length
1 2k+1 2k+1 ak−1baak−1bak−1ba 3k+2
2k+2 3k+2 k+1 NONE 0
3k+3 4k+1 k−1 ak−1ba k+1
4k+2 4k+2 1 baak−1bak−1 2k+1
4k+3 4k+3 1 NONE 0
4k+4 5k+3 k ak−1b k
5k+4 6k+3 k ak−1bakbaa 2k+3

Table 1: Distinct squares of Yi, j that begin in the factor Xk = ak−1baak−1bak−1baak−1baak−1bak−1b,
where k = j − 1: each row lists a set of consecutive distinct squares of a given length, with the first
square of the set beginning at the first position and the last beginning at the last position. “Count” gives
the number of distinct squares in the set. When the root of the square is given as NONE, no distinct
square exists at those positions. Here s(Yi, j) = s(· · ·XkX jaa j−1) = · · ·12k+10k+11k012ks(X jaa j−1).

Proof. Consider first the case where j = i+ 1. In this case, Yi, j = XiXi+1aai. Table 1 lists the distinct
squares of Yi, j that begin in Xi. The squares are listed as sets of consecutive distinct squares of the same
length. For each set, only the first distinct square is listed; the remaining distinct squares are cyclic shifts
of the first. Both the existence and distinctness of the listed squares may be easily verified. The sequence
12k+10k+11k012k and the minimum total of 5k+1 in Xi both follow from Table 1.

By Theorem 3.4, s(X jaa j−1) = s(w j) = 2 j02 j1 j+1001 j02⌊ j+1
2 ⌋(10)⌊

j
2 ⌋

.
Now consider the case where Yi, j contains more than two Xk factors. By definition, every Xk has the

same structure, and for all k < j, every factor Xk is followed by Xk+1aak, by the definition of Yi, j. Note
that when k + 1 < j, the factor aak is a prefix of Xk+2. Since every Xk has the same structure and is
followed by Xk+1aak, the squares listed in Table 1 will exist in all Xk’s.

To see that the squares in each Xk are distinct regardless of how many Xk factors are in Yi, j , ob-
serve that every distinct square in Xk, as listed in Table 1, includes at least one of the factors bak−1b or
baak−1b = bakb.

Now consider Xk+2 = ak+1baak+1bak+1baak+1baak+1bak+1b. Neither bak−1b nor bakb appears in
Xk+2, nor will they appear in subsequent X ’s. Thus the distinct squares of Xk listed in Table 1 remain
distinct no matter how many additional X factors exist in Yi, j. Table 1 already accounts for Xk+1.

Table 1 holds for Yk,k+1 = XkXk+1aak. It can be verified that no distinct squares of XkXk+1aak that
begin in Xk exist beyond those listed in Table 1. If we want additional distinct squares in a Yi, j word, we
must add an additional Xk factor (increase the value of j), giving us Yi, j = XkXk+1Xk+2aak+1.

We are looking for additional distinct squares that begin in Xk. We know from the case j = i+ 1,
shown in Table 1, that all distinct squares beginning in Xk and ending in Xk,Xk+1, or the prefix of length
k+1 of Xk+2, aak, are accounted for. Therefore any additional distinct squares must end beyond the first
k+1 positions of Xk+2. We consider two cases.

First, let us consider the case when additional distinct squares begin from positions 1 through 5k+3
of Xk. (Position 5k+ 3 of Xk is the second-to-last b in Xk.) We are looking for distinct squares that end
beyond the first k+ 1 positions of Xk+2, i.e., distinct squares that extend beyond Xk+1. Since the length
of Xk+1 is greater than that of Xk, less than half of any such square will be in Xk. Therefore, all of the
square that falls in Xk must be part of the root of the square. The root must therefore contain bak−1b,
a sequence that is not found at any point beyond Xk. Therefore, no Xk, with k < j, may have distinct
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squares in addition to those listed in Table 1 that begin at positions 1 through 5k+3 of Xk.
Next, let us consider the case when additional distinct squares begin from positions 5k+ 4 through

6k + 3 of Xk. The positions indicated spell the last ak−1b factor of Xk. Each of the last k positions
of Xk already begins one distinct square of length 4k + 6. For each of these k positions, let u be the
already-established distinct square beginning at that position, and let U be a theoretically longer square
beginning at the same position. We do not need to address potentially shorter distinct squares, since
their non-existence is easily verified. From Lemma 3.2, we have |U |+m ≤ 2|u|, which gives |U | ≤
8k+12−m. Recall that m gives the number of consecutive FS-double-squares of the lengths |u| and |U |.
The minimum value of m is therefore 1, giving |U | ≤ 8k+ 11. It can be verified that none of the last k
positions of Xk begin a square of length at most 2(8k+11). Since no longer distinct squares may exist at
those positions, no additional distinct squares exist.

Theorem 4.2. There exist words in which the distinct-square-density approaches 5
6 .

Proof. Such a word can be constructed as follows. As discussed in Lemma 4.1, let

Xk = ak−1baak−1bak−1baak−1baak−1bak−1b

of length 6k+ 3 and for i < j, let Yi, j = XiXi+1 · · ·X j−1X jaa j−1. Essentially, Yi, j is the concatenation of
j− i+1 words wm, with increasing m values, in which the suffix and prefix of a’s are shared by adjacent
pairs of words. Referring to Theorem 3.3, the factor X jaa j−1 of Yi, j is the word w j of length 7 j+3, thus
the word Yi, j has length 7 j+3+∑ j−1

k=i (6k+3) = 7 j+3+3 j2 −3i2.
By Theorem 3.4, the factor X jaa j−1 has 4 j+ ⌊ j

2⌋+1 distinct squares. By Lemma 4.1,

s(Yi, j) = s(Yi, j)[1..6i+3]s(Yi, j)[6i+4..12i+12] · · ·
s(Yi, j)[3 j2 −3i2 −6 j−2..3 j2 −3i2]s(X jaa j−1)

= 12i+10i+11i012i12(i+1)+10(i+1)+11i+1012(i+1) · · ·
12( j−1)+10( j−1)+11 j−1012( j−1)s(w j)

= ∏ j−1
k=i (1

2k+10k+11k012k)s(w j).

The word Yi, j has a total of

4 j+ ⌊ j
2⌋+1+∑ j−1

k=i (5k+1) = 4 j+ ⌊ j
2⌋+1+ 1

2(5 j2 −3 j−5i2 +3i)

distinct squares. It has thus distinct-square-density

4 j+ ⌊ j
2⌋+1+ 1

2(5 j2 −3 j−5i2 +3i)
7 j+3+3 j2 −3i2

,

which, recalling that j > i, approaches 5
6 as j approaches infinity.

Referring to Table 2, we include an example of an Yi, j word illustrating Theorem 4.2, where i = 5
and j = 15; there are 553 distinct squares, the length is 708, the distinct-square-density is ≈ .781:

a a a a b a a a a a b a a a a b a a a a a b a a a a
1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 1 1 1 1 1 0 1 1 1

a b a a a a b a a a a a b a a a a a a b a a a a a b
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0
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i j distinct squares length distinct-square-density
1 2 16 26 .615
1 3 31 48 .646
2 4 46 67 .687
2 5 71 101 .703
5 15 553 708 .781
6 19 879 1111 .791
8 25 1490 1861 .801
11 36 3063 3780 .810
19 64 9559 11656 .820

Table 2: Densities of selected Yi, j words: note that both the i and j columns skip values. For each j value,
the given i value gives the maximum distinct-square-density for that j.

a a a a a a b a a a a a a b a a a a a b a a a a a a
0 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

b a a a a a a a b a a a a a a b a a a a a a a b a a
1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 0 1

a a a a a b a a a a a a b a a a a a a a b a a a a a
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

a a a b a a a a a a a b a a a a a a a a b a a a a a
1 1 1 1 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 1 1 1 1

a a a b a a a a a a a b a a a a a a a a b a a a a a
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

a a a a b a a a a a a a a b a a a a a a a a a b a a
1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 0 1

a a a a a a a b a a a a a a a a b a a a a a a a a
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

a b a a a a a a a a a a b a a a a a a a a a b a a
1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1

a a a a a a a a b a a a a a a a a a a b a a a a a
1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

a a a a b a a a a a a a a a a b a a a a a a a a a
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

a a b a a a a a a a a a a b a a a a a a a a a a a
1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1
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b a a a a a a a a a a a b a a a a a a a a a a b a
1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

a a a a a a a a a a b a a a a a a a a a a a a b a
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0

a a a a a a a a a a b a a a a a a a a a a a a b a
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 0

a a a a a a a a a a a b a a a a a a a a a a a b a
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

a a a a a a a a a a a b a a a a a a a a a a a a a
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

b a a a a a a a a a a a a b a a a a a a a a a a a
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1

a a b a a a a a a a a a a a a a b a a a a a a a a
1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

a a a a b a a a a a a a a a a a a a b a a a a a a
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

a a a a a a a a b a a a a a a a a a a a a a b a a
1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

a a a a a a a a a a a a b a a a a a a a a a a a a
1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1

a a b a a a a a a a a a a a a a b a a a a a a a a
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2

a a a a a a b a a a a a a a a a a a a a a a b a a
2 2 2 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

a a a a a a a a a a a a b a a a a a a a a a a a a
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1

a a a b a a a a a a a a a a a a a a a b a a a a a
1 1 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0

a a a a a a a a a b a a a a a a a a a a a a a a a
0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0

Note that the above word does not have many FS-double-squares, and those it does have are not at
the beginning. Words with distinct-square-density greater than .8 first occur when j = 25 and are well
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over 1,000 letters long.

5 Selfish 2’s, or not

In all the words we have given thus far, each run of 2’s in the corresponding distinct-square-sequence is
followed by a run of at least twice as many 0’s. We refer to a run of 2’s followed by at least twice as
many 0’s as selfish 2’s.

However, not all runs of 2’s are selfish. The most straightforward way to break the selfish rule is
to omit or alter the last letter of the word wm, so that the position that would be the last 2 is instead a
1. For example consider the word w2 = abaababaabaababaa, which has the distinct-square-sequence
22000011100110010. The Selfish 2’s rule appears to hold, but it can be broken simply by omitting the
last letter, giving abaababaabaababa, which has the distinct-square-sequence 210000111011100, or by
changing the last letter of w2 to b, giving the distinct-square-sequence 21000011101011000.

Similar results are seen with w3. Omitting the last letter gives sequence 22100000011110011100010
and distinct-square-density 13

23 ≈ .565, and altering the last letter gives the distinct-square-sequence
221000000111100011100100 and distinct-square-density 13

24 ≈ .542.
For the above alterations to w2 and w3, the Selfish 2’s rule very nearly holds; we have replaced a 2

with a 1, but the length of the first run of 0’s remains unchanged. Greater breaks from the Selfish 2’s
pattern can be obtained by increasing the values of e1,e2, or both, as in the following examples.

The distinct-square-sequence of (aba,ab,2,1)a is 22011000100011100110010, with distinct-square-
density ≈ .565; for (aba,ab,3,1)a, it is 22011011000011100011100110010, with distinct-square-density
≈ .586; for (aba,ab,3,2)a, it is 22011000000100011100001110111100010, with distinct-square-density
= .514; for (aaba,aab,2,1)aa, it is 22201110000110000111100111000010, with distinct-square-density
≈ .594.

The distinct square-sequence of (aaba,aab,2,2) is 21100010000001111000011120011110001000,
with distinct-square-density = .5. Note that this word contains the word (aba,a,1,1), which does follow
the Selfish 2’s rule. The word (aaba,aab,2,2) has an internal 2 which disappears when aa is added, i.e.,
(aaba,aab,2,2)aa has distinct-square-sequence 2220000000000111100000111101111110000010, with
distinct-square-density .525 (the Selfish 2’s rule applies here).

The distinct-square-sequence of (aaba,aab,3,1) is 21101110111000100111100001111001101000,
with distinct-square-density ≈ .579. Adding one a to this word gives a distinct-square-sequence of
221011101110000001111000011110011100010, with distinct-square-density ≈ .590. Adding another a
gives 2220111011100000011110000111100111000010, with distinct-square-density = .6. Note that in
this case, the Selfish 2’s rule does not apply even when the sequence begins with multiple 2’s.

The distinct-square-sequence of (aaba,aab,3,2) is 211011100010000110000111100001112001111
0001000, with distinct-square-density ≈ .523. Note that this word again contains the word (aba,a,1,1),
which does follow the Selfish 2’s rule. Adding another a to the end of the above word produces another
leading 2, but causes the interior 2 to vanish, giving 221011100000000110000111100001111101111100
00010 with distinct-square-density ≈ .532. The sequence can be extended to begin with three 2’s by
adding yet another a giving 222011100000000110000111100000111101111110000010, with distinct-
square-density ≈ .542.

Apart from (aaba,aab,2,2)aa, in the distinct-square-sequences of all the above examples, each run
of 2’s is still followed by a larger run of 0’s; the difference is that the 0’s are not necessarily adjacent to
the 2’s, and the leading 0 in the run of 0’s is not necessarily the first 0 to follow the 2’s.
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6 Conclusion and future work

In this paper, we first studied how to maximize runs of FS-double-squares in the prefix. We showed that
a result of Ilie [27], which considers the case when the lengths of squares in a run of 2’s are preserved,
implies that for a given positive integer m, the minimum length of a word beginning with m FS-double-
squares, whose lengths are preserved, is 7m+ 3. In Theorem 3.3, we constructed a word wm of length
7m+3 that begins with m FS-double-squares, whose lengths are preserved, and analyzed in Theorem 3.4
the distinct-square-sequence as well as the distinct-square-density of wm. We then generalized our con-
struction in Theorems 3.5 and 3.6. In Theorem 4.2, we constructed for each pair of integers (i, j) with
i < j, a word Yi, j in which the distinct-square-density approaches 5/6 as j approaches infinity.

Deza et al. [17] gives ⌊5n
6 ⌋ as the maximum number of FS-double-squares in a word of length n, and

we may wonder about a connection between that result and our Theorem 4.2. Deza et al.’s result gives an
upper bound on the number of FS-double-square positions in a word; we give a pattern for a word that
will have close to ⌊5n

6 ⌋ total squares, counting both double and single-square-positions. In fact, of all the
distinct squares in our word Yi, j , only a trivial number are FS-double-squares. Deza et al.’s proof, on the
other hand, is concerned entirely with FS-double-squares and says nothing about single distinct square
occurrences. While there may be some underlying property that leads to the value 5

6 occurring in both
results, neither our proof nor Deza et al.’s incorporates part of the other.

We proved that the upper bound for the number of distinct squares in a word of length n is at least
a value approaching ⌊5n

6 ⌋. We did so by finding a pattern for a word that when n is sufficiently large,
will have a distinct-square-density approaching 5

6 . We suspect ⌊5n
6 ⌋ either is the upper bound or is very

close to it. However, the pattern we found approaches the distinct-square-density 5
6 only for words that

are thousands of letters long or more; our intuition is that there exist shorter words which approach the 5
6

bound, and that finding them could be a fruitful area for future research.
We also observed that many words have selfish 2’s, where a run of FS-double-square-positions is fol-

lowed by a longer run of positions with no distinct squares. We disproved our first Selfish 2’s hypothesis–
that any run of 2’s must be followed by a run of at least twice that many 0’s–but we suspect that a weaker
version of our Selfish 2’s hypothesis is true. Proving any Selfish 2’s hypothesis would put a maximum
on the upper bound of distinct-square-density. With these observations in mind, we propose a weaker
version of the Selfish 2’s rule: For every 2 in the distinct-square-sequence of a word, at least one 0 must
exist to the right of that 2. If this rule is true, then the upper limit on the number of distinct squares in a
word of length n must be less than n or the distinct-square-density can never be more than 1. We suspect
this is true in part because our Yi, j words get the vast majority of their distinct square occurrences from
single rather than double-squares. Stronger versions of the rule, that require more than one 0 to follow
each 2, would lead to correspondingly lower upper limits.

Referring to Table 2, we suggest the problem of finding and proving the i value that gives the maxi-
mum distinct-square-density for any given j.

The distinct-square-sequences were calculated using a program that we wrote in Java to support this
paper that, given a word, outputs the associated distinct-square-sequence, the total number of distinct
squares in the word, the length of the word, and the distinct-square-density of the word. In addition
to accepting typed words as input, the program also creates Yi, j words given i and j values, or creates
words of the form (ve1

1 v2ve2
2 )2 when given values for v1,v2,e1, and e2. The words created according to

those criteria then have distinct-square-sequences calculated in an identical manner to typed-in words.
Distinct-square-density was calculated in Java as a 64-bit signed floating point value (Java’s double
type). Densities were rounded to three decimal places for convenience. Distinct-square-density values
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in Table 2 were calculated in Microsoft Excel using the formulas given in Theorem 4.2.
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Floyd’s Operator Precedence (OP) languages are a deterministic context-free family having many
desirable properties. They are locally and parallely parsable, and languages having a compatible
structure are closed under Boolean operations, concatenation and star; they properly include the fam-
ily of Visibly Pushdown (or Input Driven) languages. OP languages are based on three relations
between any two consecutive terminal symbols, which assign syntax structure to words. We extend
such relations to k-tuples of consecutive terminal symbols, by using the model of strictly locally
testable regular languages of order k ≥ 3. The new corresponding class of Higher-order Operator
Precedence languages (HOP) properly includes the OP languages, and it is still included in the de-
terministic (also in reverse) context free family. We prove Boolean closure for each subfamily of
structurally compatible HOP languages. In each subfamily, the top language is called max-language.
We show that such languages are defined by a simple cancellation rule and we prove several prop-
erties, in particular that max-languages make an infinite hierarchy ordered by parameter k. HOP
languages are a candidate for replacing OP languages in the various applications where they have
have been successful though sometimes too restrictive.

1 Introduction

We propose a new way of extending the classic language family of operator-precedence (OP) languages,
invented by R. Floyd [11] to design a very efficient parsing algorithm, still used within compilers. It
is worth outlining the main characteristics of OP languages. OP languages have been also exploited
for grammar inference [2], thanks to their lattice-theoretical properties. They offer promise for model-
checking of infinite-state systems due to the Boolean closure, ω-languages, logic and automata charac-
terizations, and the ensuing decidability of relevant problems [17]. Recently, a generator of fast parallel
parsers has been made available [3]. Their bottom-up deterministic parser localizes the edges of the
handle (a factor to be reduced by a grammar rule) by means of three precedence relations, represented
by the tags ⋖,⋗,=̇. (Since our model generalizes OP, we represent the tags as [, ],⊙.) Such relations
are defined between two consecutive terminals (possibly separated by a nonterminal). E.g., the yield
precedence relation a⋖b says that b is the leftmost terminal of the handle and a is the last terminal of the
left context. The no-conflict condition of OP grammars ensures that the edge positions are unambiguous
and the handles can be localized by means of a local test. An OP parser configuration is essentially a
word consisting of alternated terminals and tags, i.e., a tagged word; notice that nonterminal symbols,
although present in the configuration, play no role in determining the handle positions, but are of course
necessary for checking syntactic correctness. In general, any language having the property that handles
can be localized by a local test is called locally parsable and its parser is amenable to parallelization.

If the parser is abstracted as a pushdown automaton, each pair of terminals associated to a left or to
a right edge of a handle, respectively triggers a push or a pop move; i.e., the move choice is driven by
two consecutive input symbols. Therefore, the well-known model of input-driven [21, 4] (or “visibly
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pushdown” [1]) languages is a special case of the OP model, since just one terminal suffices to choose
the move. This is shown in [8], where the precedence relations characterizing the input-driven languages
are computed. The syntax structures permitted by such relations are sometimes too restrictive for the con-
structs of modern languages, e.g., a markup language like HTML5 has special rules that allow dropping
some closing tags.

Since OP grammars, although used by compilers, are sometimes inconvenient or inadequate for
specifying some syntactic constructs, a natural question is: can we increase the generative capacity of
OP grammars, without jeopardizing their nice properties, by allowing the parser to examine more than
two consecutive terminals to determine the handle position? Quite surprisingly, to our knowledge the
question remained unanswered until now, but in the last section we mention some related research.

We intuitively present the main ideas of the new hierarchical family of languages and grammars
called Higher-order Operator Precedence (HOP). Let k ≥ 3 be and odd integer specifying the number
of consecutive terminals and intervening tags to be used for localizing handles: the value of k is 3 for
OP, which thus coincide with the HOP(3) subfamily. The main contributions are: a precise definition of
HOP(k) grammars, a decidable condition for testing whether a grammar has the HOP(k) property, the
proof that the OP family is properly included into the HOP one, and an initial set of nice properties that
carry over from OP to HOP. The Boolean closure of each structurally compatible (this concept cannot be
defined at this point but is standard for OP and input-driven languages) HOP subfamily is determinant for
model checking. Concerning local parsability, we mention in the conclusions how it should be obtained.
Last but not least, our definition of HOP grammars permits to use regular expressions in the right part of
rules, in contrast with the classical definition of OP grammars.

Moreover, we prove that each structurally compatible HOP subfamily has a maximal element, called
max-language. Interestingly, max-languages can be defined by a simple cancellation rule that applies
to tagged words, and iteratively deletes innermost handles by a process called a reduction. Before each
cancellation, the word, completed with tags, has to pass local tests, defined by means of a strictly locally
testable [20] regular language of order k. We prove several properties of the max-language family, in
particular that they form a strict infinite hierarchy ordered by parameter k. Since the model based on
cancellation is simpler, it will be the first presented in this paper, before the HOP grammar model.

Paper organization: Section 2 contains the basic notation and definitions. Section 3 introduces the
max-languages and their basic properties. Section 4 defines the HOP grammars and proves their prop-
erties. Section 5 compares HOP with some related existing models, and lists open problems and future
research directions.

2 Basic definitions

For terms not defined here, we refer to any textbook on formal languages, e.g. [14]. For a generic
alphabet we use the symbol ϒ. The empty word is denoted by ε . Unless stated otherwise, all languages
considered are free from the empty word. For any k ≥ 1, for a word w, |w| ≥ k, let ik(w) and tk(w) be the
prefix and, respectively, the suffix of w of length k. If a word w has length at least k, fk(w) denotes the
set of factors of w of length k, otherwise the empty set. Obviously, ik(w), tk(w) and fk can be extended
to languages. The i-th character of w is denoted by w(i),1 ≤ i ≤ |w|.

A (nondeterministic) finite automaton (FA) is denoted by M = (ϒ,Q,δ , I,T ), where I,T ⊆ Q are
respectively the initial and final states and δ is a relation (or its graph) over Q×ϒ×Q. A (labeled)
path is a sequence q1

a1→ q2
a2→ ··· an−1→ qn, such that, for each 1 ≤ i < n, (qi,a,qi+1) ∈ δ . The path label

is a1a2 . . .an−1, the path states are the sequence q1q2 . . .qn. An FA is unambiguous if each sentence in
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L(M) is recognized by just one computation.
An extended context-free (ECF) grammar is a 4-tuple G = (VN ,ϒ,P,S), where ϒ is the terminal

alphabet, VN is the nonterminal alphabet, P is the set of rules, and S ⊆VN is the set of axioms. Each rule
has the form X → RX , where X ∈VN and RX is a regular language over the alphabet V = ϒ∪VN . RX will
be defined by means of an unambiguous FA, MX = (V,QX ,δX , IX ,TX). We safely assume that for each
nonterminal X there is exactly one rule, to be written as X → MX or X → RX . A rule X → RX is a copy
rule if ∃Y ∈VN : Y ∈ RX ; we assume that there are no copy rules. A context-free (CF) grammar is an ECF
grammar such that for each rule X → RX , RX is a finite language over V .

The derivation relation ⇒⊆V ∗×V ∗ is defined as follows for an ECF grammar: u ⇒ v if u = u′Xu′′,
v = u′wu′′, X → RX ∈ P, and w ∈ RX .

A word is X -grammatical if it derives from a nonterminal symbol X . If X is an axiom, the word is
sentential. The language generated by G starting from a nonterminal X is denoted by L(G,X)⊆ ϒ+ and
L(G) =

⋃
X∈S L(G,X).

The usual assumption that all parts of a CF grammar are productive can be reformulated for ECF
grammars by combining reduction (as in a CF grammar) and trimming of the MX FA for each rule
X → MX , but we omit details for brevity.

An ECF grammar is in operator (normal) form if for all rules X → RX and for each x ∈ RX , f2(x)∩
VNVN = /0, i.e. it is impossible to find two adjacent nonterminals. Throughout the paper we only consider
ECF grammars in operator form.

Let G = (VN ,ϒ,P,S) and assume that {(,)}∩ϒ = /0. The parenthesis grammar G() is defined by the
4-tuple (VN ,ϒ∪{(,)},P′,S) where P′ = {X → (RX) | X → RX ∈ P}. Let σ ′ be the homomorphism which
erases parentheses, a grammar G is structurally ambiguous if there exist w,z ∈ L(G()),w 6= z, such that
σ ′(w) = σ ′(z). Two grammars G′ and G′′ are structurally equivalent if L(G′

()) = L(G′′
()).

Strict local testability and tagged languages Words of length k are called k-words. The following
definition, equivalent to the classical ones (e.g., in [20],[5]), assumes that any input word x ∈ ϒ+ is
enclosed between two special words of sufficient length, called end-words and denoted by #©. Let # be a
character, tacitly assumed to be in ϒ and used only in the end-words. We actually use two different end-
words, without or with tags, depending on the context: #©∈ #+ (e.g. in Definition 2.1) or #©∈ (#⊙)∗#,
(e.g. in Definition 2.2).
Definition 2.1. Let k ≥ 2 be an integer, called width. A language L is k-strictly locally testable, if there
exists a k-word set Fk ⊆ ϒk such that L = {x ∈ ϒ∗ | fk ( #©x #©) ⊆ Fk}; then we write L = SLT(Fk). A
language is strictly locally testable (SLT) if it is k-strictly locally testable for some k.

We assume that the three characters, called tags, [, ], and ⊙ are distinct from terminals and nonter-
minals characters and we denote them as ∆ = {[, ],⊙}. For any alphabet, the projection σ erases all the
tags, i.e. σ(x) = ε , if x ∈ ∆, otherwise σ(x) = x. Here we apply the SLT definition to words that contain
tags and are the base of our models. Let Σ be the terminal alphabet. A tagged word starts with a terminal
and alternates tags and terminals.

Definition 2.2 (tagged word and tagged language). Let here and throughout the paper k ≥ 3 be an odd
integer. A tagged word is a word w in the set Σ(∆Σ)∗, denoted by Σ�. A tagged sub-word of w is a factor
of w that is a tagged word. A tagged language is a set of tagged words. Let Σ�k = {w ∈ Σ� | |w| = k}.
We call tagged k-word any word in Σ�k. The set of all tagged k-words that occur in w is denoted by
ϕk(w).

A language L ⊆ Σ� is a k-strictly locally testable tagged language if there exists a set of tagged
k-words Φk ⊆ Σ�k such that L =

{
w ∈ Σ� | ϕk ( #© [ w ] #©)⊆ Φk

}
. In that case we write L = SLT(Φk).

The k-word set Fk ⊆ (Σ∪∆)k derived from Φk is Fk =
⋃

x∈SLT(Φk) fk(x).
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A tagged k-word set Φk is conflictual if, and only if, ∃x,y ∈ Φk,x 6= y, such that σ(x) = σ(y).

E.g., SLT({#[a, a⊙b, b⊙a, a]#}) = (a⊙b⊙)∗a.
We observe that, for each word w ∈ Σ�, the set ϕk(w) is included in fk(w). E.g., from Φ3 = {#[a, a⊙

b, b⊙a, a]#} we derive the 3-word set F3 = Φ3 ∪{[a⊙, [a], ⊙b⊙, ⊙a⊙, ⊙a]}. Yet, although Φk ⊂ Fk,
the languages defined by strict local testing obviously coincide: SLT(Fk) = SLT(Φk).

In what follows all tagged word sets considered are not conflictual, unless stated otherwise. An
important remark is that for every word w over Σ, σ−1(w)∩SLT(Φk) is either empty or a singleton: the
tagged word corresponding to w.

The following technical lemma is useful for later proofs.

Lemma 2.3. Let w ∈ Σ�k; let s′,s′′ ∈ ∆ be two distinct tags. Then, for every 3 ≤ h ≤ k+ 2, the tagged
word set ϕh(ws′ws′′w) is conflictual.

Proof. Let w= a1s2a3 . . . sk−1ak. It suffices to observe that the conflicting tagged h-words th(a1s2a3 . . . sk−1
aks′a1) and th(a1s2a3 . . . sk−1aks′′a1) are contained in ϕh(ws′ws′′w).

An immediate corollary: when w = a ∈ Σ, for any sufficiently long word z ∈ a(∆a)∗, if z contains
two distinct tags, the set ϕk(z) is conflictual.

3 Reductions and maximal languages

We show that the SLT tagged words, defined by a set Φ of (non-conflictual) k-words, can be interpreted
as defining another language over the terminal alphabet; the language is context-free but not necessarily
regular, and is called maximal language or max-language. We anticipate from Section 4 the reason of
the name “max-language”: such languages belong to the family of Higher-order Operator Precedence
languages (Definition 4.3), and they include any other HOP language that is structurally compatible. We
first define the reduction process, then we prove some properties of the language family.

Consider a set Φk ⊆ Σ�k and a word w over Σ; let x ∈ SLT(Φ) be the tagged word corresponding
to w, if it exists. Word w belongs to the max-language if x reduces to a specified word by the repeated
application of a reduction operation. A reduction cancels from the current x a sub-word of a special form
called a handle, replaces it with a tag, and thus produces a new tagged word. All the tagged words thus
obtained by successive reductions must belong to SLT(Φ).

Definition 3.1 (maximal language). Let Φ ⊆ Σ�k. A handle is a word of the form [x] where x ∈
(Σ−{#}) · (⊙(Σ−{#}))∗, i.e., a handle is a tagged word enclosed between the tags [ and ], and not
containing symbols in {[, ],#}.
A reduction is a binary relation Φ⊆ (Σ∪∆)+× (Σ∪∆)+ between tagged words, defined as:

w[u]z Φ wsz if, and only if, w[u]z ∈ SLT(Φ) where [u] is a handle, and ∃s ∈ ∆ : wsz ∈ SLT(Φ). (1)

The handle [u] is called reducible. A reduction is called leftmost if no handle occurs in w. The definition
of rightmost reduction is similar. Observe that at most one tag s may satisfy Condition (1) since Φ is
non-conflictual. The subscript Φ may be dropped from Φ when clear from context; ∗ is the reflexive
and transitive closure of .
The tagged maximal language defined by Φ via reduction is Red(Φ) = {w ∈ Σ� | #© [ w ] #© ∗ Φ #©⊙
#©}. The maximal language defined by Φ, is Red(Φ) = σ

(
Red(Φ)

)
.

We say that languages Red(Φ) and Red(Φ) are in the families Red(k) and Red(k) respectively; a
language is in the Red family if it is in Red(k) for some k.
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Notice that in Definition 3.1 the reductions may be applied in any order, without affecting Red(Φ).

Example 3.2. This and the following examples were checked by a program. The Dyck language (without
ε) over the alphabet {a,a′,b,b′}, which can be easily extended to an arbitrary number of matching
pairs, is a Red(3) language defined by the tagged word set Φ = {# ⊙ #, b′]a′, a′]b′, #[b, b′[b, b[b,
a′]a′, #[a, b′]#, a⊙a′, a[b, b[a, b′[a, a′[b, b′]b′, a′]#, b⊙b′, a′[a, a[a}. Word aaa′a′aa′ is recognized
by the following reductions, respectively leftmost and rightmost:

#©[a[a⊙a′]a′[a⊙a′] #© #©[a⊙a′[a⊙a′] #© #©[a[a⊙a′]a′[a⊙a′] #© #©[a[a⊙a′]a′] #©
 #©[a⊙a′] #© #©⊙ #©  #©[a⊙a′] #© #©⊙ #©

Some elementary properties of max-languages come next.

Lemma 3.3. 1. ∄x,y ∈ Red(Φ), x 6= y: σ(x) = σ(y). (Unambiguity)

2. ∀x,y, if x ∈ Red(Φ) and #© [ x ] #© ∗ Φ #© [ y ] #©, then y ∈ Red(Φ). (Closure under )

3. Let Fh = σ(Φ) (hence h = ⌈k/2⌉). Then SLT(Fh)⊇ Red(Φ). (Refinement over SLT)

Proof. Stat. 1. and 2. follow from Definition 3.1. Define the tagged k-words set Φ̂ = σ−1(Fh)∩Σ�k,
which clearly includes Φ. From the identity SLT(Fh) = σ(SLT(Φ̂)), Stat. 3 follows.

Example 3.4. This is a running example. L = {an(cb+)n | n > 0} is a Red(3) language specified by
Φ = {#⊙#, #[a, b]#, b]c, c⊙b, b⊙b, a⊙ c, a[a}. The reduction steps for word aaacbbbbcbcbbb are:

#©[a[a[a⊙ c⊙b⊙b⊙b⊙b]c⊙b]c⊙b⊙b⊙b] #© 
#©[a[a⊙ c⊙b]c⊙b⊙b⊙b] #© #©[a⊙ c⊙b⊙b⊙b] #© #©⊙ #©

Therefore [a[a[a⊙ c⊙b⊙b⊙b⊙b]c⊙b]c⊙ b⊙b⊙b] ∈ Red(Φ) and aaacbbbbcbcbbb ∈ Red(Φ). On
the other hand, word aacbb is not accepted because it is not the content of a tagged word that reduces
to #© ⊙ #©, in particular, the reduction of handle [a⊙ c⊙ b⊙ b] in #©[a[a⊙ c⊙ b⊙ b] #© is not possible
because there is not a tag s such that as# ∈ SLT(Φ).

First, we compare Red with REG, the family of regular languages.

Theorem 3.5. The family of Red languages strictly includes the SLT family and is incomparable with
the REG family.

Proof. Inclusion SLT ⊆ Red: The mapping (̃·) : Σ+ → Σ� is defined by z̃ = z(1)⊙ z(2)⊙·· ·⊙ z(|z|), for
any z ∈ Σ+. Given a set Fj, j ≥ 2 defining an SLT language over Σ, we define the set Φk, k = 2 j−1: it
contains, for every u∈Fj∩(Σ−{#})+, the tagged word ũ, and, for every w= # j1 v# j2 ∈Fj, j1+ |v|+ j2 =
j, the tagged word w̃ = (#⊙) j1−1#[v(1)⊙ v(2)⊙·· ·⊙ v(|v|)]#(⊙#) j2−1.
We prove that SLT(Fj) ⊆ Red(Φk). Consider any z ∈ SLT(Fj), for simplicity assume |z| ≥ j. Then
˜# j−1z# j−1 = #©[z(1)⊙·· ·⊙ z(|z|)] #© Φk #©⊙ #©. Since the converse inclusion SLT(Fj)⊇ Red(Φk) is

obvious, it follows that SLT ⊆ Red.
The inclusion SLT ⊂ Red is proved by using L = a∗ba∗∪a+ which is defined by Φ3 = {#[b,a]b,#⊙

#,#[a,b]#,a⊙a,b[a,a]#}. But it is known that L is not locally testable.
The inclusion Red 6⊆ REG is proved by the Dyck languages. To prove REG 6⊆ Red, we consider

R=(aa)+. By Lemma 2.3, a Φk for R may only use one tag, and we first consider the case [ (the case with
] is analogous). For any odd value k ≥ 3, Φk has the form { #©[a, . . .#[a[. . . [a,a[. . . [a, . . .a[. . . [a] #©, . . .},
therefore the handle is always [a] and Red(Φk) necessarily includes also words with an odd number of
a’s. The same conclusion holds in the ⊙ case, since any handle has the form [a⊙ . . .⊙a].
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We prove that family Red is an infinite strict hierarchy.

Theorem 3.6. For every k ≥ 5, the language family Red(k) strictly includes Red(k−2).

Proof. Consider the languages L(h) = (ahb)+, a ≥ 1. It is easy to verify that for k = 2h+ 1, L(h) is in
Red(k). E.g., L(2) = Red({#⊙#[a, b]#⊙#, b]a⊙a, a⊙b]a, a⊙a⊙b, #[a⊙a, a⊙b]#, #⊙#⊙#}).

We prove that L(h) is not in Red(k− 2). Assume by contradiction that L(h) = Red(Φk−2), for some
Φk−2, and consider y ∈ L(h) and y′ ∈ Red(Φk−2), such that y = σ(y′). The word y′ contains a tagged
sub-word w = as1 . . .ash−1a, si ∈ ∆, and two cases are possible.
• ∃1 ≤ i < j ≤ h−1 such that si 6= s j. By Lemma 2.3, the set ϕk−2(w) is conflictual.
• All si in w are identical. But this means that, if ahb ∈ Red(Φk−2) (by hypothesis), then also ah+1b ∈
Red(Φk−2), which is not in L(h).

The Red family is not closed under the following operations, as proved by witnesses:
Intersection: {anbnc∗ | n > 0}= Red({b[c, c]#, a⊙b, c⊙ c, #⊙#, #[a, b]#, b]b, a[a }) and {a∗bncn |
n > 0} = Red({#[b, a]b, c]#, c]c, #⊙ #, b[b, #[a, a⊙ a, b⊙ c}), and their intersection is not context-
free.
Set difference: (a∗ba∗ ∪ a+)− a+. The first language is in Red(3) (see the proof of Theorem 3.5) and
requires #©[a and a] #© because words may begin and end with a. Since unlimited runs of a are possible,
Lemma 2.3 imposes the same tag between any pair of a’s, hence the resulting Red language necessarily
contains a+, a contradiction.
Concatenation: a∗b = Red({#[b, a⊙b, #⊙#, #[a, b]#, a⊙a}) concatenated with a+ is similar to the
witness for set difference.
Intersection with regular set: {a,b}+ ∩ (aa)+, see Theorem 3.5.

The language family of the next section contains Red and has better closure properties.

4 Generalization of operator-precedence languages

We introduce a new family of languages, called HOP(k), standing for Higher-order Operator Precedence
languages of order k ≥ 3. The HOP(k) condition is decidable for grammars; HOP(k) languages are
deterministic, also in reverse. With respect to existing families, we start from the operator-precedence
(OP) languages, defined by Floyd [11], and prove that they are the same as the new family HOP(3), when
the grammar rules are in non-extended CF form. We prove the Boolean closure property for the family
of HOP(k) languages having the same set Φk of tagged k-words. The top element in such family is the
Red language (also known as max-language) defined by Φk.

Operator Precedence Grammars An Operator Precedence grammar1 [11] is characterized by three
OP relations over Σ2, denoted by ⋗, .

=, ⋖, that are used to assign a structure to the words (see e.g. [13]
for the classical parsing algorithm).

Example 4.1. Consider the following operator grammar (with rules specified for brevity by regular
expressions) and its OP relations:

G1 = {S → XbX ∪bX , X → aa∗} a .
= a, a⋗b, b⋖a.

By default, #⋖ x and x⋗#, for any x ∈ Σ, and # .
= #. A grammar is OP if at most one relation exists be-

tween any two terminal symbols. To parse word aaaba, the bottom-up OP parser executes the following

1Floyd’s definition uses CF grammars, but it is straightforward to extend it to ECF grammars.
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reduction steps:

#⋖a .
= a .

= a⋗b⋖a⋗# ⇐=G1 #
X
⋖ b⋖a⋗# ⇐=G1 #

X
⋖ b

X
⋗ # ⇐=G1 #

S.
= # (2)

If we substitute the OP relation symbols with tags, the above OP relations are encoded by the tagged 3-
words Φ3 = {a⊙a,a[b,b]a,#[a,a]#,#⊙#,#[b,b]#}. The OP property implies that Φ3 is non-conflictual.
Notice that each word in (2) (disregarding the #’s) belongs to Red(Φ3). Recalling Definition 3.1, we
observe that a⊙a⊙a]b[a ∈ Red(Φ3), therefore aaaba ∈ Red(Φ3). Moreover, Red(Φ3) = a∗ba∗∪a+ ⊃
L(G1).

Our generalization of OP grammars is based on the idea of using tagged k-words, with k ≥ 3, for
assigning a syntactic structure to words. The test for a grammar to be OP [11] is quite simple, but the
wider contexts needed when k > 3, impose a more involved device for the no-conflict check. For that we
define a grammar, called tagged, obtained from the original grammar by inserting tags into rules.

Definition 4.2 (Tagged grammar). Let G = (VN ,Σ,P,S) be a grammar. Define a language substitution
ρ : V → P

(
V ∪∆∪ (Σ∪∆)2

)
such that

ρ(a) = {a, a⊙, a], [a} ,a ∈ Σ; ρ(X) = {X}∪∆, X ∈VN .

Let R be the regular language defined by R = (VN ∪{[}) ·Σ · ((VN ∪{⊙}) ·Σ)∗ · (VN ∪{]}). We construct
from G the tagged grammar associated to G, denoted by G = (VN ,Σ∪∆,P,S). For each rule X → RX ∈ P,
G has the rule X → RX where RX = ρ(RX)∩R.

The idea underlying G’s definition is to insert tags into the rules of P, so that G’s structure becomes
visible in the tagged words generated by G. Tagged grammars are akin to the classical parenthesis
grammars [19], yet their representation of nested structures is more parsimonious, since a single “[” tag
(analogously a “]”) can represent many open (resp. closed) parentheses. Notice that σ(L(G)) ⊇ L(G),
since tagged grammar rules exist, which replace a nonterminal with a tag. Such rules may generate words
that, after deleting the tags, are not in L(G). To illustrate, going back to G1 of Example 4.1, grammar
G1 has the rules {S → (X ∪ [)b(X∪ ]), X → [a(⊙a)∗]} and generates the word [b], while σ([b]) /∈ L(G1).
With the help of the tagged grammar G, we can compute all the tagged k-words that may occur in parsing
any valid word for grammar G (exemplified in (2)). Then, we can check whether they are conflictual or
not. In the latter case, grammar G fulfills the next Definition 4.3 of HOP(k) grammar.

Returning to Example 4.1, the tagged 3-words ϕ3
(
#L(G1)#

)
coincide with the set Φ3 encoding the

precedence relations. As observed, since G1 is an OP grammar, Φ3 is nonconflictual, and G1 is a HOP(3)
grammar as well. The formalization follows.

Definition 4.3 (Higher-order Operator Precedence grammars). Let k ≥ 3 be an odd integer. A grammar
G, having G as associated tagged grammar, is a higher-order operator precedence grammar of order k
(in short HOP(k)) if

∄u,v ∈ ϕk
(

#©L(G) #©
)

such that u 6= v and σ(u) = σ(v) (3)

This means that the set of all tagged k-words occurring in any sentence of L(G) is nonconflictual. The
union of the families HOP(k) for all values of k is denoted by HOP. The family of grammars HOP(k)
having the same set Φ of tagged k-words is denoted by HOP(k,Φ). Identical notations denote the corre-
sponding language families, when no confusion arises.

The decidability of Condition (3) for a given grammar and a fixed value of k is obvious. With an
abuse of terminology, we also say that ϕk(L(G)) are the tagged k-words of grammar G.
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Theorem 4.4. The family OP of operator precedence languages coincides with the family HOP(3), and
is properly included within the HOP family.

Proof. The proof formalizes the already stated fact that OP relations are encoded by tagged 3-words. Let
G be an ECF grammar. For all letters a,b ∈ Σ we show that the following relations hold:

a=̇b ⇐⇒ a⊙b ∈ ϕ3(L(G)), a⋖b ⇐⇒ a[b ∈ ϕ3(L(G)), a⋗b ⇐⇒ a]b ∈ ϕ3(L(G)).

If a⋗ b, from the definition of OP grammar [11], it follows that there are a sentential word uXv with
i1(v) = b, and an X -grammatical word w such that t1(w) = a or t2(w) = aY with Y ∈VN . In both cases,
for the tagged grammar G (see Definition 4.2), either the substitution ρ(a) = a] or ρ(Y ) = ] causes the
3-word a]b to be in Φ3, the tagged k-words of grammar G. (Notice that a wrong choice for the symbol
returned by ρ(Y ), i.e. [ and ⊙, is neutralized by the intersection with language R and does not show up
in the tagged grammar.) Conversely, it is obvious that a]b ∈ Φ3 implies a⋗b.

We omit the similar case a⋖ b, and examine the case a=̇b, which happens if there exists a rule
containing in the right part as factor ab or aY b. The respective substitutions ρ(a) = a⊙ and ρ(Y ) = ⊙
produce the 3-word a⊙b ∈ Φ3. The converse is also immediate. It follows that, for every pair a,b ∈ Σ,
grammar G violates the OP condition if, and only if, the HOP condition is false for k = 3.

On the other hand, we show a HOP language that is not an OP language. Let L = {an(baab)n | n≥ 1}.
For any grammar of L, by applying a pumping lemma, it is clear that the relations a⋖ a and b⋗ b are
unavoidable, i.e., the 3-words a[a,b]b are necessarily present in Φ3. But it can be checked that, no matter
how we choose the other precedence relations, either there is a conflict or the language generated by the
grammar fails to be L; this can be exhaustively proved by examining all possible non-conflictual choices
of Φ3 ⊂ Σ�3.

On the other hand, it is possible to check that the grammar G2 : S → aSbaab∪ abaab is in HOP(7),
and its tagged 7-words are

Φ7 =





#⊙#[a⊙b, a⊙a⊙b]#, #[a[a⊙b, a[a⊙b⊙a, b]b⊙a⊙a, a⊙b]b⊙a,
a⊙a⊙b]b, a⊙b]#⊙#, a[a[a[a, b⊙a⊙a⊙b, #[a⊙b⊙a, #⊙#⊙#⊙#,
a[a[a⊙b, #⊙#⊙#[a, b]#⊙#⊙#, #⊙#[a[a, #[a[a[a, a⊙b⊙a⊙a



 .

It is known that OP grammars are structurally unambiguous, and that OP languages are CF determin-
istic and reverse-deterministic. Since such properties immediately follow from the bottom-up parser for
OP grammars, which is easily extended to HOP(k) grammars without changing the essential operations,
the same properties hold for any value of k.

Theorem 4.5. Every HOP grammar is structurally unambiguous. The HOP language family is properly
included within the deterministic and reverse-deterministic CF languages.

Proof. We only need to prove the last statement. Let L = {anban | n ≥ 1}, which is deterministic and
reverse deterministic. For any grammar G of L, a straightforward application of the pumping lemma
shows that, for any k ≥ 3, ϕk(L(G)) includes a word as1as2 . . .a containing two distinct tags “[” and “]”,
therefore it also includes two conflictual k-words, because of the remark following Lemma 2.3.

We show the significant connection between the HOP languages and the Red languages, which moti-
vates their appellation of max-languages.

Max-grammars We prove by a fairly articulate construction that if L is a max-language, i.e. L =
Red(Φk), for some Φk ⊆ Σ�k, then L is generated by a grammar G ∈ HOP(k,Φk). Moreover, L is the
largest language in HOP(k,Φk).
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Preliminarily, we define, for an arbitrary SLT language over a generic alphabet ϒ, a nondetermin-
istic FA which is symmetrical w.r.t. the scanning direction; this property contrasts with the standard
deterministic sliding-window device, e.g., in [5].

Definition 4.6 (symmetrical FA). Let Fk be a k-word set. The k-symmetrical automaton A associated to
Fk is obtained by trimming the FA A0 = (ϒ,Q,δ , I,T ) where:

• Q = {(β ,α) ∈ ϒk−1 ×ϒk−1 | β ,α ∈ fk−1(Fk)}
• (β ,α)

a→ (β ′,α ′) ∈ δ if, and only if, β ′ = tk−1(β a)∧α = ik−1(aα ′)

• I = {(tk−1( #©),α) ∈ Q}, T = {(β , ik−1( #©)) ∈ Q}.

Intuitively, β and α represent the look-back and look-ahead (k−1)-words of state (β ,α).
See Figure 1 for illustration. Two relevant properties of the symmetrical FA A are:

1. L(A) = SLT(Fk), since, on each accepting path, the k-factors are by construction those of Fk.

2. The automaton A is unambiguous. Consider a word x = uyv, and assume by contradiction that
there are two accepting paths in A, with state sequences πuπyπv, πuπ ′

yπv and the same label x
(u and v could be ε). But, by construction of A, if πy = q1q2 . . .qt and π ′

y = q′1q′2 . . .q
′
t , then

q1 = (tk−1(u), ik−1(y)) and also q′1 = (tk−1(u), ik−1(y)). This holds for every subsequent step, hence
π ′

y = πy, so the two paths must be identical.

Given Φ ⊆ Σ�k, we construct a grammar, denoted by GΦ, that generates the max-language Red(Φ).
The construction is also illustrated in Example 4.8.

Definition 4.7 (max-grammar construction). Let Φ⊆ Σ�k, and let AΦ = (Σ∪∆,Q,δ , I,T) be the symmet-
rical automaton recognizing SLT(Φ). The grammar GΦ = (Σ∪∆,VN ,P,S) called tagged max-grammar,
is obtained by reducing (in the sense of trimming the useless parts) the grammar constructed as follows.

• VN is a subset of Q × Q such that (q1,q2) ∈ VN if q1 = (β1, [γ1) and q2 = (γ2],α2), for some
β1,γ1,γ2,α2. Thus a nonterminal X is also identified by (β1, [γ1,γ2],α2).

• The axiom set is S = I×T .

• Each rule X → RX ∈ P is such that the right part is defined by MX = (V ∪∆,QX ,δX ,{pI},{pT }),
an FA where QX ⊆ Q, next specified.
Let X = (βX ,αX ,β ′

X ,α ′
X ). Then: pI = (βX ,αX), pT = (β ′

X ,α ′
X ),

• The graph of the transition relation is δX = (δ ∪δ ′)−δ ′′, where

δ ′ =




(β1,α3)

(β1,α1,β2,α2)−→ (β3,α2)

(β1,α1,β2,α2) ∈VN ,

(β1,α3)
⊙−→ (β3,α2) ∈ δ ∨

(β1,α3) = pI ∧ (β1,α3)
[−→ (β3,α2) ∈ δ ∨

(β3,α2) = pT ∧ (β1,α3)
]−→ (β3,α2) ∈ δ





δ ′′ =

{
q′

[−→ q′′ ∈ δ q′ 6= pI

}
∪
{

q′
]−→ q′′ ∈ δ q′′ 6= pT

}
∪

{
q′ x−→ pI ∈ δ

}
∪
{

pT
x−→ q′ ∈ δ

}
.

Intuitively, δ ′ adds transitions with nonterminal labels between any two states already linked by a tag-
labeled transition, which are “compatible” with the nonterminal name (i.e. with the same look-back and
look-ahead). The transitions δ ′′ to be deleted are: those labeled by tags “[“ or “]” that are not initial or
final, and those reentering the initial or final states.
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Define the max-grammar as GΦ = (VN ,Σ,{X → σ(RX) | X → RX ∈ P} ,S).
The grammar graph Γ(GΦ) of GΦ is a graph containing all the arcs and states of the symmetrical

automaton AΦ associated to Φ, together with all the arcs labelled by nonterminals, defined by the above
construction of δ ′.

The grammar graph synthetically represents all the rules of the max-grammar GΦ and will be used in
the proof of the forthcoming lemma. Each rule right part is a subgraph starting with a label “[“, ending
with a label “]”, and containing only terminals and ⊙ tags; the rule left part is denoted by the pair of
initial and final states of the subgraph.

Example 4.8. We show the construction of the max-grammar for the tagged 3-word set Φ = {#⊙ #,
#[a, b]#, b]c, c⊙ b, b ⊙ b, a⊙ c, a[a} of Example 3.4. Its symmetrical automaton AΦ is reported
in Figure 1 (i). The nonterminals are included in the set {(⊙#, [a),([a, [a)} ×{(b],c⊙),(b],#⊙)}, but
(⊙#, [a,b],c⊙) and ([a, [a,b],#⊙) are unreachable, because they are neither axioms nor they are transition
labels in the grammar graph. Thus only two nonterminals are left: the axiom X = (⊙#, [a,b],#⊙) and Y =
([a, [a,b],c⊙) which occurs on the transition from ([a,⊙c) to (a⊙,c⊙). The two rules of the resulting
grammar are X → [a(⊙∪Y )c⊙ (b⊙)∗b] and Y → [a(⊙∪Y )c⊙ (b⊙)∗b] and their automata are show in
Figure 1 (ii) and (iii), respectively.

By construction, the rules of any tagged max-grammar GΦ have some properties worth noting:

1. For each rule X → MX , RX ⊆ (VN ∪{[}) ·Σ · ((VN ∪{⊙}) ·Σ)∗ · (VN ∪{]}). This fact implies that
GΦ and GΦ are in operator form.

2. For each rule X → MX in P, MX is an unambiguous FA.

We prove that the languages defined by max-grammars and by reductions of Definition 3.1 coincide.

Lemma 4.9. Let Φ ⊆ Σ�k, and let GΦ and GΦ be the max-grammars of Definition 4.7. Then L(GΦ) =
Red(Φ) and L(GΦ) = Red(Φ).

Proof. It suffices to consider GΦ, since GΦ has the same structure. We need also the symmetrical FA AΦ,
and the grammar graph Γ(GΦ). Notice that AΦ and Γ(GΦ) have the same set of states, and that AΦ is a
sub-graph of Γ(GΦ), which only differs by the absence of nonterminally-labeled arcs.

We say that two words w and w′ are equivalent on a sequence of states π = q1,q2, . . . ,qn (or path
equivalent), written w ≡π w′, iff in Γ(GΦ) there exist two paths, both with the state sequence π , such that
w and w′ are their labels.

We start from a string w(0) ∈ SLT(Φ); we will show that, for some m > 0 and for some axiom W ∈ S:
w(0) Φ w(1) Φ . . . Φ w(m) = #©⊙ #© iff w̃(0) ⇐=GΦ

w̃(1) ⇐=GΦ
. . .⇐=GΦ

w̃(m) =W,

where w̃(0) = w(0), and ∀i, ∃πi : w̃(i) ≡πi w(i).
We prove the theorem by induction on the reduction steps.

Base case: Consider w̃(0): it is by definition w̃(0) = w(0), hence ∃π : w̃(0) ≡π w(0).
Induction case: First, we prove that w(t) Φ w(t+1) implies w̃(t) ⇐=GΦ

w̃(t+1) with w̃(t+1) ≡πt+1 w(t+1).
To perform the reduction, we need a handle, let it be called x, such that w(t) = uxv  w(t+1) = usv,
s ∈ ∆. By induction hypothesis, we know that w̃(t) ≡πt w(t) = uxv, therefore w̃(t) = ũx̃ṽ with ũ ≡π ′

t
u,

x̃ ≡π ′′
t

x, and ṽ ≡π ′′′
t

v, with πt = π ′
t π ′′

t π ′′′
t . The equivalence x̃ ≡π ′′

t
x, with x handle, implies that there

is a right part of a rule X → MX ∈ P, such that x̃ ∈ RX . Hence, w̃(t) ⇐=GΦ
w̃(t+1) = ũX ṽ and X =

(tk−1( #©u), ik−1(xv #©), tk−1( #©ux), ik−1(v #©)). The reduction relation implies that in AΦ (and therefore
also in Γ(GΦ)) there is a path with states πt+1 and labels w(t+1): call π ′

t+1 the states of its prefix with
label u, and π ′′

t+1 those of its suffix with label v. Let us call qu the last state of π ′
t+1 and qv the first state
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Figure 1: (i) Symmetrical FA AΦ of Example 3.4. (ii) Automaton of the rule X → [a(⊙∪Y )c⊙ (b⊙)∗b]
of Example 4.8. (iii) Automaton of the rule Y → [a(⊙∪Y )c⊙ (b⊙)∗b] of Example 4.8.
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of π ′′
t+1. By construction of GΦ, in Γ(GΦ) there is a transition qu

X−→ qv, while in AΦ there is qu
s−→ qv.

From this it follows w̃(t+1) ≡π ′
t+1π ′′

t+1
w(t+1).

We now prove that w̃(t) ⇐=GΦ
w̃(t+1) implies w(t)  Φ w(t+1), with w(t+1) ≡πt+1 w̃(t+1). By defini-

tion of derivation, it is w̃(t) = ũx̃ṽ ⇐=GΦ
w̃(t+1) = ũX ṽ for some X ∈ VN . By induction hypothesis, we

know that ũx̃ṽ = w̃(t) ≡πt w(t), hence w(t) = uxv with ũ ≡π ′
t

u, x̃ ≡π ′′
t

x, and ṽ ≡π ′′′
t

v, with πt = π ′
t π ′′

t π ′′′
t .

From this it follows that X = (tk−1( #©u), ik−1(xv #©), tk−1( #©ux), ik−1(v #©)), and that x must be an handle.
Therefore, w(t) = uxv w(t+1) = usv, s ∈ ∆, and in AΦ (and in Γ(GΦ)) there is a path with states πt+1
and labels w(t+1): call π ′

t+1 the states of its prefix with label u, and π ′′
t+1 those of its suffix with label v.

Let us call qu the last state of π ′
t+1 and qv the first state of π ′′

t+1. By construction of GΦ, in Γ(GΦ) there is
a transition (qu,X ,qv), while in AΦ there is (qu,s,qv). Hence w̃(t+1) ≡π ′

t+1π ′′
t+1

w(t+1).

Theorem 4.10. Let G be any grammar in the family HOP(k,Φ) and G its tagged version. Let Red(Φ) =
L(GΦ) (respectively Red(Φ) = L(GΦ)) be the max-languages. The following inclusions hold:

L(G)⊆ Red(Φ), L(G)⊆ Red(Φ).

Proof. (Hint) Let G= (VN ,Σ,P,S), G= (VN ,Σ∪∆,P,S), GΦ = (V ′
N ,Σ,P′,S′) and GΦ = (V ′

N ,Σ∪∆,P′
,S′).

We prove that if, for X ∈ S, X +
=⇒G w then, for some Y ′ ∈ S′, Y ′ +

=⇒GΦ
w; we may assume both derivations

are leftmost. If X +
=⇒G uX1v=⇒G uw1v=w then w1 is the leftmost handle in w, and by definition of max-

grammar, there exists a derivation uZ′v=⇒G uw1v where Z′ is the 4-tuple (tk( #©u), ik(w1v #©), tk( #©uw1),
ik(v #©)).

Then, after the reduction or the derivation step, the position of the leftmost handle in uX1v and in
uZ′v coincide, and we omit the simple inductive arguments that completes the proof.

Clearly, the two derivations of G and of GΦ have the same length and create isomorphic trees, which
only differ in the nonterminal names. By applying the projection σ to both derivations, the inclusion
L(G)⊆ Red(Φ) follows.

Thus, for each set of tagged k-words Φ, the max-language L(GΦ) includes all languages in HOP(k,Φ),
actually also any language in HOP(k,Φ′), where Φ′ ⊆ Φ.

To prove the Boolean closure of HOP(k,Φ), we need the following lemma (the tedious proof is
omitted) which extends Theorem 5 of Knuth [15] from CF to ECF grammars.

Lemma 4.11. Let G(),1 and G(),2 be ECF parenthesis grammars. Then there exists an ECF parenthesis
grammar G() such that L(G()) = L(G(),1)−L(G(),2).

Theorem 4.12. For every k and Φ ⊂ Σ�k, the language family HOP(k,Φ) is closed under union, inter-
section and under relative complement, i.e., L1 −L2 ∈ HOP(k,Φ) if L1,L2 ∈ HOP(k,Φ).

Proof. Let Li = L(Gi) where Gi = (VNi ,Σ,Pi,Si), for i = 1,2. We assume that the nonterminal names of
the two grammars are disjoint.

Union. The grammar G=(VN1 ∪VN2 ,Σ,P1∪P2,S1∪S2) generates L(G1)∪L(G2) and is in HOP(k,Φ),
since its set of tagged k grams is Φ.

Complement. Let G(),i be the parenthesis grammar of Gi, i = 1,2, and by Lemma 4.11 let G() =
(VN ,Σ,P,S) be the parenthesis grammar such that L(G()) = L(G(),1)− L(G(),2). Since G1 and G2 are
structurally unambiguous by Theorem 4.5, there exists a bijection between the sentences of Li and
L(G(),i), i = 1,2.

Define the grammar G = (VN ,Σ,P,S) obtained from G() by erasing the parentheses from each rule
right part. It is obvious that L(G) = L1−L2 since, if x,y are sentences of G() and σ(x) = σ(y), then x = y.
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It remains to prove that G has the HOP(k) property. Each sentence of L(G) corresponds to one, and only
one, sentence of G(). Since L(G) ⊆ L1, the tagged k-words of grammar G are a subset of the tagged
k-words Φ of grammar G1, which by hypothesis are not conflictual. The closure under intersection is
obvious.

Combining Theorem 4.10 and Theorem 4.12, we have:

Corollary 4.13. For every k and Φ ⊂ Σ�k, the language family HOP(k,Φ) is a Boolean algebra having
as top element the max-language Red(Φ).

Our last result reaffirms for the HOP languages a useful property of OP languages.

Theorem 4.14. For every k and Φ ∈ Σ�k, the language family HOP(k,Φ) is closed under intersection
with regular languages.

Proof. (Hint) Let us consider a grammar G0 ∈ HOP(k,Φ) and a regular language R0. We first add tags
to R0 through the language substitution η : Σ2 → P(Σ ·∆ ·Σ), such that η(ab) = {a}∆{b}. Consider
the regular language R1 = η(R0) and an FA M1 = (Σ∪∆,QR,δR, IR,TR) that recognizes R1. Let AΦ be
the symmetrical automaton recognizing SLT(Φ). We apply the classic “product” construction for the
language intersection of the two FA AΦ and M1; let the product machine be (Σ∪∆,Q,δ , I,T ). Note
that a state of Q consists of three components (β1,α1,q1): the look-back β1 and look ahead α1, where
β1,α1 ∈ (Σ∪∆)k−1 come from the states of AΦ, while the state q1 comes from QR.

By extending the construction presented in Definition 4.7, we proceed now to define the grammar
G1 = (Σ∪∆,VN ,P,S) for Red(Φ)∩R1 as follows.
– VN is a subset of Q×Q such that (β1, [γ1,q1,γ2],α2,q2) ∈VN , for some β1,γ1,γ2,α2, q1, q2.
– S ⊆ VN and X ∈ S if, and only if, X = (γ1 ⊙ #,α1,q1,β1,#⊙ γ2,q2), for some γ1,γ2,α1,β1, q1 ∈ IR,
q2 ∈ FR.
– Each rule X →MX ∈P is such that the right part is an FA MX = (Σ∪∆,QX ,δX ,{pI},{pT }) where QX ⊆
Q. (For each X there exists only one MX .) Let X = (βX ,αX ,qX ,β ′

X ,α ′
X ,q

′
X ). Then: pI = (βX ,αX ,qX ),

pT = (β ′
X ,α ′

X ,q
′
X ), δX = (δ ∪δ ′)−δ ′′,

δ ′ =




(β1,α3,q1)

(β1,α1,q1,β2,α2,q2)−→ (β3,α2,q2)

(β1,α1,q1,β2,α2,q2) ∈VN ,

(β1,α3,q1)
⊙−→ (β3,α2,q2) ∈ δ ∨

(β1,α3,q1) = pI ∧ (β1,α3,q1)
[−→ (β3,α2,q2) ∈ δ ∨

(β3,α2,q2) = pT ∧ (β1,α3,q1)
]−→ (β3,α2,q2) ∈ δ





δ ′′ =

{
q′

[−→ q′′ ∈ δ q′ 6= pI

}
∪
{

q′
]−→ q′′ ∈ δ q′′ 6= pT

}
∪

{
q′ x−→ pI ∈ δ

}
∪
{

pT
x−→ q′ ∈ δ

}
.

It is easy to see that L(G1) = Red(Φ)∩R1. If we remove tags by taking G2 = (VN ,Σ,{X → σ(RX) |
X → RX ∈ P},S), we see that G2 ∈ HOP(k,Φ) by construction, and L(G2) = Red(Φ)∩R0. By Cor. 4.13,
L(G0)∩L(G2) = L(G0)∩R0 is in HOP(k,Φ).

5 Related work and conclusion

Earlier attempts have been made to generalize the operator precedence model and other similar grammar
models. We discuss some relevant works and explain how they differ from the higher-order operator
precedence model.
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Floyd himself proposed the bounded-context grammars [12], which use left and right contexts of
bounded length to localize the edges of the handle; unfortunately, the contexts contain also nonterminals
and so lose the closure properties of OP languages as well as the possibility to do local parsing.

Chain-driven languages [7] are a recent extension of OP languages, which shares with HOP the
idea of specifying the syntax structure by non-conflictual tags, but differs in technical ways we cannot
describe here. The resulting family offers some significant gain in expressive capacity over OP, enjoys
local parsability, but it has poor closure properties, and cannot be easily formulated for contexts larger
than one terminal. Notice that the automata-theoretic approach presented in [7] can be naturally applied
to HOP languages for proving their local parsability.

Since HOP extend the OP language family, which in turn include the input-driven (or VP) lan-
guage [8] family, it is interesting to compare the HOP family with the recent extension of VP languages,
recognized by tinput-driven pushdown automata (TDPDA) [16], which enjoy similar closure proper-
ties. The families HOP and TDPDA are incomparable: on one side, the language {anban | n ≥ 1} ∈
TDPDA−HOP, on the other side, TDPDA only recognize real-time languages, and thus fail the non-
realtime language which is {ambncndm | n,m ≥ 1}∪{amb+edm | m ≥ 1} ∈ HOP(3). Moreover the tinput
parser is not suitable for local parsing, because it must operate from left to right, starting from the first
character.

Recalling that OP grammars have been applied in early grammar inference studies, we mention two
loosely related language classes motivated by grammar inference research, which strives to discover ex-
pressive grammar types having good learnability properties. Within the so-called distributional approach,
several authors have introduced various grammar types based on a common idea: that the syntax class
of a word v is determined by the left and right contexts of occurrence, the context lengths being finite
integers k and ℓ. Two examples are: the (k, ℓ) substitutable CF languages [22] characterized by the impli-
cation x1vy1uz1, x1vy2uz1, x2vy1uz2 ∈ L implies x2vy2uz2 ∈ L where |v| = k and |u| = ℓ; and the related
hierarchies of languages studied in [18]. A closer comparison of HOP and language classes motivated
by grammar inference would be interesting.

Since HOP is a new language model, its properties have been only partially studied. Thus, it remains
to be seen whether other known theoretical properties of OP languages (such as the closure under con-
catenation and star or the invariance with respect to the CF non-counting property [6]) continue to hold
for HOP.

We finish by discussing the potential for applications. First, the enhanced generative capacity of
higher degree HOP grammars in comparison to OP grammars may in principle ease the task of writing
syntactic specifications, but, of course, this needs to be evaluated for realistic cases. We are confident
that the practical parallel parsing algorithm in [3] can be extended from OP to HOP grammars.

To apply HOP to model-checking of infinite-state systems, the model has to be extended to ω-
languages and logically characterized, as recently done for OP languages in [17].

Last, for grammar inference: we observe that it would be possible to define a partial order based
on language inclusion, within each subfamily of HOP(k) languages closed under Boolean operation,
i.e., structurally compatible. Such a partially ordered set of grammars and languages, having the max-
grammar as top element, is already known [10, 9] for the OP case, and its lattice-theoretical properties
have been exploited for inferring grammars using just positive information sequences [2]. The availabil-
ity of the k-ordered hierarchy may then enrich the learnable grammar space.
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Let S be a complete star-omega semiring and Σ be an alphabet. For a weighted ω-pushdown au-
tomaton P with stateset {1, . . . ,n}, n ≥ 1, we show that there exists a mixed algebraic system over
a complete semiring-semimodule pair ((S ≪ Σ∗ ≫)n×n,(S ≪ Σω ≫)n) such that the behavior ‖P‖
of P is a component of a solution of this system. In case the basic semiring is B or N∞ we show
that there exists a mixed context-free grammar that generates ‖P‖. The construction of the mixed
context-free grammar from P is a generalization of the well known triple construction and is called
now triple-pair construction for ω-pushdown automata.

1 Introduction and preliminaries

Weighted pushdown automata were introduced by Kuich, Salomaa [14]. Many results on classical push-
down automata and context-free grammars can be generalized to weighted pushdown automata and al-
gebraic systems. Classic pushdown automata can also be used to accept infinite words (see Cohen, Gold
[3]) and it is this aspect we generalize in our paper. We consider weighted ω-pushdown automata and
their relation to algebraic systems over a complete semiring-semimodule pair (Sn×n,V n). It turns out that
the well known triple construction for pushdown automata can be generalized to a triple-pair construction
for weighted ω-pushdown automata. Our paper generalizes results of Droste, Kuich [5].

The paper consists of this and three more sections. In Section 2, pushdown transition matrices are
introduced and their properties are studied. The main result of this section is that, for such a matrix M, the
p-blocks, p a pushdown symbol, of the infinite column vector Mω ,l satisfy a special equality. In Section
3, weighted ω-pushdown automata are introduced. We show that for a weighted ω-pushdown automaton
P there exists a mixed algebraic system such that the behavior ‖P‖ of P is a component of a solution
of this system. In Section 4 we consider the case that the complete star-omega semiring S is equal to B or
N∞. Then for a given weighted ω-pushdown automaton P a mixed context-free grammar is constructed
that generates ‖P‖. The construction is a generalization of the well known triple construction and is
called triple-pair construction for ω-pushdown automata.

For the convenience of the reader, we quote definitions and results of Ésik, Kuich [8, 9, 10, 11] from
Ésik, Kuich [7]. The reader should be familiar with Sections 5.1-5.6 of Ésik, Kuich [7].

∗Zoltán Ésik died on May 25, 2016.
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A semiring S is called complete starsemiring if sums for all families (si | i ∈ I) of elements of S are
defined, where I is an arbitrary index set, and if S is equipped with an additional unary star operation
∗ : S → S defined by s∗ = ∑ j≥0 s j for all s ∈ S. Moreover, certain conditions have to be satisfied making
sure that computations with “infinite” sums can be performed analogous to those with finite sums.

A pair (S,V ), where S is a complete starsemiring and V is a complete S-semimodule is called a
complete semiring-semimodule pair if products for all sequences (si | i ∈N) of elements of S are defined
and if S and V are equipped with an omega operation ω : S → V defined by sω = ∏ j≥1 s for all s ∈ S.
Moreover, certain conditions (e.g. “infinite” distributive laws) have to be satisfied making sure that
computations with “infinite” sums and “infinite” products can be performed analogous to those with
finite sums and finite products. (For details see Conway [4], Eilenberg [6], Bloom, Ésik [1], Ésik, Kuich
[7], pages 30 and 105-107.)

A semiring S is called complete star-omega semiring if (S,S) is a complete semiring-semimodule
pair.

For the theory of infinite words and finite automata accepting infinite words by the Büchi condition
consult Perrin, Pin [15].

2 Pushdown transition matrices

In this section we introduce pushdown transition matrices and study their properties. Our first theorem
generalizes Theorem 10.5 of Kuich, Salomaa [14]. Then we show in Theorems 3 and 6 that, for a
pushdown transition matrix M, (Mω)p and (Mω ,l)p, 0 ≤ l ≤ n, p ∈ Γ, introduced below satisfy the same
specific equality. In Theorem 1, S denotes a complete starsemiring; afterwards in this section, (S,V )
denotes a complete semiring-semimodule pair.

Following Kuich, Salomaa [14] and Kuich [13], we introduce pushdown transitions matrices. Let Γ
be an alphabet, called pushdown alphabet and let n ≥ 1. A matrix M ∈ (Sn×n)Γ∗×Γ∗

is termed a pushdown
transition matrix (with pushdown alphabet Γ and stateset {1, . . . ,n}) if

(i) for each p ∈ Γ there exist only finitely many blocks Mp,π , π ∈ Γ∗, that are unequal to 0;

(ii) for all π1,π2 ∈ Γ∗,

Mπ1,π2 =

{
Mp,π if there exist p ∈ Γ,π,π ′ ∈ Γ∗ with π1 = pπ ′ and π2 = ππ ′,
0 otherwise.

For the remaining of this paper, M ∈ (Sn×n)Γ∗×Γ∗
will denote a pushdown transition matrix with

pushdown alphabet Γ and stateset {1, . . . ,n}.
Our first theorem generalizes Theorem 10.5 of Kuich, Salomaa [14] and Theorem 6.2 of Kuich [13]

to complete starsemirings. First observe that for all ρ1 ∈ Γ+, ρ2,π ∈ Γ∗, we have Mρ1π,ρ2π = Mρ1,ρ2 .
Intuitively, our next theorem states that, emptying the pushdown tape with contents pπ by finite

computations has the same effect (i.e., (M∗)pπ,ε ) as emptying first the pushdown tape with contents p
(i.e., (M∗)p,ε ) by finite computations and afterwards (i.e., multiplying) emptying the pushdown tape with
contents π (i.e., (M∗)π,ε ) by finite computations.

Theorem 1. Let S be a complete starsemiring and M ∈ (Sn×n)Γ∗×Γ∗
be a pushdown transition matrix.

Then, for all p ∈ Γ and π ∈ Γ∗,
(M∗)pπ,ε = (M∗)p,ε(M∗)π,ε .
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Proof. Since the case π = ε is trivial, we assume π ∈ Γ+. We obtain

(M∗)pπ,ε = ∑
m≥0

(Mm+1)pπ,ε

= ∑
m≥0

∑
π1,...,πm∈Γ+

Mpπ,π1 Mπ1,π2 . . .Mπm−1,πm Mπm,ε

=
(

∑
m1≥0

∑
ρ1,...,ρm1∈Γ+

Mpπ,ρ1π . . .Mρm1 π,π

)
·
(

∑
m2≥0

∑
π1,...,πm2∈Γ+

Mπ,π1 . . .Mπm2 ,ε

)

=
(

∑
m1≥0

∑
ρ1,...,ρm1∈Γ+

Mp,ρ1 . . .Mρm1 ,ε

)
(M∗)π,ε = (M∗)p,ε (M∗)π,ε .

The summand for m = 0 is Mpπ,ε ; the summand for m1 = 0 is Mpπ,π or Mp,ε ; the summand for m2 = 0
is Mπ,ε . In the third line in the first factor the pushdown contents are always of the form ρπ, ρ ∈ Γ+,
except for the last move. Hence, in the second factor the first move has to start with pushdown contents
π and it is the first time that the leftmost symbol of π is read.

Intuitively, the next lemma states that the infinite computations starting with p1 . . . pk on the push-
down tape yield the same matrix (Mω)p1...pk as summing up, for all 1≤ j ≤ k the product of (M∗)p1...p j−1,ε
(i.e., emptying the pushdown tape with contents p1 . . . p j−1 by finite computations) with the matrix
(Mω)p j (i.e., the infinite computations starting with p j on the pushdown tape).

This means that in p1 . . . pk the pushdown symbols p1, . . . , p j−1 are emptied by finite computations
and p j is chosen for starting the infinite computations. Clearly, p j+1, . . . , pk are not read.

Lemma 2. Let (S,V ) be a complete semiring-semimodule pair and let M ∈ (Sn×n)Γ∗×Γ∗
be a pushdown

transition matrix. Then for all p1, . . . , pk ∈ Γ,

(Mω)p1...pk = ∑
1≤ j≤k

(M∗)p1,...,p j−1,ε(M
ω)p j .

Proof.
(Mω)p1,...,pk = ∑

ρ1,ρ2,...∈Γ+

Mp1...pk,ρ1 Mρ1,ρ2 Mρ2,ρ3 . . . .

We partition the “runs” (p1 . . . pk,ρ1,ρ2,ρ3, . . . ) into classes:

• class (1): there exist ρ ′
i ∈ Γ+, i ≥ 1, such that ρi = ρ ′

i p2 . . . pk.

• class (j).(t), k ≥ 3, 2 ≤ j ≤ k−1, t ≥ 1: ρt = p j . . . pk and there exist ρ ′
i ∈ Γ+, for 1 ≤ i ≤ t −1 and

i ≥ t +1, such that ρi = ρ ′
i p j . . . pk for 1 ≤ i ≤ t −1, and ρi = ρ ′

i p j+1 . . . pk for i ≥ t +1.

• class (k).(t), k ≥ 2, t ≥ 1: ρt = pk and there exist ρ ′
i ∈ Γ+ for 1 ≤ i ≤ t −1, such that ρi = ρ ′

i pk.

Clearly, class (1) and class (j).(t), 2 ≤ j ≤ k, t ≥ 1 are pairwise disjoint.
Intuitively, in the runs of

class (1): p2 is never read;
class (j).(t), 2 ≤ j ≤ k−1, t ≥ 1: p j+1 is never read and p j is read in the t-th step;
class (k).(t), t ≥ 1: pk is read in the t-th step.

We now compute for each class the value of

S(1) = ∑
(1)

Mp1...pk,ρ1 Mρ1,ρ2 Mρ2,ρ3 . . . .
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and
S( j).(t) = ∑

( j).(t)
Mp1...pk,ρ1 Mρ1ρ2 Mρ2,ρ3 . . . ,2 ≤ j ≤ k, t ≥ 1,

where ∑(1) and ∑( j).(t) means summation over all runs in the classes (1) and (j).(t), respectively. We
obtain

S(1) = ∑
ρ ′

1,ρ
′
2,···∈Γ+

Mp1,ρ ′
1
Mρ ′

1,ρ
′
2
Mρ ′

2,ρ
′
3
· · ·= (Mω)p1 .

For 2 ≤ j ≤ k−1, t ≥ 1, we obtain

S( j).(t) =
(

∑
ρ ′

1,ρ
′
2,...,ρ

′
t−1∈Γ+

Mp1...p j−1,ρ ′
1
. . .Mρ ′

t−2,ρ
′
t−1

Mρ ′
t−1,ε

)
·
(

∑
ρ ′

t+1,ρ
′
t+2,...∈Γ+

Mp j,ρ ′
t+1

Mρ ′
t+1,ρ

′
t+2

. . .
)

= (Mt)p1...p j−1,ε(M
ω)p j .

For t ≥ 1,

S(k).(t) =
(

∑
ρ ′

1,ρ
′
2,...,ρ

′
t−1∈Γ+

Mp1...pk−1,ρ ′
1
. . .Mρ ′

t−2,ρ
′
t−1

Mρ ′
t−1,ε

)
·
(

∑
ρt+1,ρt+2,...∈Γ+

Mpk,ρt+1 Mρt+1,ρt+2 . . .
)

= (Mt)p1...pk−1,ε (M
ω)pk .

Hence, we obtain

(Mω)p1...pk = S(1)+ ∑
2≤ j≤k

∑
t≥1

S( j).(t) = (Mω)p1 + ∑
2≤ j≤k

(M∗)p1...p j−1,ε(M
ω)p j

= ∑
1≤ j≤k

(M⋆)p1...p j−1,ε(M
ω)p j .

Intuitively, our next theorem states that the infinite computations starting with p on the pushdown
tape yield the same matrix (Mω)p as summing up, for all π = p1 . . . pk and all 1 ≤ j ≤ k the product of
Mp,π (i.e., changing the contents of the pushdown tape from p to π) with the matrix (M∗)p1...p j−1,ε (i.e.,
emptying the pushdown tape with contents p1 . . . p j−1 by finite computations) and eventually with the
matrix (Mω)p j (i.e., the infinite computations starting with p j on the pushdown tape).

This means that in π the pushdown symbols p1, . . . , p j−1 are emptied by finite computations and p j
is chosen for starting the infinite computations. Clearly, p j+1, . . . , pk are not read.

Theorem 3. Let (S,V ) be a complete semiring-semimodule pair and let M ∈ (Sn×n)Γ∗×Γ∗
be a pushdown

transition matrix. Then, for all p ∈ Γ,

(Mω)p = ∑
p1...pk∈Γ+

Mp,p1...pk ∑
1≤ j≤k

(M∗)p1...p j−1,ε(M
ω)p j .

Proof. We obtain, by Lemma 2

∑
p1...pk∈Γ+

Mp,p1...pk ∑
1≤ j≤k

(M∗)p1...p j−1,ε(M
ω)p j = ∑

p1...pk∈Γ+

Mp,p1...pk(M
ω)p1...pk

= ∑
π∈Γ∗

Mp,π(Mω)π = (MMω) = Mω .
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We define the matrices (AM)p,p′ ∈ Sn×n, M ∈ (Sn×n)Γ∗×Γ∗
a pushdown transition matrix, p, p′ ∈ Γ, by

(AM)p,p′ = ∑
π=p1...pk∈Γ+

p j=p′

Mp,π(M∗)p1,ε . . . (M
∗)p j−1,ε ,

and AM ∈ (Sn×n)Γ×Γ by AM = ((AM)p,p′)p,p′∈Γ. Whenever we use the notation AM we mean the matrix
just defined.

Theorem 4. Let (S,V ) be a complete semiring-semimodule pair and let M ∈ (Sn×n)Γ∗×Γ∗
be a pushdown

transition matrix. Then, for all p ∈ Γ,

(Mω)p = ∑
p′∈Γ

(AM)p,p′(Mω)p′ .

Proof. We obtain by Theorem 3

∑
p′∈Γ

(AM)p,p′(Mω)p′ = ∑
p′∈Γ

∑
π=p1...pk∈Γ+

∑
1≤ j≤k

δp j ,p′Mp,π(M∗)p1...p j−1,ε(M
ω)p′

= ∑
p1...pk∈Γ+

Mp,p1...pk ∑
1≤ j≤k

∑
p′∈Γ

δp j ,p′(M
∗)p1...p j−1,ε (M

ω)p′

= ∑
p1...pk∈Γ+

Mp,p1...pk ∑
1≤ j≤k

(M∗)p1...p j−1,ε (M
ω)p j = (Mω)p .

When we say “G is the graph with adjacency matrix M ∈ (Sn×n)Γ∗×Γ∗
” then it means that G is

the graph with adjacency matrix M′ ∈ S(Γ
∗×n)×(Γ∗×n), where M corresponds to M′ with respect to the

canonical isomorphism between (Sn×n)Γ∗×Γ∗
and S(Γ

∗×n)×(Γ∗×n).
Let now M be a pushdown transition matrix and 0 ≤ l ≤ n. Then Mω ,l is the column vector in (V n)Γ∗

defined as follows: For π ∈ Γ∗ and 1 ≤ i ≤ n, let ((Mω ,l)π)i be the sum of all weights of paths in the
graph with adjacency matrix M that have initial vertex (π, i) and visit vertices (π ′, i′), π ′ ∈ Γ∗, 1 ≤ i′ ≤ l,
infinitely often. Observe that Mω ,0 = 0 and Mω ,n = Mω .

Let Pl = {( j1, j2, . . . ) ∈ {1, . . . ,n}ω | jt ≤ l for infinitely many t ≥ 1}.
Then for π ∈ Γ+, 1 ≤ j ≤ n, we obtain

((Mω ,l)π) j = ∑
π1,π2,···∈Γ+

∑
( j1, j2,... )∈Pl

(Mπ,π1) j, j1(Mπ1,π2) j1, j2(Mπ2,π3) j2, j3 . . . .

Lemma 5. Let (S,V ) be a complete semiring-semimodule pair and let M ∈ (Sn×n)Γ∗×Γ∗
be a pushdown

transition matrix. Then, for all p1, . . . , pk ∈ Γ, 0 ≤ l ≤ n,

(Mω ,l)p1...pk = ∑
1≤ j≤k

(M∗)p1...p j−1,ε (M
ω ,l)p j .

Proof. By the proof of Lemma 2 and the following summation identity: Assume that A1,A2, . . . are
matrices in Sn×n. Then, for 0 ≤ l ≤ n, 1 ≤ j ≤ n, and m ≥ 1,

∑
( j1, j2,... )∈Pl

(A1) j, j1(A2) j1, j2... = ∑
1≤ j1,..., jm≤n

(A1) j, j1 . . . (Am) jm−1, jm ∑
( jm+1, jm+2,... )∈Pl

(Am+1) jm, jm+1 . . . .
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Theorem 6 generalizes Theorem 4 from Mω ,n to Mω ,l, 0 ≤ l ≤ n.

Theorem 6. Let (S,V ) be a complete semiring-semimodule pair and let M ∈ (Sn×n)Γ∗×Γ∗
be a pushdown

transition matrix. Then, for all p ∈ Γ, 0 ≤ l ≤ n,

(Mω ,l)p = ∑
p′∈Γ

(AM)p,p′(Mω ,l)p′ .

3 Algebraic systems and ω-pushdown automata

In this section, we define ω-pushdown automata and show that for an ω-pushdown automaton P there
exists an algebraic system over a quemiring such that the behavior ‖P‖ of P is a component of a
solution of this system.

For the definition of an S′-algebraic system over a quemiring S×V we refer the reader to [7], page
136, and for the definition of quemirings to [7], page 110. Here we note that a quemiring T is isomorphic
to a quemiring S×V determined by the semiring-semimodule pair (S,V ), cf. [7], page 110.

In the sequel, (S,V ) is a complete semiring-semimodule pair and S′ is a subset of S containing 0 and
1. Let M ∈ (S′n×n)Γ∗×Γ∗

be a pushdown matrix. Consider the S′n×n-algebraic system over the complete
semiring-semimodule pair (Sn×n,V n), i.e., over the quemiring Sn×n ×V n,

yp = ∑
π∈Γ∗

Mp,πyπ , p ∈ Γ . (1)

(See Section 5.6 of Ésik, Kuich [7].) The variables of this system (1) are yp, p ∈ Γ, and yπ ,π ∈ Γ∗, is
defined by ypπ = ypyπ for p ∈ Γ, π ∈ Γ∗ and yε = ε . Hence, for π = p1 . . . pk, yπ = yp1 . . .ypk . The
variables yp are variables for (Sn×n,V n).

Let x = (xp)p∈Γ, where xp, p ∈ Γ, are variables for Sn×n. Then, for p ∈ Γ, π = p1 p2 . . . pk, (Mp,πyπ)x
is defined to be

(Mp,πyπ)x = (Mp,π yp1 . . .ypk)x = Mp,πzp1 +Mp,πxp1 zp2 + · · ·+Mp,πxp1 . . .xpk−1zpk .

Here zp, p ∈ Γ, are variables for V n.
We obtain, for p ∈ Γ, π = p1 . . . pk,

(Mp,πyπ)x = ∑
p′∈Γ

∑
π=p1...pk∈Γ+

p j=p′

Mp,πxp1 . . .xp j−1 zp′

= ∑
π=p1...pk∈Γ+

Mp,π ∑
1≤ j≤k

xp1 . . .xp j−1 zp j .

The system (1) induces the following mixed ω-algebraic system:

xp = ∑
π∈Γ∗

Mpπxπ , p ∈ Γ, (2)

zp = ∑
π∈Γ∗

(Mp,π yπ)(xp)p∈Γ = ∑
p′∈Γ

∑
π=p1...pk∈Γ+

p j=p′

Mp,πxp1 . . .xp j−1 zp′ . (3)

Here (2) is an S′n×n-algebraic system over the semiring Sn×n (see Section 2.3 of Ésik, Kuich [7]) and
(3) is an Sn×n-linear system over the semimodule V n (see Section 5.5 of Ésik, Kuich [7]).
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In the classical theory of automata and formal languages, equation (2) plays a crucial role in the
transition from pushdown automata to context-free grammars. It is, in the form of matrix notation, the
well-known triple construction. (See Harrison [12], Theorem 5.4.3; Bucher, Maurer [2], Sätze 2.3.10,
2.3.30; Kuich, Salomaa [14], pages 178, 306; Kuich [13], page 642; Ésik, Kuich [7], pages 77, 78.)

By Theorem 5.6.1 of Ésik, Kuich [7], (A,U) ∈ ((Sn×n)Γ,(V n)Γ) is a solution of (1) iff A is a solution
of (2) and (A,U) is a solution of (3). We now compute such solutions (A,U).

Theorem 7. Let S be a complete starsemiring and M ∈ (S′n×n)Γ∗×Γ∗
be a pushdown transition matrix.

Then ((M∗)p,ε )p∈Γ is a solution of (2).

Proof. By Theorem 1.

We now substitute in (3) for (xp)p∈Γ the solution ((M∗)p,ε )p∈Γ of (1) and obtain the S′n×n-linear
system (4) over the semimodule V n

zp = ∑
p′∈Γ

(AM)p,p′zp′ , p ∈ Γ . (4)

Theorem 8. Let (S,V ) be a complete semiring-semimodule pair and M ∈ (S′n×n)Γ∗×Γ∗
be a pushdown

transition matrix. Then, for all 0 ≤ l ≤ n, ((Mω ,l)p)p∈Γ is a solution of (4).

Proof. By Theorem 6.

Corollary 9. Let (S,V ) be a complete semiring-semimodule pair and M ∈ (S′n×n)Γ∗×Γ∗
be a pushdown

transition matrix. Then, for all 0 ≤ l ≤ n,

(((M∗)p,ε )p∈Γ,((Mω ,l)p)p∈Γ)

is a solution of (1).

We can write the system (4) in matrix notation in the form

z = AMz (5)

with column vector z = (zp)p∈Γ.

Corollary 10. Let (S,V ) be a complete semiring-semimodule pair and M ∈ (S′n×n)Γ∗×Γ∗
be a pushdown

transition matrix. Then for all 0 ≤ l ≤ n, ((Mω ,l)p)p∈Γ is a solution of (5).

We now introduce pushdown automata and ω-pushdown automata (see Kuich, Salomaa [14], Kuich
[13], Cohen, Gold [3]).

Let S be a complete semiring and S′ ⊆ S with 0,1 ∈ S′. An S′-pushdown automaton over S

P = (n,Γ, I,M,P, p0)

is given by

(i) a finite set of states {1, . . . ,n}, n ≥ 1,

(ii) an alphabet Γ of pushdown symbols,

(iii) a pushdown transition matrix M ∈ (S′n×n)Γ∗×Γ∗
,

(iv) an initial state vector I ∈ S′1×n,
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(v) a final state vector P ∈ S′n×1,

(vi) an initial pushdown symbol p0 ∈ Γ,

The behavior ‖P‖ of P is an element of S and is defined by ‖P‖= I(M∗)p0,ε P.
For a complete semiring-semimodule pair (S,V ), an S′-ω-pushdown automaton (over (S,V ))

P = (n,Γ, I,M,P, p0, l)

is given by an S′-pushdown automaton (n,Γ, I,M,P, p0) and an l ∈ {0, . . . ,n} indicating that the states
1, . . . , l are repeated states.

The behavior ‖P‖ of the S′-ω-pushdown automaton P is defined by

‖P‖= I(M∗)p0,ε P+ I(Mω ,l)p0 .

Here I(M∗)p0,ε P is the behavior of the S′-ω-pushdown automaton P1 = (n,Γ, I,M,P, p0,0) and
I(Mω ,l)p0 is the behavior of the S′-ω-pushdown automaton P2 = (n,Γ, I,M,0, p0, l). Observe that P2 is
an automaton with the Büchi acceptance condition: if G is the graph with adjacency matrix M, then only
paths that visit the repeated states 1, . . . , l infinitely often contribute to ‖P2‖. Furthermore, P1 contains
no repeated states and behaves like an ordinary S′-pushdown automaton.

Theorem 11. Let (S,V ) be a complete semiring-semimodule pair and let P = (n,Γ, I,M,P, p0, l) be an
S′-ω-pushdown automaton over (S,V ). Then (‖P‖,(((M∗)p,ε)p∈Γ,((Mω ,l)p)p∈Γ)) is a solution of the
S′n×n-algebraic system

y0 = Iyp0 P,yp = ∑
π∈Γ∗

Mp,πyπ , p ∈ Γ

over the complete semiring-semimodule pair (Sn×n,V n).

Proof. By Corollary 9, (((M∗)p,ε )p∈Γ,((Mω ,l)p)p∈Γ) is a solution of the second equation. Since

I(((M∗)p0,ε),((M
ω ,l)p0))P = (I(M∗)p0,ε P, I(Mω ,l)p0) = ‖P‖ ,

(‖P‖,(((M∗)p,ε)p∈Γ,((Mω ,l)p)p∈Γ)) is a solution of the given S′n×n-algebraic system.

Let S be a complete star-omega semiring and Σ be an alphabet. Then by Theorem 5.5.5 of Ésik,
Kuich [7], (S ≪ Σ∗ ≫,S ≪ Σω ≫) is a complete semiring-semimodule pair. Let P = (n,Γ,M, I,P, p0, l)
be an S〈Σ∪{ε}〉-ω-pushdown automaton over (S ≪ Σ∗ ≫, S ≪ Σω ≫). Consider the algebraic system
over the complete semiring-semimodule pair ((S ≪ Σ∗ ≫)n×n,(S ≪ Σω ≫)n)

y0 = Iyp0 P,yp = ∑
π∈Γ∗

Mp,πyπ , p ∈ Γ (6)

and the mixed algebraic system (7) over ((S ≪ Σ∗ ≫)n×n,(S ≪ Σω ≫)n) induced by (6)

x0 = Ixp0P,xp = ∑
π=p1...pk∈Γ∗

Mp,πxp1 . . .xpk , p ∈ Γ ,

z0 = Izp0 ,zp = ∑
π=p1...pk∈Γ+

Mp,π ∑
1≤ j≤k

xp1 . . .xp j−1 zp j , p ∈ Γ .
(7)

Corollary 12. Let (S,V ) be a complete semiring-semimodule pair, Σ be an alphabet and P =(n,Γ,M, I,P,
p0, l) be an S〈Σ∪{ε}〉-ω-pushdown automaton over (S ≪ Σ∗ ≫,S ≪ Σω ≫).

Then (I(M∗)p0,ε P,((M∗)p,ε )p∈Γ, I(Mω ,l)p0 ,((M
ω ,l)p)p∈Γ) is a solution of (7). It is called solution of

order l.



M. Droste, Z. Ésik & W. Kuich 109

Let now in (7)
x = ([i, p, j])1≤i, j≤n, p ∈ Γ,

be n×n-matrices of variables and
z = ([i, p])1≤i≤n, p ∈ Γ

be n-dimensional column vectors of variables. If we write the mixed algebraic system (7) component-
wise, we obtain a mixed algebraic system over ((S ≪ Σ∗ ≫),(S ≪ Σω ≫)) with variables [i, p, j] over
S ≪ Σ∗ ≫, where p ∈ Γ, 1 ≤ i, j ≤ n, and variables [i, p] over S ≪ Σω ≫, where p ∈ Γ, 1 ≤ i ≤ n.

Writing the mixed algebraic system (7) component-wise, we obtain the system (8):

x0 = ∑
1≤m1,m2≤n

Im1 [m1, p0,m2]Pm2,

[i, p, j] = ∑
k≥0

∑
p1,...,pk∈Γ

∑
1≤m1,...,mk≤n

(Mp, p1 . . . pk)i,m1 [m1, p1,m2][m2, p2,m3] . . . [mk, pk, j],

p ∈ Γ,1 ≤ i, j ≤ n,

z0 = ∑
1≤m≤n

Im[m, p0]

[i, p] = ∑
k≥1

∑
p1,...,pk∈Γ

∑
1≤ j≤k

∑
1≤m1,...,m j≤n

(Mp, p1 . . . pk)i,m1 [m1, p1,m2] . . . [m j-1, p j-1,m j][m j, p j],

p ∈ Γ,1 ≤ i ≤ n .

(8)

Theorem 13. Let (S,V ) be a complete semiring-semimodule pair and P = (n,Γ,M, I, p0,P, l) be a S′-
ω-pushdown automaton. Then

(I(M∗)p0,ε P,(((M∗)p,ε)i, j)p∈Γ,1≤i, j≤n, I(Mω ,l)p0 ,((M
ω ,l)p)i)p∈Γ,1≤i≤n

is a solution of the system (8) called solution of order l with ‖P‖= (I(M∗)p0,ε P, I(Mω ,l)p0).

4 Mixed algebraic systems and mixed context-free grammars

In this section we associate a mixed context-free grammar with finite and infinite derivations to the
algebraic system (8). The language generated by this mixed context-free grammar is then the behavior
‖P‖ of the ω-pushdown automaton P . The construction of the mixed context-free grammar from the
ω-pushdown automaton P is a generalization of the well known triple construction and is called now
triple-pair construction for ω-pushdown automata. We will consider the commutative complete star-
omega semirings B= ({0,1},∨,∧,∗,0,1) with 0∗ = 1∗ = 1 and N∞ = (N∪{∞},+, ·,∗ ,0,1) with 0∗ = 1
and a∗ = ∞ for a 6= 0.

If S = B or S = N∞ and 0 ≤ l ≤ n, then we associate to the mixed algebraic system (8) over ((S ≪
Σ∗ ≫),(S ≪ Σω ≫)), and hence to the ω-pushdown automaton P = (n,Γ, I,M,P, p0, l), the mixed
context-free grammar

Gl = (X ,Z,Σ,PX ,PZ,x0,z0, l) .

( See also Ésik, Kuich [7, page 139].) Here

(i) X = {x0}∪{[i, p, j] | 1 ≤ i, j ≤ n, p ∈ Γ} is a set of variables for finite derivations;

(ii) Z = {z0}∪{[i, p] | 1 ≤ i ≤ n, p ∈ Γ} is a set of variables for infinite derivations;

(iii) Σ is an alphabet of terminal symbols;
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(iv) PX is a finite set of productions for finite derivations given below;

(v) PZ is a finite set of productions for infinite derivations given below;

(vi) x0 is the start variable for finite derivations;

(vii) z0 is the start variable for infinite derivations;

(viii) {[i, p] | 1 ≤ i ≤ l, p ∈ Γ} is the set of repeated variables for infinite derivations.

In the definition of Gl the sets PX and PZ are as follows:

PX = {x0 → a1[m1, p0,m2]a2 |
1 ≤ m1,m2 ≤ n,(Im1 ,a1) 6= 0,(Pm2 ,a2) 6= 0,a1,a2 ∈ Σ∪{ε}} ∪
{[i, p, j]→ a[m1, p1,m2][m2, p2,m3] . . . [mk, pk, j] | p ∈ Γ,1 ≤ i, j ≤ n,k ≥ 0,

p1, . . . , pk ∈ Γ,1 ≤ m1, . . . ,mk ≤ n,((Mp,p1...pk)i,m1 ,a) 6= 0,a ∈ Σ∪{ε}} ,
PZ = {z0 → a[m, p0] | 1 ≤ m ≤ n,(Im,a) 6= 0,a ∈ Σ∪{ε}} ∪

{[i, p]→ a[m1, p1,m2] . . . [m j−1, p j−1,m j][m j, p j] | p, p1, . . . , pk ∈ Γ,1 ≤ i ≤ n,

k ≥ 1,1 ≤ j ≤ k,1 ≤ m1, . . . ,m j ≤ n,((Mp,p1 ...pk)i,m1 ,a) 6= 0,a ∈ Σ∪{ε}} .

For the remainder of this section, P always denotes the ω-pushdown automaton P =(n,Γ, I,M,P, p0, l).
Especially this means that l is a fixed parameter. Observe that ((Mp,p1...pk)i,m1 ,a) 6= 0 iff (m1, pk . . . p1) ∈
δ (i,a, p) in the usual δ -notation for the transition function of a classical pushdown automaton. (See
Harrison [12] and Kuich [13] pages 638/639.) Here we have to reverse p1 . . . pk since the pushdown tape
of classical pushdown automata has its rightmost element as top element.

A finite leftmost derivation α1 ⇒∗
L α2, where α1,α2 ∈ (X ∪Σ)∗, by productions in PX is defined as

usual. An infinite (leftmost) derivation π : z0 ⇒ω
L w, for z0 ∈ Z,w ∈ Σω , is defined as follows:

π : z0 ⇒L α0[i0, p0]⇒∗
L w0[i0, p0]⇒L w0α1[i1, p1]⇒∗

L w0w1[i1, p1]⇒L . . .

⇒∗
L w0w1 . . .wm[im, pm]⇒L w0w1 . . .wmαm+1[im+1, pm+1]⇒∗

L . . . ,

where z0 → α0[i0, p0], [i0, p0]→ α1[i1, p1], . . . , [im, pm]→ αm+1[im+1, pm+1], . . . are productions in PZ and
w = w0w1 . . .wm . . . .

We now define an infinite derivation πl : z0 ⇒ω ,l
L w for 0 ≤ l ≤ n, z0 ∈ Z, w ∈ Σω : We take the

above definition for π : z0 ⇒ω
L w and consider the sequence of the first elements i of the triple variables

[i, p, j] of X that are rewritten in the finite leftmost derivation αm ⇒∗
L wm, m ≥ 0. Assume this sequence

is i1m, i
2
m, . . . , i

tm
m for some tm, m ≥ 1. Then, to obtain πl from π , the condition i0, i11, i

2
1 . . . , i

t1
1 , i1, i

1
2, . . . ,

it22 , i2, . . . , im, i
1
m+1, . . . , i

tm+1
m+1, im+1, · · · ∈ Pl has to be satisfied.

Then we define

L(Gl) = {w ∈ Σ∗ | x0 ⇒∗
L w} ∪ {w ∈ Σω | π : z0 ⇒ω ,l

L w} .

Observe that the construction of Gl from P is nothing else than a generalization of the triple construction
for ω-pushdown automata, since the construction of the context-free grammar G = (X ,Σ,PX ,x0) is the
triple construction. (See Harrison [12], Theorem 5.4.3; Bucher, Maurer [2], Sätze 2.3.10, 2.3.30; Kuich,
Salomaa [14], pages 178, 306; Kuich [13], page 642; Ésik, Kuich [7], pages 77, 78.)

We call the construction of the mixed context-free grammar Gl from P the triple-pair construction
for ω-pushdown automata. This is justified by the definition of the sets of variables {[i, p, j] | 1 ≤ i, j,≤
n, p ∈ Γ} and {[i, p] | 1 ≤ i ≤ n, p ∈ Γ} of Gl and by the forthcoming Corollary 15.

In the next theorem we use the isomorphism between B≪ Σ∗ ≫×B≪ Σω ≫ and 2Σ∗ ×2Σω
.
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Theorem 14. Assume that (σ ,τ) is the solution of order l of the mixed algebraic system (8) over (B≪
Σ∗ ≫,B≪ Σω ≫) for k ∈ {0, . . . ,n}. Then

L(Gl) = σx0 ∪ τz0 .

Proof. By Theorem IV.1.2 of Salomaa, Soittola [16] and by Theorem 13, we obtain σx0 = {w ∈ Σ∗ |
x0 ⇒∗

L w}. We now show that τz0 is generated by the infinite derivations ⇒ω ,l
L from z0. First observe that

the rewriting by the typical [i, p, j]- and [i, p]- production corresponds to the situation that in the graph of
the ω-pushdown automaton P the edge from (pρ , i) to (p1 . . . p jρ , j), ρ ∈ Γ∗, is passed after the state i
is visited. The first step of the infinite derivation πl is given by z0 ⇒L α0[i0, p] and indicates that the path
in the graph of P corresponding to πl starts in state i0. Furthermore, the sequence of the first elements of
variables that are rewritten in πl , i.e., i0, i11, . . . , i

t1
1 , i1, i

1
2, . . . , i

t2
2 , i2, . . . , im, i

1
m+1, . . . , i

tm+1
m+1, im+1, . . . indicates

that the path in the graph of P corresponding to πl visits these states. Since this sequence is in Pl the cor-
responding path contributes to ‖P‖. Hence, by Theorem IV.1.2 of Salomaa, Soittola [16] and Theorem
13 for the finite leftmost derivations αm ⇒∗

L wm, m≥ 1, and by Theorem 5.5.9 of Ésik, Kuich [7] and The-
orem 13 for the infinite derivation [i0, p0]⇒ α1[i1, p1]⇒ α1α2[i2, p2]⇒ ··· ⇒ α1α2 . . .αm[im, pm]⇒ . . .
we obtain

τz0 = {w ∈ Σω | π : z0 ⇒ω ,l
L w} .

Corollary 15. Assume that the mixed context free grammar Gl associated to the mixed algebraic system
(8) is constructed from the B〈Σ∪{ε}〉-ω-pushdown automaton P . Then

L(Gl) = ‖P‖ .

Proof. By Theorems 13 and 14.

For the remainder of this section our basic semiring is N∞, which allows us to draw some stronger
conclusions.

Theorem 16. Assume that (σ ,τ) is the solution of order l of the mixed algebraic system (8) over (N∞ ≪
Σ∗ ≫,N∞ ≪ Σω ≫) where the entries of I,M,P are in {0,1}〈Σ∪{ε}〉. Denote by d(w), for w ∈ Σ∗, the
number (possibly ∞) of distinct finite leftmost derivations of w from x0 with respect to Gl; and by c(w),
for w ∈ Σω , the number (possibly ∞) of distinct infinite leftmost derivations π of w from z0 with respect
to Gl. Then

σx0 = ∑
w∈Σ∗

d(w)w and τz0 = ∑
w∈Σω

c(w)w .

Proof. The proof of Theorem 16 is identical to the proof of Theorem 14 with the exceptions that Theorem
IV.1.2 of Salomaa, Soittola [16] is replaced by Theorem IV.1.5 and Theorem 5.5.9 of Ésik, Kuich [7] is
replaced by Theorem 5.5.10.

In the forthcoming Corollary 17 we consider, for a given {0,1}〈Σ ∪{ε}〉-ω-pushdown automaton
P = (n,Γ, I,M,P, p0, l) the number of distinct computations from an initial instantaneous description
(i,w, p0) for w ∈ Σ∗, Ii 6= 0, to an accepting instantaneous description ( j,ε ,ε), with Pj 6= 0, i, j ∈
{0, . . . ,n}.

Here (i,w, p0) means that P starts in the initial state i with w on its input tape and p0 on its pushdown
tape; and ( j,ε ,ε) means that P has entered the final state j with empty input tape and empty pushdown
tape.
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Furthermore, we consider the number of distinct infinite computations starting in an initial instanta-
neous description (i,w, p0) for w ∈ Σ∞, Ii 6= 0.

Corollary 17. Assume that the mixed context-free grammar Gl associated to the mixed algebraic system
(8) is constructed from the {0,1}〈Σ∪{ε}〉-ω-pushdown automaton P . Then the number (possibly ∞) of
distinct finite leftmost derivations of w, w ∈ Σ∗, from x0 equals the number of distinct finite computations
from an initial instantaneous description for w to an accepting instantaneous description; moreover, the
number (possibly ∞) of distinct infinite (leftmost) derivations of w, w ∈ Σω , from z0 equals the number of
distinct infinite computations starting in an initial instantaneous description for w.

Proof. By Corollary 6.11 of Kuich [13] and the definition of infinite derivations with respect to Gl .

The context-free grammar Gl associated to (8) is called unambiguous if each w ∈ L(Gl), w ∈ Σ∗ has a
unique finite leftmost derivation and each w ∈ L(Gl), w ∈ Σω , has a unique infinite (leftmost) derivation.

An N∞〈Σ∪{ε}〉-ω-pushdown automaton P is called unambiguous if (‖P‖,w) ∈ {0,1} for each
w ∈ Σ∗∪Σω .

Corollary 18. Assume that the mixed context-free grammar Gl associated to the mixed algebraic system
(8) is constructed from the {0,1}〈Σ∪{ε}〉-ω-pushdown automaton P . Then Gl is unambiguous iff ‖P‖
is unambiguous.
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Reversible forms of computations are often interesting from an energy efficiency point of view. When
the computation device in question is an automaton, it is known that the minimal reversible automa-
ton recognizing a given language is not necessarily unique, moreover, there are languages having
arbitrarily large reversible recognizers possessing no nontrivial reversible congruence. However, the
exact characterization of this class of languages was open. In this paper we give a forbidden pattern
capturing the reversible regular languages having only finitely many reduced reversible automata,
allowing an efficient (NL) decision procedure.

1 Introduction

Landauer’s principle [12] states that any logically irreversible manipulation of information – such as
the merging of two computation paths – is accompanied by a corresponding entropy increase of non-
information-bearing degrees of freedom in the processing apparatus. In practice, this can be read as
“merging two computation paths generates heat”, though it has been demonstrated [22] that the entropy
cost can be taken in e.g. angular momentum. Being a principle in physics, there is some debate regarding
its validity, challenged [5, 19, 20] and defended [4, 3, 11] several times recently. In any case, the study of
reversible computations, in which distinct computation paths never merge, looks appealing. In the con-
text of quantum computing, one allows only reversible logic gates [18]. For classical Turing machines,
it is known that each deterministic machine can be simulated by a reversible one, using the same amount
of space [2, 13]. Hence, each regular language is accepted by a reversible two-way deterministic finite
automaton (also shown in [8]).

In the case of classical, i.e. one-way automata, the situation is different: not all regular languages can
be recognized by a reversible automaton, not even if we allow partial automata (that is, trap states can be
removed, thus the transition function being a partial one). Those languages that can be recognized by a
reversible one are called reversible languages. It is clear that one has to allow being partially defined at
least since otherwise exactly the regular group languages (those languages in whose minimal automata
each letter induces a permutation) would be reversible.

Several variants of reversible automata were defined and studied [21, 1, 17]. The variant we work
with (partial deterministic automata with a single initial state and and arbitrary set of final states) have
been treated in [9, 10, 6, 16, 15, 14]. In particular, in [6] the class of reversible languages is characterized
by means of a forbidden pattern in the minimal automaton of the language in question, and an algorithm
is provided to compute a minimal reversible automaton for a reversible language, given its minimal au-
tomaton. Here “minimal” means minimizing the number of states, and the minimal reversible automaton
is shown to be not necessarily unique. In [16], the notion of reduced reversible automata is introduced:

∗Research supported by NKFI Grant no. 108448.
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a reversible automaton is reduced if it is trim (all of its states are accessible and coaccessible), and none
of its nontrivial factor automata is reversible. The authors characterize the class of those reversible lan-
guages (again, by developing a forbidden pattern) having a unique reduced reversible automaton (up
to isomorphism), and leave open the problem to find a characterization of the class of those reversible
languages having finitely many reduced reversible automata (up to isomorphism).

In this paper we solve this open problem of [16], by also developing a forbidden pattern characteri-
zation which allows an NL algorithm.

2 Notation

We assume the reader has some knowledge in automata and formal language theory (see e.g. [7]).
In this paper we consider deterministic partial automata with a single initial state and an arbitrary set

of final states. That is, an automaton, or DFA, is a tuple M = (Q,Σ,δ ,q0,F) with Q being the finite set
of states, q0 ∈ Q the initial state, F ⊆ Q the set of final or accepting states, Σ the finite, nonempty input
alphabet of symbols or letters and δ : Q×Σ→Q the partial transition function which is extended in the
usual way to a partial function also denoted by δ : Q×Σ∗→ Q with δ (q,ε) = q for the empty word ε
and δ (q,wa) = δ (δ (q,w),a) if δ (q,w) is defined and undefined otherwise. When δ is understood from
the context, we write q ·w or qw for δ (q,w) in order to ease notation. When M is an automaton and q is
a state of M, then the language recognized by M from q is L(M,q) = {w ∈ Σ∗ : qw ∈ F}. The language
recognized by M is L(M) = L(M,q0). A language is called regular or recognizable if some automaton
recognizes it.

When p and q are states of the automata M and N, respectively, we say that p and q are equivalent,
denoted p≡ q, if L(M, p) = L(N,q). (When M or N is unclear from the context, we may write (M, p)≡
(N,q).) The automata M and N are said to be equivalent if their initial states are equivalent.

A state q of M is useful if it is reachable (q0w = q for some w) and productive (qw ∈ F for some w).
A DFA is trim if it only has useful states. When L(M) is nonempty, one can erase the non-useful states
of M: the resulting automaton will be trim and equivalent to M (and may be partially defined even if M is
totally defined, if M has a trap state q for which L(M,q) = /0). An equivalence relation Θ on the state set
Q is a congruence of M if pΘq implies both p ∈ F ⇔ q ∈ F (that is, F is saturated by Θ) and paΘqa
for each a ∈ Σ (that is, Θ is compatible with the action). In particular, in any Θ-class, pa is defined if and
only if so is qa.

Clearly the identity relation ∆Q on Q is always a congruence, the trivial congruence. A trim automa-
ton is reduced if it has no nontrivial congruence. When Θ is a congruence of M and p Θ q are states
falling into the same Θ-class, then p ≡ q. Given M and a congruence Θ on M, the factor automaton
of M is M/Θ = (Q/Θ,Σ,δ/Θ,q0/Θ,F/Θ) where p/Θ denotes the Θ-class of p, X/Θ denotes the set
{p/Θ : p ∈ X} of Θ-classes for a set X ⊆ Q and δ (q/Θ,a) = δ (q,a)/Θ if δ (q,a) is defined, and is
undefined otherwise.

Then, for each p∈Q the states p and p/Θ are equivalent, thus any automaton is equivalent to each of
its factor automata. It is also known that for any automaton M there is a unique (up to isomorphism, i.e.
modulo renaming states) equivalent reduced automaton, the one we get by trimming M, then factoring
the useful part of M by the language equivalence relation pΘMq ⇔ p≡ q.

Any automaton can be seen as an edge-labeled multigraph and thus its strongly connected compo-
nents, or SCCs, are well-defined classes of its states: the states p and q belong to the same SCC if pu = q
and qv = p for some words u,v ∈ Σ∗. Clearly, this is an equivalence relation. We call an SCC trivial if
it consists of a single state p with pu 6= p for any nonempty word u (that is, if it contains absolutely no
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edges, not even loops), and nontrivial otherwise.

3 Reversible languages

An automaton M = (Q,Σ,δ ,q0,F) is reversible if pa = qa implies p = q for each p,q ∈ Q and a ∈
Σ. A language L ⊆ Σ∗ is reversible if it is recognizable by some reversible automaton. A reversible
congruence of a reversible automaton M is a congruence Θ of M such that the factor automaton M/Θ
is also reversible. The automaton M is a reduced reversible automaton if it has no nontrivial reversible
congruence.

It is known [6] that a language is reversible if and only if its minimal automaton has no distinct
states p 6= q, a letter a and a word w such that pa = qa and paw = w (the forbidden pattern is depicted
on Figure 1). Equivalently, for any state r belonging to a nontrivial component, and letter a, the set
{p ∈ Q : pa = r} has to have at most one element.

p r q
a a

w

Figure 1: The forbidden pattern for reversible languages

Contrary to the general case of regular languages, there can be more than one reduced reversible
automata, up to isomorphism, recognizing the same (reversible) language. For example, see Figure 2
of [16].

q0

q

p
a

a

b b

a

(a) The minimal DFA

q0

q q′

p
a
a

b b

a a

(b) A reduced reversible DFA

q0

q q′

p
a
a

b b

a
a

(c) Another reduced reversible DFA

Figure 2: The case of the language (aa)∗+a∗ba∗

In that example the minimal automaton (depicted on Subfigure (a)) is not reversible and there are two
nonisomorphic reversible reduced automata recognizing the same language (with four states). We note
that in this particular example there are actually an infinite number of reduced reversible automata, rec-
ognizing the same language. In [16] the set of states of a minimal automaton was partitioned into two
classes: the irreversible states are such states which are reachable from some distinct states p 6= q with
the same word w, while the reversible states are those which are not irreversible. For example, in the
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case of Figure 2, q is the only irreversible state. One of the results of [16] is that if there exists an irre-
versible state p which is reachable from a nontrivial SCC of the automaton (allowing the case when p
itself belongs to a nontrivial SCC, as q does in the the example), then there exist an infinite number of
nonisomorphic reduced reversible automata, each recognizing the same (reversible) language. A natural
question is to precisely characterize the class of these reversible languages.

4 Result

In this section we give a forbidden pattern characterization for those reversible languages having a finite
number of reduced reversible automata, up to isomorphism.

For this part, let us fix a reversible language L. Let M = (Q∗,Σ,δ ∗,q∗0,F∗) be the minimal automaton
of L. We partition the states of M into classes as follows: a state q is a. . .

• 1-state if there exists exactly one word u with q∗0u = q;

• ∞-state if there exist infinitely many words u with q∗0u = q;

• ⊕-state if it is neither a 1-state nor an ∞-state

and orthogonally, q is an. . .

• irreversible state if there are distinct states p∗1 6= p∗2 ∈ Q∗ and a word u such that p∗1u = p∗2u = q;

• reversible if it is not irreversible.

As an example, consider Figure 3.

q0start

q2 q3q1

q4 q5

a b,d c

a b
a
a

b

Figure 3: The minimal automaton of our running example language

Here, states q0, q1 and q3 are 1-states, reachable by the words ε , a and c, respectively; q2 and q4 are
⊕-states as they are reachable by {b,d} and {aa,bb,db,ca}, respectively and q5 is a ∞-state, reachable
by words of the form (b+d)ab∗. Moreover, q4 is the only irreversible state (as q1a = q3a).

We note that our notion of irreversible states is not exactly the same as in [16]: what we call ir-
reversible states are those states which belong to the “irreversible part” of the automaton in the terms
of [16]. There, a state q is called irreversible only if p1a = p2a = q for some distinct pair p1 6= p2 of
states and letter a.
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Clearly, a state is an ∞-state iff it can be reached from some nontrivial SCC of M. Now we define the
set Z ⊆ Q∗ of zig-zag states1 as follows: Z is the least set X satisfying the following conditions:

1. All the ∞-states belong to X .

2. If q ∈ X and a ∈ Σ is a letter with q ·a being defined, then q ·a ∈ X .

3. If q is a ⊕-state and a ∈ Σ is a letter with q ·a ∈ X , then q ∈ X .

The main result of the paper is the following:

Theorem 1. There are only finitely many reduced reversible automata recognizing L if and only if every
zig-zag state of M is reversible.

We break the proof up into several parts.

4.1 When all the zig-zag states are reversible

In this part we show that whenever all the zig-zag states are reversible, and N is a trim reversible automa-
ton recognizing L, then there is a reversible congruence Θ on N such that N/Θ has a bounded number of
states (the bound in question is computable from the minimal automaton M). So let us assume that there
is no irreversible zig-zag state in M and let N = (Q,Σ,δ ,q0,F) be a trim reversible automaton recogniz-
ing L. Then, for each q ∈ Q there exists a unique state q∗ ∈ Q∗ with q≡ q∗, and the function q 7→ q∗ is a
homomorphism.

Now let us define the relation Θ on Q as follows:

pΘq ⇔ (p = q) or (p∗ = q∗ ∈ Z).

Lemma 1. The relation Θ is a reversible congruence on N.

Proof. It is clear that Θ is an equivalence relation: reflexivity and symmetry are trivial, and p Θ q Θ r
either entails p = q or q = r (in which case p Θ r is obvious) or that p∗ = q∗ = r∗ ∈ Z (and then, p Θ r
also holds).

Now if p Θ q and p ·a is defined, then we have to show that q ·a is also defined and p ·a Θ q ·a. This
is clear if p = q. Otherwise we have p∗ = q∗ is a zig-zag state, thus (p · a)∗ = (q · a)∗ as starring is a
homomorphism from N to M (thus in particular, q ·a is defined). As p∗ ∈ Z and Z is closed under action,
we have that p∗ ·a = (p ·a)∗ is also a zig-zag state, thus p ·a Θ q ·a indeed holds and Θ is a congruence
on N.

To see that Θ is a reversible congruence, assume p · a Θ q · a. We have to show that p Θ q. If
p · a = q · a, then p = q (thus p Θ q), since N is a reversible automaton. Otherwise, let p · a 6= q · a
(hence p 6= q) and (p ·a)∗ = (q ·a)∗ ∈ Z. By assumption on M, this state (p ·a)∗ is reversible. Thus, as
p∗ · a = q∗ · a = (p · a)∗, we get that p∗ = q∗. Hence to show p∗ Θ q∗ it suffices to show that it is also
a zig-zag state. If p∗ is a ∞-state, then it is a zig-zag state by definition of Z. Also, if p∗ is a ⊕-state,
then it is still a zig-zag state (as p∗ · a is a zig-zag state, we can apply Condition 3 in the definition of
Z). Finally, observe that p∗ cannot be a 1-state since p and q are different (reachable) states of N, hence
there are words u 6= v with q0u = p and q0v = q. For these words, by starring being a homomorphism we
get that q∗0u = q∗0v = p∗(= q∗), thus p∗ is reachable by at least two distinct words.

Hence, Θ is indeed a reversible congruence.

1The coined term “zig-zag” originates from an earlier version of Figure 5 on which forward edges had a “northeast” direction
while backward edges had a “southeast” direction.
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To conclude this case observe the following facts:

• For each non-∞-state p∗ there exist a finite number u1, . . . ,un(p∗) of words leading into p∗ in M,
thus there can be at most n(p∗) states in N which are equivalent to p∗ (since N is trim). This bound
n(p∗) is computable from M.

• If p∗ is a ∞-state of M, then p∗ is a zig-zag state, thus all the states of N equivalent to p∗ are
collapsed into a single class of Θ. For these states, let us define the value n(p∗) to be 1.

Hence, n = ∑
p∗∈Q∗

n(p∗) is a (finite, computable) upper bound on the number of states in the factor au-

tomaton N/Θ (hence it is an upper bound for the number of states in any reduced reversible automaton
recognizing L as in that case Θ has to be the trivial congruence). Thus we have proved the first part of
Theorem 1:

Theorem 2. If all the zig-zag states of M are reversible, then there is a finite upper bound for the number
of states of any reduced reversible automata recognizing L. Hence, in that case there exists only a finite
number of nonisomorphic reduced reversible automata recognizing L.

4.2 When there is an irreversible zig-zag state in M

In this part let us assume that M has an irreversible zig-zag state. We will start from an arbitrary reduced
reversible automaton N recognizing L, and then “blow it up” to some arbitrarily large equivalent reduced
reversible automaton. Before giving the construction, we illustrate the process in the case of Figure 3
(there, q4 is an irreversible zig-zag state).

q0start

q2 q3q1

q4 q′4q5

a b,d c

a b aa

b

(a) Reversible automaton N equivalent to M

q0start

q2 q′2 q3q1

q4 q′4
q51 q52

q53

q54

q55

a b d c

a b
b

a
a

a

b

b

bb

b

(b) The state q5 is blown up by 5, yielding N′

Figure 4: Blowing up a reversible automaton

On Figure 4 (a), we have a reversible automaton N. On (b), we replace the state q5 having a loop by a
cycle of length 5 (and we also duplicate the state q2 – we can do that since q2 is not a 1-state). Then, the
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automaton N′ is a reduced reversible automaton, whenever the length of the cycle (which is now chosen
to be 5) is a prime number [16].

Indeed, any reversible congruence Θ on N′ collapses equivalent states only. Suppose e.g. Θ collapses
q51 and q53. Applying b we get that q52 and q54 also get collapsed, and so q53 and q55, and q54 and q51 –
thus, all the q5x states fall into a single Θ-class then. As Θ is assumed to be reversible, it has to collapse
q2 and q′2 as well; applying b also the states q4 and q′4 have to be collapsed and finally, applying again
reversibility we get that q1 and q3 should be collapsed but this cannot happen as they are not equivalent
states. This reasoning works for any choice of different copies of q5 (as far as the number chosen is a
prime), thus N′ has only the trivial reversible congruence and is a reduced reversible automaton.

The careful reader might realize that we actually followed in this reasoning a zig-zag path from the
∞-state q5 to the irreversible state q4 during the above reasoning. In this part we show that this approach
can always be generalized whenever there exists an irreversible zig-zag state in M.

By the definition of the zig-zag states, if there exists some irreversible zig-zag state, then there is a
sequence

r0, (a1,e1), r1, (a2,e2), . . . , (a`,e`), r`

such that ai ∈ Σ and ei ∈ {+,−} for each 1 ≤ i ≤ `, and ri ∈ Q∗ are states of M for each 0 ≤ i ≤ `,
moreover,

(i) if ei =+ then ri−1 ·ai = ri (denoted by ri−1
ai−→ri in the examples and patterns),

(ii) if ei =− then ri ·ai = ri−1 and ri is a ⊕-state (denoted by ri−1
ai←−ri),

(iii) r` is an irreversible state,

(iv) r0 is an ∞-state.

Let us choose such a sequence of minimal length. Then, by minimality,

• the states ri are pairwise different,

• all the states ri, 1≤ i < ` are reversible ⊕-states.

To see that all the states are ⊕-states (them being pairwise different reversible states is obvious), observe
that if ri is an ∞-state for 0 < i, then ri, . . . ,r` is a shorter such sequence. Hence all the states ri, 0 < i
are either 1-states or ⊕-states. We show by induction that all of them are ⊕-states. The claim holds for
i = 1 as e1 =+ would imply that r1 should be an ∞-state which cannot happen thus e1 =−, hence r1 is
an ⊕-state. Now if ri is an ⊕-state, then either ri+1 = riai+1 (if ei+1 =+) which implies that ri+1 cannot
be a 1-state (thus it is an ⊕-state), or ri+1 is an ⊕-state (if ei+1 =−, applying ii)).

Now we extend the above sequence in both directions as follows.
First, r0 being an ∞-state implies that there exists a state p0 belonging to a nontrivial SCC of M (that

is, p0w = p0 for some nonempty word w) from which r0 is reachable. That is, there is a word b1b2 . . .bm

and states p1, . . . , pm with pm = r0 and pibi+1 = pi+1 for each 0≤ i < m.
Second, r` being an irreversible state implies that there exist different states s and s′ of M from which

r` is reachable by the same (nonempty) word. That is, there is a word c1c2 . . .cn and states s1,s2, . . . ,sn =
r` such that sc1 = s′c1 = s1 and sici+1 = si+1 for each 1≤ i < n. See Figure 5.

Note that all the states s1, . . . ,sn are ⊕-states and p0, . . . , pm are ∞-states.
In order to reduce the clutter in the notation, we treat the whole sequence p0, . . . , pm−1,r0, . . . ,s1,s

and s′ as a single indexed sequence p0, . . . , pt−1, pt,1 and pt,2 (see Figure 6). Observe that each pi (but
possibly pt,1 and pt,2) is either an ∞- or a⊕-state, and each of them is a zig-zag state. Moreover, all these
states are pairwise different (thus inequivalent).



K. Gelle & Sz. Iván 121

p0 p1 . . . pm−1 r0 r1 r2 r3 . . . r` sn−1 sn−2 . . . s1

s

s′

w

b1 b2 bm−1 bm a1 a2 a3 a4 a`

c1

c1

c2cn−2cn−1cn

Figure 5: The sequences pi, ri and si.

p0 p1 . . . pm−1 pm pm+1 pm+2 pm+3 . . . pm+` pm+`+1 pm+`+2 . . . pt−1

pt,1

pt,2

w

b1 b2 bm−1 bm bm+1 bm+2 bm+3 bm+4 bm+`

bt

bt

bt−1bm+`+3bm+`+2bm+`+1

Figure 6: The sequence appearing in M, in an uniform notation

In the first step we show that if there is a specific pattern (which is a bit more general than a cycle of
prime length) appears in a reversible automaton N′, then every factor automaton of N′ is “large”.

Lemma 2. Assume N′ is a reversible automaton, k ≥ 1 is a prime number, t ≥ 0 and i < k are integers,
q0, . . . ,qk−1, p′1, . . . , p′t , p′′1, . . . , p′′t are states, a1, . . . ,at ∈ Σ are letters, e1, . . . ,et ∈ {+,−} are directions
and w ∈ Σ+ is a word satisfying the following conditions:

• p′t is not equivalent to p′′t ,

• q jw = q j+1 for each 0≤ j < k with the convention that qk = q0, that is, indices of the qs are taken
modulo k,

• for each 1≤ j ≤ t with e j =+ we have p′j−1a j = p′j and p′′j−1a j = p′′j ,

• and for each 1≤ j ≤ t with e j =− we have p′ja j = p′j−1 and p′′j a j = p′′j−1

with setting p′0 := q0 and p′′0 := qi (See Figure 7).
Then whenever Θ is a reversible congruence on N′, the states q j belong to pairwise different Θ-

classes. (In particular, N′/Θ has at least k states.)

q0

. . .

qi

qi+1

qi+2

. . .

qk−2

qk−1

p′1 p′2 p′3 p′4 p′5 . . . p′t

p′′1 p′′2 p′′3 p′′4 p′′5 . . . p′′t

w

w

ww

w

w

w w
a1

a1

a2

a2

a3

a3

a4

a4

a5

a5

a6

a6

at

at

Figure 7: The zig-zag pattern
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Before proceeding with the proof, the reader is encouraged to check that the above described pattern
appears in the automaton N′ of Figure 4 with the choice of k = 5, q0 = q51, q1 = q52,. . . ,q4 = q55, i = 1,
w = b, t = 3, p′1 = q2, p′′1 = q′2, p′2 = q4, p′′2 = q′4, p′3 = q1, p′′3 = q3, a1 = a, a2 = b, a3 = a, e1 = −,
e2 =+ and e3 =−, with states appearing on the left-hand side of these equations are the states from the
pattern of Lemma 2 while states on the right-hand side are states of N′.

Proof. Assume for the sake of contradiction that Θ is a reversible congruence on N′ collapsing the states
q` and q j for some 1≤ ` < j ≤ k, that is, q` Θ q j.

We claim that q`+d Θ q j+d for each d ≥ 0. This holds by assumption for d = 0. Using induction
on d, assuming q`+d Θ q j+d we get by applying w that q`+d+1 = q`+dw Θ q j+dw = q j+d+1 as Θ is a
congruence. Hence, writing j = `+ δ we get that q`+d Θ q`+δ+d for each d ≥ 0, thus in particular for
multiples of δ : q`+d·δ Θ q`+(d+1)·δ .

Hence we have that q` Θ q`+δ Θ q`+2δ Θ . . .. As k is assumed to be a prime number, there are integers
d1 and d2 with `+d1δ ≡ 0 mod k and `+d2δ ≡ i mod k, thus q0 Θ qi. As p′0 is defined as q0 and p′′0 is
defined as qi, we have p′0 Θ p′′0 .

Now for any integer d ≥ 0, the relation p′d Θ p′′d implies p′d+1 Θ p′′d+1: if ed+1 = +, then by apply-
ing ad+1 (since Θ is a congruence), while if ed+1 = −, then be reversibly applying ad+1 (since Θ is a
reversible congruence). Hence, it has to be the case p′t Θ p′′t which is nonsense since these two states are
assumed to be inequivalent and Θ is a congruence.

Observe that if some reversible automaton N′ recognizing L admits the pattern of Lemma 2 for some
prime number k, then there exists a reduced reversible automaton of the form N′/Θ (also recognizing L)
which then has at least k states.

In the rest of this part we show that if there exists an irreversible zig-zag state in M, then we can
construct such an automaton N′ for arbitrarily large primes k, given a reversible automaton N recognizing
L. Thus in that case it is clear that there exists an infinite number of reduced reversible automata (up to
isomorphism) recognizing L.

First we show that even a weaker condition suffices.

Lemma 3. Suppose N is a reversible automaton recognizing L such that for each zig-zag state p of M
there exist at least two states p′ and p′′ of N with p ≡ p′ ≡ p′′ and to the ∞-state p0 of M (of Figure 5),
there exist at least k different states q0, . . . ,qk−1 in N, each being equivalent to p0, with q jw = q j+1 for
each 0≤ j < k (again, with qk = q0).

Then there exists a reversible automaton N′ also recognizing L which admits the zig-zag pattern.

For an example reversible automaton N recognizing L but not admitting the zig-zag pattern the reader
is referred to Figure 8. We not prove that in these cases the transitions can be “rewired”.

Proof. We will construct a sequence N = N0, N1,. . . , Nt = N′ of reversible automata, each recognizing L
(having the same set of states, and even (Ni, p)≡ (N j, p) for each i, j and p, that is, we do not change the
languages recognized by any of the states of N) and sequences p′0, . . . , p′t and p′′0, . . . , p′′t of states such
that for each 0≤ j ≤ t the following all hold:

• p′0 = q0, p′′0 = q1,

• if e j =+, then p′j−1b j = p′j and p′′j−1b j = p′′j for each automaton N` with `≤ j,

• if e j =−, then p′jb j = p′j−1 and p′′j b j = p′′j−1 for each automaton N` with `≤ j,
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Figure 8: The automaton N does not admit the zig-zag pattern

• if j < t and `≤ j, then p j is equivalent to both p′j and p′′j in N`,

• p′t ≡ pt,1 and p′′t ≡ pt,2 in Nt .

If we manage to achieve this, then the automaton N′ := Nt indeed admits the zig-zag pattern and still
recognizes L.

We construct the above sequence N j by induction on j. For j = 0, choosing N0 = N and p′0 := q0,
p′′0 := q1 suffices. Having constructed N j, we construct N j+1 based on whether the direction e j+1 is + or
−, the latter one having several subcases.

1. If e j+1 = +, then let us set N j+1 := N j, p′j+1 := p′jb j+1 (in N j) and p′′j+1 := p′′j b j+1 (also in N j).
This choice satisfies the conditions.

2. If e j+1 = −, then we have three subcases, based on whether there exist states in N j equivalent to
p j+1 from which b j+1 leads to either p′j or p′′j .

(a) If there exist such states r1 and r2 with r1b j+1 = p′j and r2b j+1 = p′′j , then again, setting
N j+1 := N j, p′j+1 := r1 and p′′j+1 := r2 suffices.

(b) Assume there is no such r1 nor r2. Then, as p j+1 is a zig-zag state, there exist, by the
assumption on N, two different states r1 and r2, each being equivalent to p j+1. Moreover,
as p j+1b j+1 = p j holds, we have that r1b j+1 and r2b j+1 (in N j) are equivalent to p j. So let
us define N j+1 as follows: r1b j+1 := p′j, r2b j+1 := p′′j and for all the other pairs (r,b) let us
leave the transitions of N j unchanged. Then, setting p′j+1 := r1 and p′′j+2 := r2 suffices.

(c) Finally, assume that exactly one of these predecessor states exists. By symmetry, we can
assume that it is r1, that is, r1b j+1 = p′j in N j but there is no state r equivalent to p j+1 with
rb j+1 = p′′j . Since p j+1 is a zig-zag state, there exists some r2 6= r1 in N j, still equivalent
to p j+1. In this case we set the transitions in N j+1 as r2b j+1 p′′j , leaving the other transitions
unchanged suffices with p′j+1 := r1 and p′′j+1 := r2.
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Hence, given N, it suffices to construct a reversible automaton satisfying the conditions of Lemma 3.
First we construct a reversible automaton N′ in which for each ⊕-state p of M there exist at least two
different equivalent states. Let U ⊆ Σ∗ be the set of words u such that u = ε or q0u is not a ∞-state. Note
that U is a nonempty finite set. Now let us define the state set of N′ as the finite set Q′ = Q×U , equipped
with the following transition function

(q,u) ·a =

{
(qa,ua) if qa is not an ∞-state,
(qa,u) otherwise.

For an illustration of the construction starting from N of Figure 4 (a), consult Figure 9.

q0,εstart

q2,b q2,d q3,cq1,a

q4,bbq4,aa q5,b q5,d q4,db q′4,ca

a b d c

a b aa a b

b b

Figure 9: All the ⊕-states (namely, q2 and q4) have several copies. (Only the trim part of the automaton
is shown here.)

It is clear that (q0,ε)u = (q0u,v) for some prefix v of u, moreover, if q0u is a ⊕-state, then v = u.
Also, states of the form (q,u) in N′ are equivalent to q (if we set F ×U as the accepting set). Hence,
whenever q is a ⊕-state which can be reached by the words u1, . . . ,un, n ≥ 2, then (q,u1), . . . ,(q,un)
are pairwise different states in N′, reachable from (q0,ε) and thus to each ⊕-state p of M there exist at
least two equivalent states in N′. Now starting from N′ we will construct an automaton N′′ satisfying the
conditions of the Lemma.

Let q be a state of N′, equivalent to p0. Since p0w = p0 in M for the nonempty word w, the sequence
q, qw, qw2,. . . contains some repetition. Let i be the least integer with qwi = qw j for some j > i. Then if
i > 0, then we have qwi−1 ·w = qwi = qw j = qw j−1w, thus qwi−1 = qw j−1 since N′ is reversible. Hence
q = qw j for some integer j. In particular, q belongs to a nontrivial SCC of N′. Let av be a shortest
nonempty word with qav = q (such a word exists since q is in a nontrivial SCC). For the fixed integer
k ≥ 1, let us define N′′ as the automaton over the state set Q′×{0, . . . ,k−1}, with transition function

(q′, i)b =

{
(q′b,(i+1) mod k) if q′ = q and b = a
(q′b, i) otherwise.

That is, we increase the index i (modulo k) if we get the input a in the state q, and in all the other cases
the index remains untouched. For an example with k = 5, see Figure 10.

As av is a shortest word with qav = q, it is clear that q does not occur on the v-path from qa to
qav = q. Hence, in N′′ we have (q, i)av = (q,(i+ 1) mod k). Moreover, if u is a shortest word in N′
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Figure 10: State (q5,b) is blown up by a factor of k = 5. (The states inequivalent to q5 have the index
equal to 0 which is not shown here.)

leading into q, then it leads into (q,0) in N′′. Thus, in N′′ we have the reachable states q0 = (q,0),
q1 = (q,1), . . . , qk−1 = (q,k− 1) with qiav = q(i+1) mod k for each i, and still, for each ⊕-state p there
are at least two different states in N′′ equivalent to p. Hence, applying Lemma 3 we get that there exists
some reversible automaton N′′′ (note that the automaton N′′ we constructed is also reversible) admitting
the zig-zag pattern.

Figure 11 shows the result of this last step: first, since (q5,b,0) has an incoming a-edge from (q2,b)
but (q5,b,1) has no such edge, we search for another state equivalent to q2, that’s (q2,d). Then we set
(q2,d)a to (q5,b,1). Then, we can follow the b-transitions into (q4,bb) and (q4,db) respectively. After
that, we should follow a-edges backwards into q1 and q3. Hence we rewire the outgoing transitions as
(q1,a)a = (q4,bb) and (q3,c)a = (q4,db) and all is set.

Thus, by Lemma 2 we get the main result of the subsection:

Theorem 3. If there is an irreversible zig-zag state in M, then for an arbitrarily large k one can effectively
construct a reduced reversible automaton equivalent to M, having at least k states.

Now Theorem 1 is the conjunction of Theorems 2 and 3.

5 Conclusion and acknowledgements

We extended the current knowledge on the reversible regular languages by further analyzing the structure
of the minimal automaton of the language in question. In particular, we gave a forbidden pattern charac-
terization of those reversible languages having only a finite number of reduced reversible automata. As
the characterization relies on the existence of a forbidden pattern (that of Figure 6), it gives an efficient
decision procedure, namely an NL (nondeterministic logspace) algorithm: one has to guess a state p0,
then guess some loop from p0 to itself, then following some back-and-forth walk in the graph of the
automaton to two distinct states pt,1 and pt,2. In the process we also have to check that no 1-state is
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Figure 11: The rewired automaton, admitting the zig-zag pattern. (States (q4,aa), (q5,d) and (q′4,ca)
are not part of the resulting trim automaton.)

encountered during this walk (which can clearly also be done in NL). It can be an interesting question to
study the notion of reduced reversible automata in other reversibility settings, as e.g. in the case of [17].
The authors wish to thank Giovanni Pighizzini, Giovanna Lavado and Luca Prigioniero for their useful
comments on a much earlier version of this paper.
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We introduce and study input-driven deterministic and nondeterministic double-head pushdown au-
tomata. A double-head pushdown automaton is a slight generalization of an ordinary pushdown
automaton working with two input heads that move in opposite directions on the common input tape.
In every step one head is moved and the automaton decides on acceptance if the heads meet. De-
manding the automaton to work input-driven it is required that every input symbol uniquely defines
the action on the pushdown store (push, pop, state change). Normally this is modeled by a partition
of the input alphabet and is called a signature. Since our automaton model works with two heads
either both heads respect the same signature or each head owes its own signature. This results in
two variants of input-driven double-head pushdown automata. The induced language families on
input-driven double-head pushdown automata are studied from the perspectives of their language
describing capability, their closure properties, and decision problems.

1 Introduction

Input-driven pushdown automata were introduced in [11] in the course of deterministic context-free
language recognition by using a pebbling strategy on the mountain range of the pushdown store. The idea
on input driven pushdown automata is that the input letters uniquely determine whether the automaton
pushes a symbol, pops a symbol, or leaves the pushdown unchanged. The follow-up papers [3] and [6]
studied further properties of the family of input-driven pushdown languages. One of the most important
properties on input-driven pushdown languages is that deterministic and nondeterministic automata are
equally powerful. Moreover, the language family accepted is closed under almost all basic operations in
formal language theory. Although the family of input-driven pushdown languages is a strict subset of the
family of deterministic context-free languages, the input-driven pushdown languages are still powerful
enough to describe important context-free-like structures and moreover share many desirable properties
with the family of regular languages. These features turned out to be useful in the context of program
analysis and led to a renewed interest [1] on input-driven pushdown languages about ten years ago.
In [1] an alternative name for input-driven pushdown automata and languages was coined, namely visibly
pushdown automata and languages. Sometimes input-driven pushdown languages are also called nested
word languages. Generally speaking, the revived research on input-driven pushdown languages triggered
the study of further input-driven automata types, such as input-driven variants of, e.g., (ordered) multi-
stack automata [5], stack automata [2], queue automata [9], etc.

We contribute to this list of input-driven devices, by introducing and studying input-driven double-
head pushdown automata. Double-head pushdown automata were recently introduced in [13].1 Instead
of reading the input from left to right as usual, in a double-head pushdown automata the input is pro-
cessed from the opposite ends of the input by double-heads, and the automaton decides on acceptance

1Originally these devices were named two-head pushdown automata in [13], but since this naming may cause confusion
with multi-head pushdown automata of [7], we use to refer to them as double-head pushdown automata instead.
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when the two heads meet. Thus, double-head pushdown automata are a straight forward generalization
of Rosenberg’s double-head finite automata for linear context-free languages [15]—see also [12]. The
family of double-head nondeterministic pushdown languages is a strict superset of the family of context-
free languages and contains some linguistically important non-context-free languages. In fact, the family
of double-head nondeterministic pushdown languages forms is a mildly context-sensitive language fam-
ily because in addition to the aforementioned containment of important languages, the word problem of
double-head nondeterministic pushdown languages remains solvable in deterministic polynomial time as
for ordinary pushdown automata. Moreover, every double-head nondeterministic pushdown language is
semi-linear. Double-head pushdown automata are a moderate extension of ordinary pushdown automata
because languages accepted by double-head pushdown automata still satisfy an iteration or pumping
lemma. Thus, double-head pushdown automata and the properties of their accepted languages are inter-
esting objects to study.

In the next section we introduce the necessary notations on double-head pushdown automata and
their input-driven versions. Demanding the automaton to work input-driven it is required that every in-
put symbol uniquely defines the action on the pushdown store (push, pop, state change). Normally this
is modeled by a partition of the input alphabet and is called a signature. Since our automaton model
works with two heads either both heads respect the same signature or each head owes its own signature.
This results in (simple) input-driven and double input-driven double-head pushdown automata. Then
in Section 3 we investigate the computational capacity of (double) input-driven double-head pushdown
automata. We show that nondeterministic machines are more powerful than deterministic ones, for both
input-driven variants. Moreover, it turns out that the language families in question are incomparable
to classical language families such as the growing context-sensitive languages, the Church-Rosser lan-
guages, and the context-free languages. As a byproduct we also separate the original language families
of double-head deterministic and double-head nondeterministic pushdown languages. Section 4 is then
devoted to the closure properties of the families of input driven double-head pushdown languages and
finally in Section 5 we consider decision problems for the language families in question. Here it is worth
mentioning that although some problems are already not semidecidable even for deterministic machines,
the question of whether a given deterministic input-driven double-head pushdown automaton M is equiv-
alent to a given regular language is decidable. In contrast, the decidability of this question gets lost, if M
is a nondeterministic input-driven double-head pushdown machine. We have to leave open the status of
some decision problems such as equivalence and regularity. This is subject to further research.

2 Preliminaries

Let Σ∗ denote the set of all words over the finite alphabet Σ. The empty word is denoted by λ , and
Σ+ = Σ∗ \{λ}. For convenience, throughout the paper we use Σλ for Σ∪{λ}. The set of words of length
at most n ≥ 0 is denoted by Σ≤n. The reversal of a word w is denoted by wR. For the length of w we
write |w|. For the number of occurrences of a symbol a in w we use the notation |w|a. Set inclusion is
denoted by ⊆ and strict set inclusion by ⊂. We write 2S for the power set and |S| for the cardinality of a
set S.

A double-head pushdown automaton is a pushdown automaton that is equipped with two read-only
input heads that move in opposite directions on a common input tape. In every step one head is moved.
The automaton halts when the heads would pass each other.

A pushdown automaton is called input-driven if the input symbols currently read define the next
action on the pushdown store, that is, pushing a symbol onto the pushdown store, popping a symbol from
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the pushdown store, or changing the state without modifying the pushdown store. To this end, we assume
the input alphabet Σ joined with λ to be partitioned into the sets ΣN , ΣD, and ΣR, that control the actions
state change only (N), push (D), and pop (R).

Formally, a nondeterministic input-driven double-head pushdown automaton (ndet-ID2hPDA) is a
system M = 〈Q,Σ,Γ,q0,F,⊥,δD,δR,δN〉, where Q is the finite set of states, Σ is the finite set of input
symbols partitioned into the sets ΣD, ΣR, and ΣN , Γ is the finite set of pushdown symbols, q0 ∈ Q is
the initial state, F ⊆ Q is the set of accepting states, ⊥ /∈ Γ is the empty pushdown symbol, δD is the
partial transition function mapping from Q×(ΣD∪{λ})2×(Γ∪{⊥}) to 2Q×Γ, δR is the partial transition
function mapping from Q× (ΣR∪{λ})2× (Γ∪{⊥}) to 2Q, δN is the partial transition function mapping
from Q× (ΣN ∪{λ})2× (Γ∪{⊥}) to 2Q, where all transition functions are defined only if the second or
third argument is λ , and none of the transition functions is defined for Q×{λ}2× (Γ∪{⊥}).

A configuration of an ndet-ID2hPDA M = 〈Q,Σ,Γ,q0,F,⊥,δD,δR,δN〉 is a triple (q,w,s), where
q ∈Q is the current state, w ∈ Σ∗ is the unread part of the input, and s ∈ Γ∗ denotes the current pushdown
content, where the leftmost symbol is at the top of the pushdown store. The initial configuration for an
input string w is set to (q0,w,λ ). During the course of its computation, M runs through a sequence of
configurations. One step from a configuration to its successor configuration is denoted by `. Let a ∈ Σ,
w ∈ Σ∗, z′ ∈ Γ, s ∈ Γ∗, and z =⊥ if s = λ and z = z1 if s = z1s1 ∈ Γ+. We set

1. (q,aw,s) ` (q′,w,z′s), if a ∈ ΣD and (q′,z′) ∈ δD(q,a,λ ,z),

2. (q,wa,s) ` (q′,w,z′s), if a ∈ ΣD and (q′,z′) ∈ δD(q,λ ,a,z),

3. (q,aw,s) ` (q′,w,s′), if a ∈ ΣR and q′ ∈ δR(q,a,λ ,z),
where s′ = λ if s = λ and s′ = s1 if s = z1s1 ∈ Γ+.

4. (q,wa,s) ` (q′,w,s′), if a ∈ ΣR and q′ ∈ δR(q,λ ,a,z),
where s′ = λ if s = λ and s′ = s1 if s = z1s1 ∈ Γ+.

5. (q,aw,s) ` (q′,w,s), if a ∈ ΣN and q′ ∈ δN(q,a,λ ,z),

6. (q,wa,s) ` (q′,w,s), if a ∈ ΣN and q′ ∈ δN(q,λ ,a,z),

So, whenever the pushdown store is empty, the successor configuration is computed by the transition
functions with the special empty pushdown symbol ⊥, and at most one head is moved. As usual, we
define the reflexive and transitive closure of ` by `∗. The language accepted by the ndet-ID2hPDA M is
the set L(M) of words for which there exists some computation beginning in the initial configuration and
halting in a configuration in which the whole input is read and an accepting state is entered. Formally:

L(M) = {w ∈ Σ∗ | (q0,w,λ ) `∗ (q,λ ,s) with q ∈ F,s ∈ Γ∗ }.

The partition of an input alphabet into the sets ΣD, ΣR, and ΣN is called a signature. We also consider
input-driven double-head pushdown automata, where each of the two heads may have its own signature.
To this end, we provide the signatures ΣD,l , ΣR,l , and ΣN,l as well as ΣD,r, ΣR,r, and ΣN,r and require
for double input-driven double-head pushdown automata (double-ID2hPDA) that they obey the first
signature whenever the left head is moved and the second signature whenever the right head is moved.

If there is at most one choice of action for any possible configuration, we call the given (double)
input-driven double-head pushdown automaton deterministic (det-ID2hPDA or det-double-ID2hPDA).

In general, the family of all languages accepted by an automaton of some type X will be denoted
by L (X).

In order to clarify this notion we continue with an example.
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Example 1 The Gladkij language {w#wR#w | w ∈ {a,b}∗ } is not growing context sensitive [4] and,
thus, is neither context free nor Church-Rosser [10]. The same is true for its marked variant

L1 = {w#h1(w)R#h2(w) | w ∈ {a,b}∗ },

where the homomorphisms h1 and h2 are defined by h1(a) = ā, h1(b) = b̄, h2(a) = â, and h2(b) = b̂.
However, language L1 is accepted by the det-ID2hPDA

M = 〈{q0,q1,qa,qb,q+},ΣD∪ΣR∪ΣN ,{A,B},q0,{q+},⊥,δD,δR,δN〉,

where ΣD = {a,b}, ΣR = {ā, b̄}, ΣN = {#, â, b̂}, and the transition functions are defined as follows. Let
X ∈ {A,B,⊥}.

(1) δD(q0,a,λ ,X) = (q0,A)
(2) δD(q0,b,λ ,X) = (q0,B)

(3) δR(q1, ā,λ ,A) = qa

(4) δR(q1, b̄,λ ,B) = qb

(5) δN(q0,#,λ ,X) = q1
(6) δN(qa,λ , â,X) = q1

(7) δN(qb,λ , b̂,X) = q1
(8) δN(q1,#,λ ,⊥) = q+

The idea of the construction is as follows. In a first phase, M reads and pushes the input prefix w
(Transitions 1 and 2). On reading the left symbol # automaton M enters state q1 which is used in the
second phase. Basically, in the second phase the left and right head are moved alternately. When the
left head is moved, the input symbol read is compared with the symbol on the top of the pushdown
store. If both coincide, state qa or qb is entered to indicate that the right head has to read symbol â or b̂
(Transitions 3 and 4). If the right head finds the correct symbol, state q1 is entered again (Transitions 6
and 7). The second phase ends when the left head reads the second symbol #. In that case state q+ is
entered and M halts (Transition 8). If in this situation the input has been read entirely and the pushdown
store is empty, clearly, the w pushed in the first phase has successfully be compared with the factor
h1(w)R and the suffix h2(w). So, the input belongs to L1. In any other case, M halts without entering the
sole accepting state q+. �

3 Computational capacity

In order to explore the computational capacity of input-driven double-head pushdown automata we first
turn to show that nondeterminism is better than determinism. As witness language for that result we use
the language Ldta = {anbncn$lcib jak | i, j,k,n≥ 0}∪{aib jck$rcnbnan | i, j,k,n≥ 0}.

Lemma 2 The language Ldta is not accepted by any deterministic double-head pushdown automaton.

Proof In contrast to the assertion assume that Ldta is accepted by some deterministic double-head push-
down automaton M. For all m,n ≥ 0 and x ∈ {l,r} we consider the input words ambmcm$xcnbnan

that belong to Ldta. Since M is deterministic, the computations on the words ambmcm$lcnbnan and
ambmcm$rcnbnan are identical until one of the heads reaches the center marker $x. So, we can define
the set

R = {(m,n) | on input ambmcm$xcnbnan the right head of M reaches $x not after the left head}.

Thus, the initial part of such a computation is in the form (q0,ambmcm$xcnbnan,λ ) `∗ (q1,u$x,z) `
(q2,u,z′), where q1,q2 ∈ Q, z,z′ ∈ Γ∗, u is a suffix of ambmcm, and the last transition applied is of the
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form δ (q1,λ ,$x,z1). That is, in the last step the right head of M reads $x while seeing z1 on top of the
pushdown store, and the pushdown store content z is replaced by z′. Next, the set R is further refined into
R(m) = {n | (m,n) ∈ R}, for all m≥ 0. Clearly, we have R =

⋃
m≥0(m,R(m)).

Now assume that there is an m ≥ 0 such that |R(m)| is infinite. We sketch the construction of a
deterministic pushdown automaton M1 that accepts the language L1 = {a jb jc j$r | j ∈ R(m)} as fol-
lows. On a given input a jb jc j$r, M1 basically simulates a computation of M on input ambmcm$rc jb ja j.
Since m is fixed, M1 handles the prefix ambmcm in its finite control. Moreover, since the left head of M
reaches the center marker not before the right head, M1 handles the left head and its moves in the finite
control as well. So, whenever M moves its right head to the left, M1 moves its sole head to the right.
Let [u,q] denote a state of M1 that says that q is the simulated state of M and u is the still unprocessed
suffix of the prefix ambmcm. Then the simulation of M is straightforward: If M performs a computa-
tion (q0,ambmcm$rc jb ja j,λ ) ` (q1,u$rv,z), where u is a suffix of ambmcm and v is a prefix of c jb ja j,
then M1 performs a computation ([ambmcm,q0],c jb ja j$r,λ ) ` ([u,q1],($rv)R,z). When M1 has read the
symbol $r, it continues the simulation of M with λ -steps, where now all head movements are handled in
the finite control. Finally, M1 accepts if and only if M accepts. So, since M1 is a deterministic pushdown
automaton, L1 must be a context-free language. However, since |R(m)| is assumed to be infinite, lan-
guage L1 is infinite. A simple application of the pumping lemma for context-free languages shows that
any infinite subset of {akbkck$r | k≥ 0} is not context free. From the contradiction we derive that |R(m)|
is finite, for all m≥ 0.

In particular, this means that for every m≥ 0 there is at least one n≥ 0 such that M accepts the input
ambmcm$lcnbnan, whereby the right head reaches the center marker not before the left head. Based on
this fact, we now can construct a nondeterministic pushdown automaton M2 that accepts the language
L2 = {a jb jc j$l | j ≥ 0} as follows.

On a given input a jb jc j$l , M2 simulates a computation of M on input a jb jc j$lckblam, whereby M2
guesses the suffix ckblam step-by-step. So, whenever M moves its left head to the right, M2 moves its
sole head to the right as well. Whenever M moves its right head to the left, M2 guesses the next symbol
from the suffix. If M2 guesses the center marker and, thus, in the simulation the right head would see the
center marker before the left head, M2 rejects. If in the simulation the left head sees the center marker
before the right head, the simulation continues with λ -steps until M2 guesses that both heads meet. In
this case, M2 accepts if and only if M accepts. Considering the language accepted by M2, one sees that on
some input a jb jc j$l , j ≥ 0, M2 can guess a suffix cnbnan such that M accepts the input a jb jc j$lcnbnan,
whereby the right head reaches the center marker not before the left head (it follows from above that
such a suffix exists). So, M2 accepts any word of the form a jb jc j$l , j ≥ 0. Conversely, if an input w$l
is not of the form a jb jc j$l , then there is no computation of M2 that accepts any word with prefix w$l
(due to the center marker $l , w is verified to have form a jb jc j). Therefore, the simulation cannot ending
accepting and, thus, M2 rejects.

So, since M2 is a pushdown automaton, L2 must be a context-free language. From the contradiction
we derive that Ldta is not accepted by any deterministic double-head pushdown automaton. �

The next example shows that the language Ldta is accepted even by input-driven double-head push-
down automata provided that nondeterminism is allowed.

Example 3 The language Ldta = {aib jck$rcnbnan | i, j,k,n ≥ 0} ∪ {anbncn$lcib jak | i, j,k,n ≥ 0} is
accepted by the ndet-ID2hPDA

M = 〈{s0, p1, p2, . . . , p7,q1,q2, . . . ,q7,s+},ΣD∪ΣR∪ΣN ,{D,G,A},s0,{p4,q4,s+},⊥,δD,δR,δN〉,
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where ΣD = {a,$l,$r}, ΣR = {b}, ΣN = {c}, and the transition functions are defined as follows. In its
first step, M guesses whether the input contains a symbol $r or a symbol $l . Dependent on the guess one
of the two subsets in the definition of Ldta are verified, and M starts to read the prefix from the left or the
suffix from the right. The states p` are used in the case of a $r, the states q` are used in the case of a $l ,
and the remaining states are used for both cases. Recall that i, j,k and n may be zero.

(1) δD(s0,a,λ ,⊥) 3 (p1,D)
(2) δR(s0,b,λ ,⊥) 3 p2
(3) δN(s0,c,λ ,⊥) 3 p3
(4) δD(s0,$r,λ ,⊥) 3 (p4,G)

(5) δD(s0,λ ,a,⊥) 3 (q1,D)
(6) δR(s0,λ ,b,⊥) 3 q2
(7) δN(s0,λ ,c,⊥) 3 q3
(8) δD(s0,λ ,$l,⊥) 3 (q4,G)

We continue to construct the transition functions for the first case, the construction for the second case
is symmetric. So, while M processes the prefix aib jck it has to verify the form of the prefix and has to
obey the action associated to the symbols. The actual pushdown content generated in this phase does not
matter. Therefore, M pushes dummy symbols D and a special symbol G when it has reached the $r. The
form of the prefix is verified with the help of the states p1, p2, and p3:

(9) δD(p1,a,λ ,D) 3 (p1,D)
(10) δR(p1,b,λ ,D) 3 p2
(11) δN(p1,c,λ ,D) 3 p3
(12) δD(p1,$r,λ ,D) 3 (p4,G)

(13) δR(p2,b,λ ,D) 3 p2
(14) δN(p2,c,λ ,D) 3 p3
(15) δD(p2,$r,λ ,D) 3 (p4,G)

(16) δN(p3,c,λ ,D) 3 p3
(17) δD(p3,$r,λ ,D) 3 (p4,G)

In the next phase, M has to verify the suffix cnbnan. To this end, it moves its both heads alternately where
for each but the first a an A is pushed. For the first a (if it exists) a symbol G is pushed. So, if both heads,
one after the other, arrive at the b-sequence, the number n of a’s coincides with the number of c’s and
the pushdown content is of the form An−1GGD∗, if n ≥ 1. If n = 0, M halts in the accepting state p4.
If n ≥ 1, in the final phase the b-sequence is read and its length is compared with the number of A’s at
the top of the stack. The final step reads the last b and the G from the pushdown store and enters the
accepting state s+, for which no further transitions are defined. So, a correct input is accepted and an
incorrect input is not:

(18) δD(p4,λ ,a,G) 3 (p5,G)
(19) δN(p5,c,λ ,A) 3 p6
(20) δN(p5,c,λ ,G) 3 p6

(20) δD(p6,λ ,a,A) 3 (p5,A)
(21) δD(p6,λ ,a,G) 3 (p5,A)

(20) δR(p6,λ ,b,A) 3 p7
(21) δR(p6,λ ,b,G) 3 s+

(22) δR(p7,λ ,b,A) 3 p7
(23) δR(p7,λ ,b,G) 3 s+

�

By Lemma 2 and Example 3 we conclude the next theorem.

Theorem 4 The family L (det-ID2hPDA) is strictly included in the family L (ndet-ID2hPDA) and the
family L (det-double-ID2hPDA) is strictly included in the family L (ndet-double-ID2hPDA).

Next, we compare the computational capacities of ID2hPDAs and double-ID2hPDAs, that is, the
capacity gained in providing (possibly different) signatures to each of the heads. As witness language
for the result that two signatures are better than one we use the language Lta = {anbnan | n≥ 1}.
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Example 5 The language Lta = {anbnan | n≥ 1} is accepted by the det-double-ID2hPDA

M = 〈{q0,q1,q2,qa,q+},ΣD,l ∪ΣD,r ∪ΣR,l ∪ΣR,r ∪ΣN,l ∪ΣN,r,{A,G},q0,{q+},⊥,δD,δR,δN〉,

where ΣD,l = {a}, ΣD,r = /0, ΣR,l = {b}, ΣR,r = {b}, ΣN,l = /0, ΣN,r = {a}, and the transition functions are
defined as follows. In its first step, M reads an a with its left head and pushes the special symbol G into
the pushdown store. Subsequently, it reads an a with its right head while the pushdown store remains
unchanged. Next, M moves its both heads alternately where for each a read by the left head (in state q1)
an A is pushed and for each a read by the right head (in state qa) the pushdown store remains unchanged.
Let X ∈ {A,G}.

(1) δD(q0,a,λ ,⊥) = (qa,G)
(2) δD(q1,a,λ ,X) = (qa,A)

(3) δN(qa,λ ,a,X) = q1

So, after having read n≥ 1 symbols a with the left as well as with the right head, M is in state q1 and the
pushdown store contains the word An−1G. The next phase starts when the right head reads a b in state q1.
In this phase, the right head is not used. The left head reads the b’s while for each b an A is popped.
When M reads a b with the special symbol G on top of the pushdown store, the sole accepting state q+
is entered.

(4) δR(q1,b,λ ,A) = q2
(5) δR(q1,b,λ ,G) = q+

(6) δR(q2,b,λ ,A) = q2
(7) δR(q2,b,λ ,G) = q+

In this way, clearly, any word from Lta is accepted by M. Conversely, in order to reach its sole accepting
state q+, M has to read at least one a from the left as well as from the right, otherwise it cannot enter
state q1. Moreover, whenever it reads an a from the left it must read an a from the right, otherwise
it would halt in state qa. Since the transition functions are undefined for input symbol b and states q0
and qa, M cannot accept without having read a b. In order to enter the accepting state q+ it must have
read as many b’s as a’s from the prefix which, in turn, have been read from the suffix as well. Since the
transition functions are undefined for state q+, M necessarily halts when this state is entered. If in this
situation the input has been read entirely, M accepts. This implies that any word accepted by M belongs
to Lta. �

Lemma 6 The language Lta is not accepted by any nondeterministic input-driven double-head pushdown
automaton.

By Example 5 and Lemma 6 we conclude the next theorem.

Theorem 7 The family L (det-ID2hPDA) is strictly included in the family L (det-double-ID2hPDA)
and the family L (ndet-ID2hPDA) is strictly included in the family L (ndet-double-ID2hPDA).

So far, we have shown that nondeterminism is better than determinism for a single as well as for dou-
ble signatures, and that double signatures are better than a single signature for deterministic as well as
nondeterministic computations. Moreover, Lemma 6 shows that language Lta is not accepted by any non-
deterministic input-driven double-head pushdown automaton, while Example 5 shows that language Lta

is accepted, even by a deterministic input-driven double-head pushdown automaton, provided that dou-
ble signatures are available. Conversely, Example 3 reveals that language Ldta is accepted even with a
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nondeterministic input-driven double-head pushdown automaton with a single signature, while Lemma 2
shows that, to this end, determinism is not sufficient. This implies the next corollary.

Corollary 8 The families L (det-double-ID2hPDA) and L (ndet-ID2hPDA) are incomparable.

Next we turn to compare the four language families under consideration with some other well-known
language families.

A context-sensitive grammar is said to be growing context sensitive if the right-hand side of ev-
ery production is strictly longer than the left-hand side. The family of growing context-sensitive lan-
guages (GCSL) lies strictly in between the context-free and context-sensitive languages. Another lan-
guage family lying properly in between the regular and the growing context-sensitive languages are the
Church-Rosser languages (CRL), which have been introduced in [10]. They are defined via finite, conflu-
ent, and length-reducing Thue systems. Church-Rosser languages are incomparable to the context-free
languages [4] and have neat properties. For example, they parse rapidly in linear time, contain non-
semilinear as well as inherently ambiguous languages [10], are characterized by deterministic automata
models [4, 14], and contain the deterministic context-free languages (DCFL) as well as their reversals
(DCFLR) properly [10].

Theorem 9 Each of the families L (det-ID2hPDA), L (ndet-ID2hPDA), L (det-double-ID2hPDA),
and L (ndet-double-ID2hPDA) is incomparable with GCSL as well as with CRL.

Proof Example 1 shows that the marked Gladkij language L1 = {w#h1(w)R#h2(w) |w∈ {a,b}∗ }, where
the homomorphisms h1 and h2 are defined by h1(a) = ā, h1(b) = b̄, h2(a) = â, and h2(b) = b̂, is accepted
by some det-ID2hPDA. Language L1 is not growing context sensitive and, thus, is not a Church-Rosser
language [4].

Conversely, the unary language {a2n | n≥ 0} is not semilinear, but a Church-Rosser language [10].
Since every language accepted even by some nondeterministic double-head pushdown is semilinear [13]
the incomparabilities claimed follow. �

The inclusion structure of the families in question is depicted in Figure 1.

4 Closure properties

We investigate the closure properties of the language families induced by nondeterministic and deter-
ministic input-driven 2hPDAs. Table 1 summarizes our results.

∪ ∩ ∪REG ∩REG · ∗ h h−1 R
L (2hPDA) no yes no yes yes no no yes ? yes

L (det-ID2hPDA) yes no no yes yes no no no no yes
L (ndet-ID2hPDA) no no no yes yes no no no no yes

Table 1: Closure properties of the language classes in question.

In [13] it was shown that the family of languages accepted by ordinary nondeterministic double-
head pushdown automata is closed under union, homomorphism, and reversal, but it is not closed under
intersection, complement, concatenation, and iteration. Furthermore it was shown that the languages

L1 = {anbncndnen | n≥ 1}, L2
2, and L∗2, for L2 = {anbncndn | n≥ 1}
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det-double-ID2hPDA ndet-ID2hPDA CRL CFL

CSL

ndet-double-ID2hPDA GCSL

det-ID2hPDA DCFL

REG

Figure 1: Inclusion structure of language families. The arrows indicate strict inclusions. All nodes
not connected by a directed path are incomparable, where the incomparability with the (deterministic)
context-free languages is a conjecture.

cannot be accepted by any nondeterministic double-head pushdown automaton. We start our investiga-
tion with the language families L (det-ID2hPDA) and L (ndet-ID2hPDA).

Our first result is an easy observation that if the input heads of a (input-driven) 2hPDA change their
roles, the accepted language is the reversal of the original language. Hence we show closure under
reversal of the language families in question.

Theorem 10 Both language families L (det-ID2hPDA) and L (ndet-ID2hPDA) are closed under re-
versal.

Proof Let M = 〈Q,Σ,Γ,q0,F,⊥,δD,δR,δN〉 be an ndet-ID2hPDA. We construct an ndet-ID2hPDA
M′= 〈Q,Σ,Γ,q0,F,⊥,δ ′D,δ ′R,δ ′N〉, where the transition function is defined as follows: for every q,q′ ∈Q,
z,z′ ∈ Γ∗, and x,y ∈ Σ we set

• (q′,z′) ∈ δ ′D(q,y,x,z), if (q′,z′) ∈ δD(q,x,y,z),

• q′ ∈ δ ′R(q,y,x,z), if q′ ∈ δR(q,x,y,z), and

• q′ ∈ δ ′N(q,y,x,z), if q′ ∈ δN(q,x,y,z).

Then it is easy to see by induction on the length of the computation that M′ accepts the reversal of the
language L(M), that is, L(M′) = L(M)R. Observe, that M′ is deterministic, if M was. Thus, we have
shown closure of both language families under the reversal operation. �

The above mentioned result that the family of languages accepted by double-head pushdown au-
tomata is not closed under intersection carries over to the input-driven case as well.

Theorem 11 Both families L (det-ID2hPDA) and L (ndet-ID2hPDA) are not closed under intersec-
tion.
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Proof In [13] the non-closure of L (2hPDA) under intersection was shown with the help of the 2hPDA
languages L = {anbncndme` | m,n, ` ≥ 1} and L′ = {amb`cndnen | n,m, ` ≥ 1}, since their intersection
L∩L′ = {anbncndnen | n ≥ 1} is not member of L (2hPDA). Thus, in order to prove our non-closure
result on intersection it suffices to show that both languages L and L′ can already be accepted by a
det-ID2hPDA.

We only give a brief description of a det-ID2hPDA M that accepts the language L. By a similar ar-
gumentation one can construct a det-ID2hPDA for the language L′, too. On input w the det-ID2hPDA M
proceeds as follows: the right head of M moves from right to left until it reaches the first c and checks
whether the input has a suffix of the dme`, for some m, ` ≥ 1. This can be done without using the push-
down store and without moving the left head. Afterwards it again moves only its right head and pushes
a C for every letter c into the pushdown store. When it reaches the first b it starts alternately moving
the left and the right head, reading letter b from the right and a from the left, beginning with the right
head, while it pops for every movement of the right head a C from the pushdown store. If the pushdown
store is empty and the left head moves to the right, it enters an accepting state. The alphabets of M are
ΣD = {c},ΣR = {b},ΣN = {a,d,e}. A detailed construction of M is left to the reader. This proves the
stated claim. �

Before we continue with the complementation operation, we first establish that every deterministic
and nondeterministic input-driven double-head pushdown automaton can be forced to read the entire
input. This property turns out to be useful for the following construction showing the closure under
complementation for deterministic input-driven double-head pushdown automata.

Lemma 12 Let M be an ndet-ID2hPDA. Then one can construct an equivalent ndet-ID2hPDA M′, that
is, L(M′) = L(M), that decides on acceptance/rejection after it has read the entire input. If M is deter-
ministic, then so is M′.

The family of languages accepted by double-head pushdown automata are not closed under comple-
mentation. We show that the family of languages accepted by deterministic input-driven double-head
pushdown automata is closed under complementation, while the nondeterministic family is not closed.

Theorem 13 The family L (det-ID2hPDA) is closed under complementation.

Proof Let M = 〈Q,Σ,Γ,q0,F,⊥,δD,δR,δN〉 be a det-ID2hPDA. By the previous lemma we can assume
w.l.o.g. that M decides on acceptance/rejection after it has read the entire input. But then, if we exchange
accepting and non-accepting states we accept the complement of L(M). Thus, the det-ID2hPDA M′ =
〈Q,Σ,Γ,q0,F ′,⊥,δD,δR,δN〉 with F ′ = Q \F is an acceptor for the language L(M). This proves our
statement. �

Since the family of languages accepted by det-ID2hPDA is not closed under intersection, it can be
concluded that it is not closed under union.

Theorem 14 The family L (det-ID2hPDA) is not closed under union.

Let us come back to the complementation operation. For the language family induced by ndet-
ID2hPDA we obtain non-closure under complementation in contrast to the above given theorem on the
deterministic language family in question.

Theorem 15 The family L (ndet-ID2hPDA) is not closed under complementation.
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Proof In [13] it has been shown that the language L1 = {anbncndnen | n ≥ 1} cannot be accepted even
by any double-head pushdown automata. We briefly show that the language L1 is accepted by an ndet-
ID2hPDA M. The complement of L1 can be described as follows: a word is in L1 if and only if (i)
it belongs to complement of the regular language a+b+c+d+e+ or (ii) it belongs to one of the context-
free languages {an1bn2cn3dn4en5 | n1,n2, . . . ,n5 ≥ 1 and ni 6= n j }, for some pair (i, j)∈ {1,2, . . . ,5}2 with
i 6= j. Thus, on input w the ndet-ID2hPDA M guesses which of the above cases (i) or (ii) applies. In
the first case M simulates a finite automaton without using its pushdown store. In the second case,
automaton M guesses appropriate i and j with i 6= j from {1,2, . . . ,5} and moves its two heads to the
corresponding blocks of letters. Then it checks whether ni 6= n j by alternately moving the left and right
head without using the pushdown store. If ni 6= n j and the heads meet, the automaton accepts, otherwise
it rejects. Since M is not using the pushdown store at all, only the transition function δN is defined. Thus,
the signature is ΣN = Σ and ΣD = ΣR = /0.

Since M accepts L1, but L1 cannot be accepted by any double-head pushdown automata, the language
family L (ndet-ID2hPDA) is not closed under complementation. �

Now, L2 can be used to show that the family of languages accepted by deterministic and nondeter-
ministic input-driven double-head pushdown automata are not closed under concatenation and iteration.

Theorem 16 Both language families L (det-ID2hPDA) L (ndet-ID2hPDA) are not closed under con-
catenation and iteration.

While both families L (det-ID2hPDA) and L (ndet-ID2hPDA) are not closed under union and in-
tersection, they are closed under the union and intersection with regular languages.

Theorem 17 Both families L (det-ID2hPDA) and L (ndet-ID2hPDA) are closed under intersection
and union with regular languages.

Next, we consider the closure under homomorphism.

Theorem 18 Both families L (det-ID2hPDA) and L (ndet-ID2hPDA) are not closed under (length
preserving) homomorphisms.

Proof Consider the language L = {an$bn$cn | n ≥ 1}. It is easy to show that L is accepted by some
det-ID2hPDA with signature ΣN = {a,$}, ΣD = {c}, and ΣR = {b}. The details are left to the reader.
Further consider the homomorphism h defined by h(a) = a, h($) = $, h(b) = a, and h(c) = a that leads to
the language h(L) = {an$an$an | n≥ 1}. We show that h(L) cannot be accepted by any ndet-ID2hPDA.

Assume to the contrary that there is an ndet-ID2hPDA M accepting the language h(L). Observe, that
the input contains only the letters a and two $s. Then we consider three cases, according to which set of
the signature the letter a belongs to:

1. Letter a ∈ ΣN . Then M possibly can use the pushdown store only for the two $ letters. In this case,
the whole computation of M can be mimicked by a finite automaton.

2. Letter a ∈ ΣD. Then the pushdown of M can arbitrarily increase in height during a computation
(if the a-blocks on both sides of the word are long enough), and can be decreased at most twice
with the help of the letters $. Again, the whole computation of M can be simulated by a finite
automaton.

3. Letter a ∈ ΣR. Again, the computation of M can be done by a finite state machine, since the
pushdown height is bounded by two and can be stored in the finite control of an automaton. The
letters a force a pop and the letters $ may increase the pushdown height by at most two.
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By our consideration we conclude that M can always be replaced by a finite state automaton and therefore
the language h(L) is regular, which is a contradiction to the pumping lemma of regular languages and to
our above given assumption. Hence h(L) cannot be accepted by any ndet-ID2hPDA. �

From the Boolean operations, the union operation applied to L (ndet-ID2hPDA) is still missing.

Theorem 19 The family L (ndet-ID2hPDA) is not closed under union.

Proof Consider the language L = {anb2nan | n ≥ 1}. Using the signature ΣN = /0, ΣD = {a}, and
ΣR = {b} it is not hard to see that L is accepted by a det-ID2hPDA. Note that the an-prefix and -suffix
of the input word is compared by the use of the two input heads, while the b2n-infix is checked against
the content of the pushdown, which is previously filled by reading the a’s from the input. Similarly, the
language where the a’s and b’s are exchanged, that is, L′ = {bna2nbn | n ≥} is also accepted by some
det-ID2hPDA.

Next, we consider the union L∪ L′. We show that it cannot be accepted by any ndet-ID2hPDA.
Assume to the contrary that there is an ndet-ID2hPDA M′′= 〈Q′′,{a,b},Γ,q,F,⊥,δD,δR,δn〉 that accepts
the language L∪L′, that is, L(M′′) = L∪L′. With the same argumentation as in the proof of Theorem 18
we conclude that M′′ cannot accept L∪L′ without using the pushdown store. Thus, one of the two input
symbols a or b force M′′ to push and the other symbol to pop. W.l.o.g. we assume that ΣD = {a} and
ΣR = {b}; the other case can be treated in a similar way. Recall that Q′′ is the state set of M′′. Then
consider the input word w = bna2nbn, for n > |Q′′|. Note that while the input heads cross over the bn-
prefix and -suffix of w the automaton M′′ is forced to pop from the pushdown store and thus empties it.
Since w ∈ L∪L′, there is an accepting computation of M′′ on w, which is of the form

(q0,bna2nbn,λ ) `∗ (s,bn−ia2nbn− j,λ ) `∗ (s,bn−i−i′a2nbn− j− j′ ,λ ) `∗ (q f ,λ ,γ),

where s ∈Q′′, q f ∈ F , γ ∈ Γ∗, and moreover, i+ i′ ≤ n and j+ j′ ≤ n and i′+ j′ ≥ 1. But then by cutting
out the loop computation on the state s also the word bn−i′a2nbn− j′ is accepted by M′′ via the computation

(q0,bn−i′a2nbn− j′ ,λ ) `∗ (s,bn−i−i′a2nbn− j− j′ ,λ ) `∗ (q f ,λ ,γ).

Since this word is not a member of L∪L′ we get a contradiction to our assumption. Therefore, the lan-
guage L∪L′ cannot be accepted by any ndet-ID2hPDA. Thus, the language family L (ndet-ID2hPDA)
is not closed under union. �

For the inverse homomorphism we also get a non-closure result.

Theorem 20 Both families L (det-ID2hPDA) and L (ndet-ID2hPDA) are not closed under inverse
homomorphisms.

Proof Consider the det-ID2hPDA language L = {anb2nan | n≥ 1} from Lemma 19. Let h be the homo-
morphism defined by h(a) = a and h(b) = bb. Then h−1(L) = {anbnan | n≥ 1}. This is the language Lta

from Lemma 6 that cannot be accepted by any ndet-ID2hPDA. This shows that both language families
L (det-ID2hPDA) and L (ndet-ID2hPDA) are not closed under inverse homomorphisms. �
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5 Decidability questions

In this section, we investigate the usually studied decidability questions for deterministic and nonde-
terministic input-driven 2hPDAs. It turns out that the results are similar to those obtained for conven-
tional deterministic and nondeterministic pushdown automata. In particular, we obtain the decidability
of emptiness and finiteness for det-ID2hPDAs and ndet-ID2hPDAs as well as the decidability of equiva-
lence with a regular set, inclusion in a regular set, and inclusion of a regular set. On the other hand, inclu-
sion turns out to be not even semidecidable for det-ID2hPDAs and universality, equivalence, and regular-
ity are not semidecidable for ndet-ID2hPDA as well. Finally, the decidability and non-semidecidability
results can be translated to hold for double-ID2hPDAs correspondingly.

Theorem 21 Let M be an ndet-2hPDA. Then, it is decidable whether or not L(M) is empty or finite.

Proof In [13] Nagy shows that for every ndet-2hPDA a classical NPDA accepting a letter-equivalent
context-free language can effectively be constructed. Thus, the emptiness and finiteness problems for
an ndet-2hPDA can be reduced to the corresponding problems for an NPDA which are known to be
decidable. �

Corollary 22 Let M be an ndet-ID2hPDA or det-ID2hPDA. Then, it is decidable whether or not L(M)
is empty or finite.

To obtain undecidability results we will use the technique of valid computations of Turing machines
which is presented, for example, in [8]. This technique allows to show that some questions are not only
undecidable, but moreover not semidecidable, where we say that a problem is semidecidable if and only if
the set of all instances for which the answer is “yes” is recursively enumerable (see, for example, [8]). Let
M = 〈Q,Σ,T,δ ,q0,B,F〉 be a deterministic Turing machine, where T is the set of tape symbols including
the set of input symbols Σ and the blank symbol B, Q is the finite set of states and F ⊆ Q is the set of
final states. The initial state is q0 and δ is the transition function. Without loss of generality, we assume
that Turing machines can halt only after an odd number of moves, halt whenever they enter an accepting
state, make at least three moves, and cannot print blanks. At any instant during a computation, M can
be completely described by an instantaneous description (ID) which is a string tqt ′ ∈ T ∗QT ∗ with the
following meaning: M is in the state q, the non-blank tape content is the string tt ′, and the head scans
the first symbol of t ′. The initial ID of M on input x ∈ Σ∗ is w0 = q0x. An ID is accepting whenever
it belongs to T ∗FT ∗. The set VALC(M) of valid (accepting) computations of M consists of all finite
strings of the form w0#w2# · · ·#w2n$wR

2n+1# · · ·#wR
3#wR

1 where #,$ /∈ T ∪Q, wi, 0 ≤ i ≤ 2n + 1, are
instantaneous description of M, w0 is an initial ID, w2n+1 is an accepting (hence halting) configuration,
wi+1 is the successor configuration of wi, 0≤ i≤ 2n. The set of invalid computations INVALC(M) is the
complement of VALC(M) with respect to the alphabet T ∪Q∪{#,$}.

Theorem 23 Let M1 and M2 be two det-ID2hPDAs. Then, the question L(M1)∩ L(M2) = /0 is not
semidecidable.

Proof We will first show that the set of valid computation VALC(M) of a Turing machine M is the
intersection of two languages L1 and L2 where each language is accepted by some det-ID2hPDA. We
define L1 to consist of all strings of the form w0#w2# · · ·#w2n$wR

2n+1# · · ·#wR
3#wR

1 , where wi+1 is the
successor configuration of wi for all even 0 ≤ i ≤ 2n. Language L2 is defined as the set of all strings
of the form w0#w2# · · ·#w2n$wR

2n+1# · · ·#wR
3#wR

1 , where wi+1 is the successor configuration of wi for
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all odd 1 ≤ i ≤ 2n− 1. Moreover, w0 is an initial ID and w2n+1 is an accepting ID. It is clear that
L1∩L2 = VALC(M). Next, we sketch how L1 can be accepted by some det-ID2hPDA M1. The partition
of the input alphabet is ΣD = ΣR = /0 and ΣN = T ∪Q∪ {#,$}. Thus, we will not make use of the
pushdown store in our construction. The basic idea is that both heads of M1 move successively to the
right resp. left checking that the ID that is seen by the right head is indeed the successor configuration
seen by the left head. This is possible since the changes between a configuration and its successor
configuration are only local and hence can be checked using the state set of M1. Moreover, the state
set is also used to check the correct format of the input, where the left head checks the input part to the
left of the marker $, whereas the right head checks the input part to the right of $. The computation
ends accepting when both heads meet at the marker $ and all previous checks have been successful. A
det-ID2hPDA M2 for L2 works similarly. First, the left head has to skip the initial ID w0. Then, both
heads of M2 move successively to the right resp. left checking that the ID that is seen by the left head
is indeed the successor configuration seen by the right head. Again, the correct format of the input is
implicitly checked. When the left head has reached the marker $, the right head has to skip the accepting
ID w2n+1 and the computation ends accepting when both heads meet at the marker $ and all previous
checks have been successful. Since L1∩L2 = VALC(M) and the emptiness problem for Turing machines
is not semidecidable (see, for example, [8]), the claim of the theorem follows. �

Since L (det-ID2hPDA) is closed under complementation owing to Theorem 13, we immediately
obtain that the inclusion problem is not semidecidable.

Corollary 24 Let M1 and M2 be two det-ID2hPDAs. Then, it is not semidecidable whether or not
L(M1)⊆ L(M2).

However, in case of regular languages we can decide inclusion and equivalence.

Theorem 25 Let M be a det-ID2hPDA and R be a regular language. Then, it is decidable whether or
not L(M) = R, R⊆ L(M), or L(M)⊆ R.

Proof First, we note that R⊆ L(M) if and only if R∩L(M) = /0 and that L(M)⊆ R if and only if L(M)∩
R = /0. Since L (det-ID2hPDA) is closed under complementation and under intersection with regular
languages by Theorem 13 and Theorem 17, the regular languages are closed under complementation, and
emptiness is decidable for det-ID2hPDAs owing to Theorem 21, all claims of the theorem follow. �

The decidability of the latter questions gets lost if the given ID2hPDA is nondeterministic, since in
this case even the universality question is not semidecidable.

Theorem 26 Let M be an ndet-ID2hPDA. Then, the questions of universality, equivalence, and regular-
ity are not semidecidable.

Owing to Theorem 21 it is clear that emptiness and finiteness are decidable for det-double-ID2hPDAs
and ndet-double-ID2hPDAs as well. Since the language family accepted by det-double-ID2hPDAs is
also closed under complementation and intersection with regular languages, we obtain that decidable
questions for det-ID2hPDAs are also decidable for det-double-ID2hPDAs. On the other hand, the non-
semidecidability results obtained for ID2hPDAs in the single mode obviously hold for the double mode as
well. It is currently an open problem whether equivalence and regularity are decidable for det-ID2hPDAs
or det-double-ID2hPDAs, whereas both problems are known to be decidable for DPDAs.
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Finite automata whose computations can be reversed, at any point, by knowing the last k symbols
read from the input, for a fixed k, are considered. These devices and their accepted languages are
called k-reversible automata and k-reversible languages, respectively. The existence of k-reversible
languages which are not (k−1)-reversible is known, for each k > 1. This gives an infinite hierarchy
of weakly irreversible languages, i.e., languages which are k-reversible for some k. Conditions char-
acterizing the class of k-reversible languages, for each fixed k, and the class of weakly irreversible
languages are obtained. From these conditions, a procedure that given a finite automaton decides if
the accepted language is weakly or strongly (i.e., not weakly) irreversible is described. Furthermore,
a construction which allows to transform any finite automaton which is not k-reversible, but which
accepts a k-reversible language, into an equivalent k-reversible finite automaton, is presented.

1 Introduction

The principle of reversibility, which is fundamental in thermodynamics, has been widely investigated for
computational devices. The first works on this topic already appeared half a century ago and are due
to Landauer and Bennet [9, 2]. More recently, several papers presenting investigations on reversibility
in space bounded Turing machines, finite automata, and other devices appeared in the literature (see,
e.g., [1, 15, 6, 10, 13, 3, 11]).

A process is said to be reversible if its reversal causes no changes in the original state of the system.
In a similar way, a computational device is said to be reversible when each configuration has at most one
predecessor and one successor, thus implying that there is no loss of information during the computation.
As observed by Landauer, logical irreversibility is associated with physical irreversibility and implies a
certain amount of heat generation. Hence, in order to avoid power dissipation and to reduce the overall
power consumption of computational devices, it can be interesting to realize reversible devices.

In this paper we focus on finite automata. While each two-way finite automaton can be converted
into an equivalent one which is reversible [6], in the case of one-way finite automata (that, from now on,
will be simply called finite automata) this is not always possible, namely there are regular languages as,
for instance, the language a∗b∗, that are recognized only by finite automata that are not reversible [15].

In [3], the authors gave an automata characterization of the class of reversible languages, i.e., the
class of regular languages which are accepted by reversible automata: a language is reversible if and
only if the minimum deterministic automaton accepting it does not contain a certain forbidden pattern.
Furthermore, they provide a construction to transform a deterministic automaton not containing such
forbidden pattern into an equivalent reversible automaton. This construction is based on the replication of
some strongly connected components in the transition graph of the minimum automaton. Unfortunately,
this can lead to an exponential increase in the number of the states, which, in the worst case, cannot
be avoided. To overcome this problem, two techniques for representing reversible automata, without
explicitly describing replicated parts, have been obtained in [12].
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In this paper, we deepen these investigations, by introducing the notions of weakly and strongly
irreversible language. By definition, a reversible automaton during a computation is able to move back
from a configuration (state and input head position) to the previous one by knowing the last symbol
which has been read from the input tape. This is equivalent to saying that all transitions entering in a
same state are on different input symbols. Now, suppose to give the possibility to automata to see back
more than one symbol on the input tape, in order to move from a configuration to the previous one. Does
this possibility enlarge the class of languages accepted by reversible (in this extended sense) automata?
It is not difficult to give a positive answer to this question.

Considering this idea, we recall the notion of k-reversibility: a regular language is k-reversible if it
is accepted by a finite automaton whose computations can be reversed by knowing the sequence of the
last k symbols that have been read from the input tape. This notion was previously introduced in [8] by
proving the existence of an infinite hierarchy of degrees of irreversibility: for each k > 1 there exists a
language which is k-reversible but not (k−1)-reversible. Here we prove that there are regular languages
which are not k-reversible for any k. Such languages are called strongly irreversible, in contrast with the
other regular languages which are called weakly irreversible.

As in the case of “standard” reversibility (or 1-reversibility), we provide an automata characterization
of the classes of weakly and strongly irreversible languages. Indeed, generalizing the notion of forbidden
pattern presented in [3], we show that a language is k-reversible if and only if the minimum automaton
accepting it does not contain a certain k-forbidden pattern. We also give a construction to transform
each automaton which does not contain the k-forbidden pattern, into an equivalent automaton which
is k-reversible. Furthermore, using a pumping argument, we prove that if an n-state automaton contains
an N-forbidden pattern, for a constant N = O(n2), then it contains a k-forbidden pattern for each k > 0.
Hence, applying this condition to the minimum automaton accepting a language L, we are able to decide
if L is weakly or strongly irreversible. We finally present a decision procedure for such problem.

We point out that, according to the approach in [3], in this paper we refer to the classical model of
deterministic automata, namely automata with a unique initial state, a set of final states, and deterministic
transitions. Different approaches have been considered in the literature. The notion of reversibility
in [1] is introduced by considering deterministic devices with one initial state and one final state, while
automata with a set of initial states, a set of final states and deterministic transitions have been considered
in [15]. In particular, the notion of reversibility in [1] is more restrictive than the one studied in [3] and
in this paper. Hence, also the notion of k-reversibility, introduced and studied here, is different from a
notion of k-reversibility studied in [1].

2 Preliminaries

In this section we recall some basic definitions and results useful in the paper. For a detailed exposition,
we refer the reader to [4].

Given a set S, let us denote by #S its cardinality, by 2S the family of all its subsets, and by S<k (Sk,
respectively), for a fixed integer k≥ 0, the set of sequences of less than (exactly, resp.) k elements from S,
where ε is the empty sequence. Given an alphabet Σ, |w| denotes the length of a string w ∈ Σ∗.

A deterministic finite automaton (DFA) is a tuple A = (Q,Σ,δ ,qI,F), where Q is the finite set of
states, Σ is the input alphabet, qI ∈ Q is the initial state, F ⊆ Q is the set of accepting (or final) states,
and δ : Q×Σ→ Q is the partial transition function. A nondeterministic finite automaton (NFA) is an
automaton in which it is possible to reach multiple states at the same time: multiple initial states are
allowed and the transition function is defined as δ : Q×Σ→ 2Q. The language accepted by an automaton
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is defined in classical way as the set of all strings that define a path from one initial state to one of the
accepting states.

Let A = (Q,Σ,δ ,qI,F) be a DFA. A state p ∈ Q is useful if it is reachable, i.e., there exists w ∈ Σ∗
such that δ (qI,w) = p, and productive, i.e., if there is w ∈ Σ∗ such that δ (p,w) ∈ F . In this paper we
only consider automata with all useful states.

The reverse transition function of A is δ R : Q×Σ→ 2Q, with δ R(p,a) = {q ∈ Q | δ (q,a) = p}. The
reverse automaton AR = (Q,Σ,δ R,F,{qI}) is the NFA obtained by reversing the transition function δ and
in which the set of initial states coincides with the set of final states of A and the unique final state is qI .

A state r ∈ Q is said to be irreversible when #δ R(r,a) > 1 for some a ∈ Σ, i.e., there are at least
two transitions on the same letter entering r, otherwise r is said to be reversible. The DFA A is said
to be irreversible if it contains at least one irreversible state, otherwise A is reversible (REV-DFA). As
pointed out in [7], the notion of reversibility for a language is related to the computational model under
consideration. In this paper we only consider DFAs. Hence, by saying that a language L is reversible,
we refer to this model, namely we mean that there exists a REV-DFA accepting L. The class of reversible
languages is denoted by REV.

We say that two states p,q ∈ Q are equivalent if and only if for all w ∈ Σ∗, δ (p,w) ∈ F exactly
when δ (q,w) ∈ F . Two automata A and A′ are said to be equivalent if they accept the same language,
i.e., L(A) = L(A′).

A strongly connected component (SCC) C of a NFA or a DFA A is a maximal subset of Q such that
in the transition graph of A there exists a path between every pair of states in C. Let us denote by Cq

the SCC containing the state q ∈ Q.
We consider a partial order � on the set of SCCs of A, such that, for two such components C1 and C2,

C1 � C2 when either C1 = C2 or no state in C1 can be reached from a state in C2, but a state in C2 is
reachable from a state in C1. We write C1 ≺C2 when C1 �C2 and C1 6=C2.

3 Strong and weak irreversibility

In this section we introduce the main notions we consider in this paper, by defining strong and weak
irreversibility and by presenting their basic properties.

Definition 1. Let k > 0 be an integer, A = (Q,Σ,δ ,qI,F) be a DFA, and L⊆ Σ∗ be a regular language.

• A state r ∈ Q is said to be k-irreversible if there exist a string x ∈ Σk−1 and a symbol a ∈ Σ, such
that the cardinality of the following set is greater than 1:

{δ (p,x) | p ∈ Q and δ (p,xa) = r} .

Otherwise, r is said to be k-reversible.

• The automaton A is k-reversible if each of its states is k-reversible.

• The language L is k-reversible if there exists a k-reversible DFA accepting it.

• The language L is weakly irreversible if it is k-reversible for some integer k > 0.

• The language L is strongly irreversible if it is not weakly irreversible.

By definition, a state r is 1-reversible if and only if it is reversible. As a consequence, 1-reversibility
coincides with reversibility.

In the case of a k-reversible state r, with k > 1, we could have more than one transition on the same
symbol a entering r. However, by knowing the suffix of length k of the part of the input already inspected,
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qI q1 qk−1 qk

a b
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Figure 1: The minimum automaton accepting the language a∗bkb∗

i.e., a suffix xa with |x|= k−1, we can uniquely identify which transition on a has been used to enter r in
the current computation. In other terms, while a reversible automaton is a device which is able to move
the computation one state back, by knowing the last symbol that has been read, a k-reversible automaton
can do the same, having the suffix of length k of the part of the input already inspected (when the length
of that part is less than k, the automaton can see all the input so far inspected).

Let us denote by REVk the class of k-reversible languages. Hence, REV = REV1. Furthermore k-
reversible DFAs are indicated as REVk-DFAs, for short.

From Definition 1, we can immediately prove the following facts:

Lemma 1. Let k > 0 be an integer, A = (Q,Σ,δ ,qI,F) be a DFA, and L⊆ Σ∗ be a regular language.

• If a state q ∈ Q is k-reversible, then it is k′-reversible for each k′ > k.

• If a state q ∈ Q is k-irreversible, then it is k′-irreversible for each k′ < k.

• If A is k-reversible, then it is k′-reversible for each k′ > k.

• If L is k-reversible, then it is k′-reversible for each k′ > k.

Example 1. [8] For each integer k > 0, consider the language a∗bkb∗, which is accepted by the minimum
automaton depicted in Figure 1. The only irreversible state is qk.

Suppose that, after reading a string w, the automaton is in qk. If we know a suffix of w of length i,
with i ≤ k, (this suffix can only be bi) then we cannot determine the previous state in the computation,
i.e., the state before reading the last symbol of w. In fact, this state could be either qk−1 or qk. Hence, the
automaton is not k-reversible. However, if we know the suffix of length k+1, then it could be either bk+1,
and in this case the previous state is qk, or abk, and in this case the previous state is qk−1. It could be
also possible that only k input symbols have been read, i.e., |w| = k. In that case, all w = bk can be
seen back and the previous state is qk−1. Hence, the automaton is (k+ 1)-reversible. As shown in [8,
Theorem 4] we cannot do better for this language, i.e., L ∈ REVk+1 \ REVk. This can be also obtained as
a consequence of results in Section 5.

As a consequence of the last item in Lemma 1 and of Example 1 we have the proper infinite hierarchy
of classes

REV = REV1 ⊂ REV2 ⊂ ·· · ⊂ REVk ⊂ ·· ·
In [3], the authors proved that a regular language is irreversible if and only if the minimum DFA

accepting it contains a forbidden pattern, which consists of two transitions of a same letter entering in
a same state r, where one of them arrives from a state p which belongs to the same strongly connected
component of r. We now refine such definition in order to consider strings of the same length that lead
to the same state:

Definition 2. Given a DFA A = (Q,Σ,δ ,qI,F) and an integer k > 0, the k-forbidden pattern is formed
by three states p,q,r ∈ Q, with a symbol a ∈ Σ, two strings x ∈ Σk−1 and w ∈ Σ∗, such that p 6= q,
δ (p,x) 6= δ (q,x), δ (p,xa) = δ (q,xa) = r, and δ (r,w) = q.
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Figure 2: The k-forbidden pattern: x ∈ Σk−1, a ∈ Σ, w ∈ Σ∗

The k-forbidden pattern just defined is depicted in Figure 2.
From Definition 2, we can observe that if a DFA A contains a k-forbidden pattern, for some k > 0, then it
contains a k′-forbidden pattern for each k′, with 0 < k′ < k.

The notion of k-forbidden pattern will be used in the subsequent sections to obtain a characterization
of the class REVk. In fact, we will prove that a regular language is k-reversible if and only if the minimum
DFA accepting it does not contain the k-forbidden pattern.

4 k-reversible simulation

In this section we present a construction to build, given a DFA A = (Q,Σ,δ ,qI,F) and an integer k > 0, an
equivalent DFA A′ = (Q′,Σ,δ ′,q′I,F ′), which is k-reversible if A does not contain the k-forbidden pattern.
The DFA A′ simulates A by storing in its finite control three elements:

• The current state q of A.

• An integer j ∈ {1, . . . ,k} which is used to count the first k visits to states in the current SCC of A,
namely in the SCC which contains the current state q. When the value of the counter reaches k, it
is no more incremented, until a transition leaving the SCC. At that point, after saving its value in
the third component of the state, 1 is assigned to the counter for denoting the first visit in the SCC

just reached.

• A sequence of pairs from Q×{1, . . . ,k}. This is the sequence of the first two components of the
states in Q′ which have been reached before simulating a transition that in A changes SCC. Since
the number of possible SCCs is bounded by #Q, we consider sequences of length less than #Q.

Formally, we give the following definition:

• Q′ = Q×{1, . . . ,k}× (Q×{1, . . . ,k})<#Q,

• for 〈q, j,α〉 ∈ Q′, if δ (q,a) = p then

δ ′(〈q, j,α〉,a) =
{
〈p,min{ j+1,k},α〉 if Cp = Cq

〈p,1,α · (q, j)〉 otherwise,

while δ ′(〈q, j,α〉,a) is not defined when δ (q,a) is not defined, and · denotes the concatenation of
a pair at the end of sequence,
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• q′I = 〈qI,1,ε〉 is the initial state,

• F ′ = F×{1, . . . ,k}× (Q×{1, . . . ,k})<#Q is the set of final states.

Notice that by dropping the second and the third components off the states of A′, we get exactly the
automaton A. Hence, A and A′ are equivalent.

Furthermore, observe that if δ ′(〈p,h,α〉,a) = 〈r, `,γ〉, with 〈p,h,α〉,〈r, `,γ〉 ∈ Q′, a ∈ Σ, and 1 <
` ≤ k, then the states p and r are in the same SCC of A and h = `− 1 when ` < k, while h ∈ {k− 1,k}
when `= k. This fact will be used in the following proof of the main property of A′.

Lemma 2. If A does not contain the k-forbidden pattern, then A′ is a k-reversible DFA.

Proof. By contradiction, let us suppose that A′ contains a k-irreversible state 〈r, `,γ〉 ∈ Q′. Then there
exist a string x ∈ Σk−1, a symbol a ∈ Σ, states 〈p0,h0,α0〉,〈p,h,α〉,〈q0, j0 β0〉,〈q, j,β 〉 ∈ Q′, such that
δ ′(〈p0,h0,α0〉,x) = 〈p,h,α〉, δ ′(〈q0, j0,β0〉,x) = 〈q, j,β 〉, δ ′(〈p,h,α〉,a) = δ ′(〈q, j,β 〉,a) = 〈r, `,γ〉,
and 〈p,h,α〉 6= 〈q, j,β 〉. The situation is summarized in the following picture:

〈p0,h0,α0〉 x−−→ 〈p,h,α〉 a−→
6= 〈r, `,γ〉

〈q0, j0,β0〉 x−−→ 〈q, j,β 〉
a−→

For k > 1, the proof is divided in three cases, depending on the value of `.

• Case `= 1.
Considering the definition of δ ′, we notice that both states p and q are not in the same SCC of r.
Then γ = α · (p,h) = β · (q, j), thus implying α = β , p = q, and h = j. This is a contradiction to
the hypothesis 〈p,h,α〉 6= 〈q, j,β 〉.
• Case 1 < ` < k.

Again from the definition of δ ′, we can observe that h = j = `− 1 < k− 1 and α = β = γ . We
decompose x as x′bx′′, where x′,x′′ ∈ Σ∗, b ∈ Σ and |x′′|= `−2. Then, in the paths on the string x
from 〈p0,h0,α0〉 to 〈p, `−1,α〉 and from 〈q0, j0,β0〉 to 〈q, `−1,α〉 the last transitions that change
SCC in A are those on the symbol b, immediately after the prefix x′, i.e, we have the following
situation:

〈p0,h0,α0〉 x′−−→ 〈p1,h1,α1〉 b−→ 〈p2,1,α〉 x′′−−−→ 〈p, `−1,α〉 a−→
〈r, `,α〉

〈q0, j0,β0〉 x′−−→ 〈q1, j1,β1〉 b−→ 〈q2,1,α〉 x′′−−−→ 〈q, `−1,α〉
a−→

for suitable 〈p1,h1,α1〉,〈q1, j1,β1〉 ∈ Q′, p2,q2 ∈ Q. Then α = α1 · (p1,h1) = β1 · (q1, j1), that
implies p1 = q1. As a consequence, since A is deterministic we get that p2 = q2 and p = q. Thus,
also in this case we get the contradiction 〈p,h,α〉= 〈q, j,β 〉.
• Case `= k.

From the definition of δ ′, we notice that either h = j = k−1, or at least one of h and j is equal to k.
In the first case, the proof can be completed as in the case 1 < ` < k, leading to a contradiction. In
the case h = k, moving backwards from the state 〈p,k,α〉 to 〈p0,h0,α0〉, along the transitions on
the string x of length k− 1, we find a sequence of states whose all second components are equal
to k, which is followed by a (possibly empty) sequence of states where the values of the second



G.J. Lavado, G. Pighizzini & L. Prigioniero 149

components decrease by 1 at each transition. In this way we can conclude that h0 ≥ 1 and all the
first components, included p0, of states on this path, are in the same SCC of r. Hence, A contains
the k-forbidden pattern. The case j = k is similar.

For k = 1, if p or q are in the same SCC as r then A should contain the 1-forbidden pattern. Otherwise,
we can proceed as in the case `= 1, obtaining a contradiction.

We now evaluate the size of the automaton obtained by using the previous construction.

Theorem 1. Each n-state DFA which does not contain the k-forbidden pattern can be simulated by an
equivalent k-reversible DFA with no more than (k+1)n−1 states.

Proof. Let A be a given n-state DFA not containing the k-forbidden pattern. According to Lemma 2, the
automaton A′ obtained from A with the above presented construction is k-reversible. Now, we are going
to estimate the number of reachable states in it.

First of all, we notice that if 〈q, `,α〉 is a reachable state of A′ and α = ((p1, j1),(p2, j2), . . . ,(ph, jh)),
then Cp1 ≺ Cp2 ≺ ·· · ≺ Cph ≺ Cq. Hence, since the ordering among states appearing in α is given by the
ordering of SCCs in A, we could represent α as a set.

This also allows to interpret the state 〈q, `,α〉 as the function f : Q→{0,1, . . . ,k}, such that for r∈Q:

f (r) =





` if r = q,
ji if r = pi, 1≤ i≤ h,
0 otherwise.

By counting the number of possible functions, we obtain a (k + 1)n upper bound for the number of
reachable states in A′.

Now, we show how to reduce this bound to the one claimed in the statement of the theorem.
The above presented simulation can be slightly refined by observing that while simulating states in

the SCC of the initial state qI , it is not necessary to keep the counter. Furthermore, in each state 〈q, `,α〉
of Q′, with q /∈ CqI , the first element of α , which should represent a state in CqI , is stored without the
counter. Hence, the state 〈q, `,α〉 can be seen as a state in CqI (the first element of α) with a function f :
Q \CqI → {0,1, . . . ,k} (representing the current state with its counter and the other pairs in α). Since
the counter associated with the current state is always positive, f cannot be the null function. Hence, the
number of possible functions is bounded by (k+1)n−s−1, where s = #CqI . Considering also the states
which are used in Q′ to simulate the states in CqI , this gives at most s+ s((k+1)n−s−1) many reachable
states. For k > 0 this amount is bounded by (k+1)n−1.

We point out that for k = 1, Theorem 1 gives a 2n−1 upper bound, which matches with the bound for
the conversion of DFAs into equivalent REV-DFAs, claimed in [3]. In the same paper, a lower bound very
close to such an upper bound was presented.

5 A characterization of k-reversible languages

In this section we present a characterization of k-reversible languages based on the notion of k-forbidden
pattern. This characterization will be obtained by combining Theorem 1 with the following result.

Lemma 3. Let L be a regular language and k be a positive integer. If the minimum DFA accepting L
contains the k-forbidden pattern, then L /∈ REVk.
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a a a
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Figure 3: The minimum DFA accepting the reversible language a∗, and an equivalent DFA containing
the 3-forbidden pattern

Proof. Let M = (Q,Σ,δ ,qI,F) be the minimum DFA accepting L. By hypothesis there exist p,q,r ∈ Q,
a ∈ Σ, x ∈ Σk−1, w ∈ Σ∗ such that p 6= q, δ (p,x) 6= δ (q,x), δ (p,xa) = δ (q,xa) = r and δ (r,w) = q.
Let s = δ (p,x) and t = δ (q,x). We are going to prove that each DFA A′ = (Q′,Σ,δ ′,q′I,F ′) accepting L
contains a k-irreversible state.

Let q0 ∈ Q′ be a state equivalent to p. In A′ we consider two arbitrarily long sequences of states
q1,q2, . . . and r1,r2, . . . equivalent to q and r, respectively, such that δ ′(qh−1,xa) = rh and δ ′(rh,w) = qh,
for h > 0. Since Q′ is finite, sooner or later we will find an index j such that either ri = r j or qi = q j, for
some 1≤ i < j. Let us take the first j with such property.

• Suppose ri = r j. If i = 1, let ŝ = δ ′(q0,x) and t̂ = δ ′(q j−1,x). Since q0 is equivalent to p and
q j−1 is equivalent to q, ŝ and t̂ are equivalent to the states s and t of M, respectively. So, ŝ 6= t̂.
Furthermore, δ ′(ŝ,a) = δ ′(t̂,a) = r1. Hence, r1 is k-irreversible. In the case i > 1, since j is the
first index giving a repetition we get qi−1 6= q j−1. We decompose the string xa as x′γx′′, where
x′,x′′ ∈ Σ∗, γ ∈ Σ, and δ ′(qi−1,x′) 6= δ ′(q j−1,x′), δ ′(qi−1,x′γ) = δ ′(q j−1,x′γ) = u for some u ∈ Q′

and δ ′(u,x′′) = ri. We observe that δ ′(qi−2,xawx′) = δ ′(qi−1,x′) 6= δ ′(q j−2,xawx′) = δ ′(q j−1,x′),
while δ ′(qi−2,xawx′γ) = δ ′(q j−2,xawx′γ) = u. This implies that the state u is |xawx′γ|-irreversible.
Hence it is k-irreversible.

• In the case qi = q j and ri 6= r j, we observe that since q0 is equivalent to p and q j is equivalent to
q for j ≥ 1, while p and q are not equivalent, we get i > 0. We decompose w as w′γw′′, where
w′,w′′ ∈ Σ∗, γ ∈ Σ and δ ′(ri,w′) 6= δ ′(r j,w′), δ ′(ri,w′γ) = δ ′(r j,w′γ) = u for some u ∈ Q′ and
δ ′(u,w′′) = qi. Then, δ ′(qi−1,xaw′) 6= δ ′(q j−1,xaw′) and δ ′(qi−1,xaw′γ) = δ ′(q j−1,xaw′γ) = u.
Hence, the state u is |xaw′γ|-irreversible, so it is k-irreversible.

Notice that the condition in Lemma 3 is on the minimum DFA accepting the language under consideration.
If we remove the requirement that the considered DFA has to be minimum, the statement becomes false.
For instance, the language L = a∗ is reversible even though for each k > 0 we can build a DFA accepting
it, which contains the k-forbidden pattern (see Figure 3).

We are now able to characterize k-reversible languages in terms of the structure of minimum DFAs:

Theorem 2. Let L be a regular language. Given k > 0, L ∈ REVk if and only if the minimum DFA

accepting L does not contain the k-forbidden pattern.

Proof. The if part is a consequence of Theorem 1, the only-if part derives from Lemma 3.

From Theorem 2, we observe that to transform each DFA A accepting a k-reversible language into an
equivalent REVk-DFA, firstly we can transform A into the equivalent minimum DFA M and then we can
apply to M the construction presented in Section 4.

As a consequence of Theorem 2 we also obtain:
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Corollary 1. L ∈ REVk+1 \ REVk if and only if the maximum h such that the minimum DFA accepting L
contains the h-forbidden pattern is k.

In the following result we present further families of languages, besides that in Example 1, which
witness the existence of the proper infinite hierarchy

REV = REV1 ⊂ REV2 ⊂ ·· · ⊂ REVk ⊂ ·· ·

Furthermore, we show that the difference between the “amount” of irreversibility in a minimum DFA and
in the accepted language can be arbitrarily large:

Theorem 3. For all integers k, j > 0 with j > k > 1 there exists a language Lk, j such that:

• The minimum DFA accepting Lk, j is a REVj-DFA but not a REVj−1-DFA.

• Lk, j ∈ REVk \ REVk−1.

Proof. Let Lk, j be the language accepted by the automaton Ak, j = (Q,Σ,δ ,qI,F) where Σ = {a,b},
Q = {qI,q′1,q

′′
1, . . . ,q

′
j−1,q

′′
j−1,q j}, F = {q′′j−1,q j}, and the transition function is defined as follows (see

Figure 4 for an example):

• δ (qI,a) = q′1
• δ (qI,b) = q′′1
• δ (q′i,a) = q′i+1 and δ (q′′i ,a) = q′′i+1 for 1≤ i≤ j− k

• δ (q′i,b) = q′i+1 and δ (q′′i ,b) = q′′i+1 for j− k < i < j−1

• δ (q′j−1,b) = δ (q′′j−1,b) = δ (q′′j−1,a) = δ (q j,b) = q j

Firstly, we can observe that Ak, j is the minimum DFA accepting Lk, j. It contains only one irre-
versible state, q j, with δ R(q j,b) = {q j,q′j−1,q

′′
j−1}. We also notice that δ (q′1,a j−kbk−2) = q′j−1 6= q′′j−1 =

δ (q′′1,a j−kbk−2), while δ (q′1,a j−kbk−1) = δ (q′′1,a j−kbk−1) = q j. Hence Ak, j is not a REVj−1-DFA. How-
ever, the knowledge of one more symbol in the suffix of the input read to enter q j allows to determine the
state of the automaton before reading the last symbol. In particular, if the suffix of length j is a j−k+1bk−1,
then the state was q′j−1; if the suffix is ba j−kbk−1 or ba j−kbk−2a, then the state was q′′j−1; in the remaining
cases it was q j. Hence, Ak, j is a REVj-DFA.

To prove that Lk, j ∈ REVk \REVk−1, we first show that Ak, j contains the (k−1)-forbidden pattern. To
this aim, in Definition 2 we can choose q = r = q j, p = q′j−k+1, a = b, x = bk−2 and w = ε . Further-
more, it is possible to obtain a REVk-DFA A′k, j equivalent to Ak, j by duplicating q j with its loop and by
redistributing incoming transitions from q′j−1 and q′′j−1, as in the case presented in Figure 5.

6 Weakly and strongly irreversible languages

By Definition 1, a language is weakly irreversible if it is k-reversible for some k > 0, namely if it is in the
class

⋃
k>0 REVk. A natural question is whether or not the class of weakly irreversible languages coincides

with the class of regular languages. In this section we will give a negative answer to this question, thus
proving the existence of strongly irreversible languages.

First of all, we observe that, by Theorem 2, a regular language is strongly irreversible if and only
if the minimum DFA accepting it contains a k-forbidden pattern for each k > 0. Using a combinatorial
argument, we now prove that in order to decide if a language is strongly or weakly irreversible, it is
enough to consider only a value of k which depends on the size of the minimum DFA:
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Figure 4: The minimum automaton A5,7 accepting the language L5,7
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Figure 5: A REV5-DFA accepting the language L5,7

Theorem 4. Let A = (Q,Σ,δ ,qI,F) be an n-state DFA and N > n2−n
2 . If A contains an N-forbidden

pattern, then it contains a k-forbidden pattern for each k > 0.

Proof. Suppose that A contains an N-forbidden pattern. As observed after Definition 2, A contains a
k-forbidden pattern for each k ≤ N.

We now prove the same for k > N. By hypothesis there exist p,q,r ∈ Q, a ∈ Σ, x ∈ ΣN−1, w ∈ Σ∗,
such that p 6= q, δ (p,x) 6= δ (q,x), δ (p,xa) = δ (q,xa) = r, and δ (r,w) = q. Let x = a1a2 · · ·aN−1 with
ai ∈ Σ, for i = 1, . . . ,N− 1. Moreover, let p0, . . . , pN−1,q0, . . . ,qN−1 ∈ Q be such that p = p0, q = q0,
pi = δ (pi−1,ai), qi = δ (qi−1,ai) for i = 1, . . . ,N− 1, and δ (pN−1,a) = δ (qN−1,a) = r. Since pN−1 6=
qN−1 and A is deterministic, we get pi 6= qi for i = 0, . . . ,N−1. Notice that there are n2−n possible pairs
of different states.

We consider the pairs (p0,q0), . . . ,(pN−1,qN−1). Since N > (n2−n)/2 and pi 6= qi, for i = 0, . . . ,N−
1, there are two indices i, j, 0 ≤ i < j ≤ N− 1 such that either (pi,qi) = (p j,q j) or (pi,qi) = (q j, p j).
So δ (pi,(ai+1 · · ·a j)

2) = pi and δ (qi,(ai+1 · · ·a j)
2) = qi. Given h > 0, we consider the string zh =

a1 · · ·ai(ai+1 · · ·a j)
2ha j+1 · · ·aN−1. We can verify that δ (p,zh) = pN−1 and δ (q,zh) = qN−1. This implies

that A contains the |zh|+1-forbidden pattern. Since i 6= j, by properly choosing h, this allows us to obtain
a k-forbidden pattern for each arbitrarily large k.

Combining Theorem 2 with Theorem 4 we obtain:

Corollary 2. Let L be a regular language whose minimum DFA has n states. Then L is strongly irre-
versible if and only if it is not (n2−n

2 +1)-reversible.

We now present an example of strongly irreversible language.

Example 2. The language L = a∗b(a+b)∗ is strongly irreversible. The minimum automaton accepting it
has 2 states (see Figure 6). We notice that δ (qI,ab)= δ (p,ab)= p, while δ (qI,a) 6= δ (p,a). This defines
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Figure 6: The minimum automaton accepting the language L = a∗b(a+b)∗

a 2-forbidden pattern. According to Corollary 2, this implies that L is strongly irreversible. Observe that
entering in p with each string akb, we have a (k+1)-forbidden pattern, for any k ≥ 0.

7 Decision problems

In this section we provide a method to decide whether a language L is strongly or weakly irreversible,
and, in the latter case, to find the minimum k such that L is k-reversible.

The idea is to simultaneously analyze all the paths entering each irreversible state r ∈ Q of the
minimum automaton A accepting L in order to find the longest string z that, with at least two different
paths, leads to r and defines the |z|-forbidden pattern or to discover that there exist arbitrarily long
strings with such property. This corresponds to analyze all couples of paths starting from two different
states p,q ∈ Q that, with the same string z, lead to r. Intuitively, this can be done by constructing the
product automaton of two copies of the reversal automaton of A, i.e., AR×AR, and by analyzing all paths
starting from the states of the form (r,r). Since the goal is to establish the nature of the (ir)reversability
of L — not of A — it is useful to recall that by Definition 2 it is enough to consider only the couples of
paths in which one of them is completely included in the same SCC of r, i.e., Cr = Cq. To this aim, we
are going to consider the product between AR and a transformation of AR which is obtained by splitting
it in SCCs.

Let A = (Q,Σ,δ ,qI,F) be an irreversible DFA, AR = (Q,Σ,δ R,F,{qI}) be the reversal automaton
of A, and AR

SCCs = (Q,Σ,δ R
SCCs,F,{qI}) be the NFA obtained by splitting AR in its SCCs, i.e., δ R

SCCs(r,a) =
{q | q ∈ δ R(r,a) and Cr = Cq}, for r ∈ Q, a ∈ Σ. Let us define the automaton Â = AR×AR

SCCs as follows:
Â = (Q̂,Σ, δ̂ , Î, F̂) where Q̂ = F̂ = Q×Q, Î = {(r,r) | r ∈ Q}, and δ̂ ((r′,r′′),a) = {(p,q) ∈ δ R(r′,a)×
δ R

SCCs(r
′′,a) | p 6= q}.

The resulting automaton Â accepts all strings z which define a |z|-forbidden pattern (plus the empty
string). Formally, this follows from the following lemma, whose proof can be given by induction:

Lemma 4. Consider a path (r,r),(p1,q1), . . . ,(p|z|−1,q|z|−1),(p,q) in Â from a state (r,r) to (p,q) on a
string z. Then δ̂ ((r,r),z) 3 (p,q) if and only if all the following conditions are satisfied:

1. pi 6= qi for each 0 < i < |z|, p 6= q,

2. δ (p,z) = r,

3. δ (q,z) = r and Cr = Cq.

Considering Theorem 2, this leads to state the following

Lemma 5. Let A be a minimum n-state DFA and Â be the NFA defined as above. Then:

• The following statements are equivalent:

– A is strongly irreversible,
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– L(Â) is an infinite language,

– L(Â) contains a string of length n2−n
2 +1.

• For each k > 0, L(A) ∈ REVk if and only if L(Â) contains only strings of length less than k.

The same argument can be exploited to prove that the problem of checking whether L(A) is strongly
or weakly irreversible is in NL, namely the class of problems accepted by nondeterministic logarithmic
space bounded Turing machines.

Theorem 5. The problem of deciding whether a language is strongly or weakly irreversible is NL-
complete.

Proof. (sketch) Given a minimum DFA accepting the language under consideration and the above de-
scribed automaton Â, the problem can be reduced to testing if the transition graph of Â contains at least
one loop. In such a case, there are arbitrarily long strings in L(Â), namely strings describing k-forbidden
patterns for arbitrarily large k, and L(A) is strongly irreversible. The problem of verifying the existence
of a loop is in NL.

To prove the NL-completeness, we show a reduction from the Graph Accessibility Problem (GAP)
which is NL-complete (for further details see [5]). Let G = (V,E) be a directed graph where V =
{1, . . . ,n}. Our goal is to define a DFA A such that A is strongly irreversible if and only if there exists a
path from 1 to n in G. We build A′ by starting from the same “state structure” of G, and adding a SCC

providing the forbidden pattern when combined with a path from 1 to n in the original graph.
We stress that the instance of our problem should be an automaton containing only useful states,

while automata that can be “intuitively” obtained from GAP instances could have useless states and,
detecting them, would require to solve GAP.

Let A′ = (Q,Σ,δ ,qI,{qF}) be a DFA where Q =V ∪{qI,qF ,q1, . . . ,qn−1}, Σ = {0, . . . ,n,$, ]}, and δ
is defined as follows:

i. δ (i, j) = j for (i, j) ∈ E, i 6= j

ii. δ (qi, j) = q j for 0 < i, j < n, i 6= j

iii. δ (qi,n) = n for 0 < i < n

iv. δ (n,0) = q1

v. δ (qI, i) = i and δ (i, ]) = qF for 0 < i≤ n

vi. δ (1,$) = 1 and δ (q1,$) = q1.

Observe that the restriction of the underlying graph A′ to states 1, . . . ,n coincides with G (transitions i.).
In addition, the set of states {q1, . . . ,qn−1} extends the SCC Cn so that each state can reach the others
in Cn with a single transition (transitions ii., iii., and iv.). This implies that the state n is reachable from q1
with all the possible paths passing through the states in the SCC. Furthermore, a loop is added to states 1
and q1 on the symbol $ in order to create a forbidden pattern (transitions vi.). Notice that each state in Q
is useful (transitions v.).

In such a way, the states {1,n,q1} form a forbidden pattern with strings of arbitrary length if and only
if the given graph contains a path from n to 1. Notice that any state i ∈Q\{n} is, at most, 1-irreversible.
So we can conclude that A′ is strongly irreversible if and only if there exists a path from 1 to n in G.

It can be shown that the reduction can be computed in deterministic logarithmic space.
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8 Conclusion

We introduced and studied the notions of strong and weak irreversibility for finite automata and regular
languages. In Section 5 we proved the existence of an infinite hierarchy of weakly irreversible lan-
guages, while in Section 6 we showed the existence of strongly irreversible languages, namely of regular
languages that are not weakly irreversible. In both cases, the witness languages are defined over a binary
alphabet, so the question arises if the same results hold in the case of a one-letter alphabet, i.e., in the
case of unary languages. We now briefly discuss this point.

First of all, we remind the reader that the transition graph of a unary DFA consists of an initial path,
which is followed by a loop (for a recent survey on unary automata, we address the reader to [14]).
Hence, a unary DFA is reversible if and only if the initial path is of length 0, i.e., the automaton consists
only of a loop (in this case the accepted language is said to be cyclic). We can also observe that given an
integer k > 0, a unary language is k-reversible if and only if it is accepted by a DFA with an initial path
of less than k states. Hence, for each k, the language ak−1a∗ is k-reversible, but not (k− 1)-reversible.
This shows the existence of an infinite hierarchy of weakly irreversible languages even in the unary case.
Furthermore, from the above discussion, we can observe that if a unary language is accepted by a DFA

with an initial path of k states, then it is (k+1)-reversible. This implies that each unary regular language
is weakly irreversible (see also [8, Proposition 10]). Hence, to obtain strongly irreversible languages, we
need alphabets of at least two letters.

The definition of k-reversible automata and languages have been given for each integer k > 0. One
could ask if it does make sense to consider a notion of 0-reversibility. According to the interpretation we
gave to k-reversibility, a state is 0-reversible when in each computation its predecessor can be obtained
by knowing the last 0 symbols which have been read from the input, i.e., without the knowledge of any
previous input symbol. This means that a 0-irreversible state can have only one entering transition, or
no entering transitions if it is the initial state. As a consequence, the transition graph of a 0-reversible
automaton is a tree rooted in the initial state and 0-reversible languages are exactly finite languages.
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Previously, self-verifying symmetric difference automata were defined and a tight bound of 2n−1−1
was shown for state complexity in the unary case. We now consider the non-unary case and show
that, for every n≥ 2, there is a regular language Ln accepted by a non-unary self-verifying symmetric
difference nondeterministic automaton with n states, such that its equivalent minimal deterministic
finite automaton has 2n−1 states. Also, given any SV-XNFA with n states, it is possible, up to iso-
morphism, to find at most another |GL(n,Z2)|− 1 equivalent SV-XNFA.

1 Introduction

Symmetric difference nondeterministic finite automata (XNFA) are interesting from a state complexity
point of view. Determinising XNFA is done via the subset construction as for NFA, but instead of taking
the union of sets, the symmetric difference is taken. This means that 2n − 1 is an upper bound on the
state complexity of XNFA. This has been shown to be a tight bound for unary alphabets [10].

Self-verifying automata (SV-NFA) were described in [1, 3, 4] as having two kinds of final states:
accept states and reject states. Non-final states are called neutral states. It is required that for any word,
at least one such a final state is reached, and that only one kind of final state is reached on any path, so
that any word is either explicitly accepted or explicitly rejected by the automaton. It was shown in [4]
that eΘ

√
n lnn is an upper bound for the unary case, but not a tight bound, while in the non-unary case,

g(n), where g(n) grows like 3
n
3 , is a tight upper bound.

In [6], we extended the notion of self-verification (SV) to XNFA to obtain SV-XNFA. We showed
that 2n − 1 is not a tight upper bound for SV-XNFA in the case of a unary alphabet. A lower bound of
2n−1 −1 was established for the unary case, and we showed this to be a tight bound in [5].

In this paper, we now consider the state complexity of SV-XNFA with non-unary alphabets. We give
an upper bound of 2n −1 and a lower bound of 2n−1.

Furthermore, any XNFA can be transformed into an equivalent XNFA by performing a change of
basis operation [7]. We show that this holds also for SV-XNFA, and that for any given SV-XNFA, up to
isomorphism, at most another |GL(n,Z2)|−1 equivalent SV-XNFA can be found.

2 Preliminaries

An NFA N is a five-tuple N = (Q,Σ,δ ,Q0,F), where Q is a finite set of states, Σ is a finite alphabet,
δ : Q×Σ → 2Q is a transition function (where 2Q indicates the power set of Q), Q0 ⊆ Q is a set of initial
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states, and F ⊆ Q is the set of final, or acceptance, states. The transition function δ can be extended to
strings in the Kleene closure Σ∗ of the alphabet. Let w = σ0σ1 . . .σk, then

δ ′(q,w) = δ ′(q,σ0σ1 · · ·σk) = δ (δ (· · ·δ (q,σ0),σ1), . . . ,σk) .

For convenience, we write δ (q,w) to mean δ ′(q,w).
An NFA N is said to accept a string w ∈ Σ∗ if q0 ∈ Q0 and δ (q0,w) ∈ F , and the set of all strings

(also called words) accepted by N is the language L (N) accepted by N. Any NFA has an equivalent
DFA which accepts the same language. The DFA ND = (QD,Σ,δD,Q0D,FD) that is equivalent to a given
NFA is found by performing the subset construction [2]. In essence, the subset construction keeps track
of all the states that the NFA may be in at the same time, and forms the states of the equivalent DFA by
a grouping of the states of the DFA. In short,

δD(A,σ) =
⋃

q∈A

δ (q,σ)

for any A ⊆ Q and σ ∈ Σ. Any A is a final state in the DFA if A∩F 6= /0.

2.1 Symmetric difference automata (XNFA)

A symmetric difference NFA (XNFA) is defined similarly to an NFA (including the extended transition
function over Σ∗ as for NFA), except that the DFA equivalent to the XNFA is found by taking the sym-
metric difference (in the set theoretic sense) in the subset construction. That is, for any two sets A and B,
the symmetric difference is given by ⊕(A,B) = (A∪B)\(A∩B). The subset construction is then applied
as

δD(A,σ) =
⊕

q∈A

δ (q,σ)

for any A ⊆ Q and σ ∈ Σ.
For clarity, the DFA equivalent to an XNFA N is termed an XDFA and denoted with ND, where

ND = (QD,δD,Q0D,FD). Note that δD : 2Q × Σ → 2Q. It is customary to require that an XDFA final
state consist of an odd number of final XNFA states, as an analogy to the symmetric difference set
operation [9] – this is known as parity acceptance. XNFA accept the class of regular languages [9].

Given parity acceptance, XNFA have been shown to be equivalent to weighted automata over the
finite field of two elements, or GF(2) [7, 9]. For an XNFA N = (Q,Σ,δ ,Q0,F), the transitions for each
alphabet symbol σ can be represented as a matrix over GF(2). Each row represents a mapping from a
state q ∈ Q to a set of states P ∈ 2Q. P is written as a vector with a one in position i if qi ∈ P, and a zero
in position i if qi 6∈ P. Hence, the transition table is represented as a matrix Mσ of zeroes and ones (see
Example 1). This is known as the characteristic or transition matrix for σ of the XNFA. In the rest of this
paper, we consider only SV-XNFA with non-singular matrices, whose cycle structures do not include
transient heads, i.e. states that are only reached once before a cycle is reached.

Initial and final states are similarly represented by vectors, and appropriate vector and matrix multi-
plications over GF(2) represent the behaviour of the XNFA1. For instance, in the unary case we would
have a single matrix Ma that describes the transitions on a for some XNFA with n states. We encode the
initial states Q0 as vector of length n over GF(2), namely v(Q0) = [q00 q01 · · · q0n−1 ], where q0i = 1 if qi ∈
Q0 and 0 otherwise. Similarly, we encode the final states as a length n vector v(F) = [qF0 qF1 · · · qFn−1 ].
Then v(Q0)Ma is a vector that encodes the states reached after reading the symbol a exactly once, and

1In GF(2), 1+1 = 0.
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v(Q0)Mk
a encodes the states reached after reading the symbol a k times. The weight of a word wk of

length k is given by
∆(wk) = v(Q0)Mk

av(F)T .

We can say that Ma represents the word a, and Mak = Mk
a represents the word ak. In the binary case, we

would have two matrices, Ma for transitions on a and Mb for transitions on b. Reading an a corresponds
to multiplying by Ma, while reading a b corresponds to multiplying by Mb. Let Mw be the result of the
appropriate multiplications of Ma and Mb representing some w ∈ {a,b}∗, then the weight of w is given
by ∆(w) = v(Q0)Mwv(F)T .

We now show that, in the unary case, a so-called change of basis is possible, where for some n× n
transition matrix Ma of an XNFA and any non-singular n× n matrix A, M′

a = A−1MaA is the transition
matrix of an equivalent XNFA with v(Q′

0) = v(Q0)A and v(F ′)T = A−1v(F)T . For any word wk of length
k, we have the following:

∆′(wk) = v(Q′
0)M

′k
a v(F ′)T

= v(Q0)A(A−1MaA)kA−1v(F)T

= v(Q0)Mk
av(F)T

= ∆(wk) .

This also applies to the binary case. For some XNFA N, let Mw = ∏k
i=1 Mσi represent a word w =

σ1σ2...σk, where Mσi = Ma if σi = a, and similarly for b. Now, let N ′ be an XNFA whose transition
matrices are M′

a = A−1MaA and M′
b = A−1MbA for some non-singular A. Then w is represented by

M′
w =

k

∏
i=1

M′
σi

= M′
σ1

M′
σ2
· · ·M′

σk

= (A−1Mσ1A)(A−1Mσ2A) · · · (A−1Mσk A)

= A−1Mσ1Mσ2 · · ·Mσk A

= A−1MwA .

And so the weight of any word wk on N ′ is

∆′(w) = v(Q′
0)M

′
wv(F ′)T

= v(Q0)A(A−1MwA)A−1v(F)T

= v(Q0)Mwv(F)T

= ∆(w) .

Note that the above discussion does not rely on the fact that there are only two alphabet symbols, and so
applies in general to the r-ary case as well.

2.2 Self-verifying automata (SV-NFA)

Self-verifying NFA (SV-NFA) [1, 3, 4] are automata with two kinds of final states, namely accept states
and reject states, as well as neutral non-final states. It is required that for any word, one or more of the
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paths for that word reach a single kind of final state, i.e. either accept states or reject states are reached,
but not both. Consequently, self-verifying automata reject words explicitly if they reach a reject state, in
contrast to NFA, where rejection is the result of a failure to reach an accept state.

Definition 1. A 6-tuple N = (Q,Σ,δ ,Q0,Fa,Fr) is a self-verifying nondeterministic finite automaton
(SV-NFA), where Q,Σ,δ and Q0 are defined as for standard NFA. Fa ⊆ Q and Fr ⊆ Q are the sets of
accept and reject states, respectively. The remaining states, that is, the states belonging to Q\(Fa∪Fr),
are called neutral states. For each input string w in Σ∗, it is required that there exists at least one path
ending in either an accept or a reject state; that is, δ (q0,w)∩ (Fa ∪Fr) 6= /0 for any q0 ∈ Q0, and there
are no strings w such that both δ (q0,w)∩Fa and δ (q1,w)∩Fr are nonempty, for any q0,q1 ∈ Q0.

Since any SV-NFA either accepts or rejects any string w ∈ Σ∗ explicitly, its equivalent DFA must do
so too. The path for each w in a DFA is unique, so each state in the DFA is an accept or reject state.
Hence, for any DFA state d, there is some SV-NFA state qi ∈ d such that qi ∈ Fa (and hence d ∈ Fa

D) or
qi ∈ Fr (and hence d ∈ Fr

D). Since each state in the DFA is a subset of states of the SV-NFA, accept and
reject states cannot occur together in a DFA state. That is, if d is a DFA state, then for any p,q ∈ d, if
p ∈ Fa then q /∈ Fr and vice versa. We refer to the equivalent DFA of some SV-XNFA as its equivalent
SV-XDFA to indicate that every state must accept or reject and that parity acceptance holds given the
subset construction. Any SV-XDFA is equivalent to an XDFA, so SV-XNFA accept the class of regular
languages.

2.3 Self-verifying symmetric difference automata (SV-XNFA)

In [6], self-verifying symmetric difference automata (SV-XNFA) were defined as a combination of the
notions of symmetric difference automata and self-verifying automata, but only the unary case was ex-
amined. We now restate the definition of SV-XNFA in order to present results on larger alphabets in
Section 4. Note, however, that the definition is slightly amended: in [6], the implicit assumption was
made that no SV-XNFA state could be both an accept state and a reject state. This assumption is ex-
plored in detail for the unary case in [5], but for our current purposes it suffices to say that such a
requirement removes the equivalence between XNFA and weighted automata over GF(2), which is es-
sential for certain operations on XNFA, such as minimisation [7]. This implies that parity acceptance
applies to SV-XNFA, where the condition for self-verification (SV-condition) is that for any word, an
odd number of paths end in either accept states or reject states, but not both. In terms of the equivalent
XDFA, this is equivalent to requiring that any XDFA state contain either an odd number of accept states
or an odd number of rejects states, but not both. If an XNFA state is both an accept state and a reject
state, it contributes to both counts.

Definition 2. A 6-tuple N = (Q,Σ,δ ,Q0,Fa,F r) is a self-verifying symmetric difference finite automaton
(SV-XNFA), where Q,Σ,δ and Q0 are defined as for XNFA, and Fa and Fr are defined as for SV-NFA,
except that Fa ∩Fr need not be empty. That is, each state in the SV-XDFA equivalent to N must contain
an odd number of states from either Fa or Fr, but not both, and some SV-XNFA states may belong to
both Fa and Fr.

The SV-condition for XNFA implies that if a state in the SV-XDFA of an SV-XNFA N contains an
odd number of states from Fa, it may also contain an even number of states from Fr, and hence belong
to Fa

D, and vice versa. An SV-XDFA state may contain any number of neutral states from N.
The choice of Fa and F r for a given SV-XNFA N is called an SV-assignment of N. An SV-assignment

where either Fa or Fr is empty, is called a trivial SV-assignment. Otherwise, if both Fa and Fr are
nonempty, the SV-assignment is non-trivial.
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M =




0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
0 0 · · · 1
c0 c1 · · · cn−2 cn−1




Figure 1: Companion matrix for c(X) = Xn + cn−1Xn−1 + ...+ c1X + c0

3 XNFA and linear feedback shift registers

In [11] it is shown that unary XNFA are equivalent to linear feedback shift registers (LFSRs). Specifi-
cally, a matrix M with characteristic polynomial c(X) is associated with a certain cycle structure of sets
of XNFA states (or of XDFA states), and the choice of Q0 determines which cycle represents the be-
haviour of a specific unary XNFA. The cycle structure is induced by c(X), so any matrix that has c(X)
as its characteristic polynomial has the same cycle structure, although the states occurring in the cycles
differ according to each specific matrix.

For the r-ary case, the transition matrix for each symbol is associated with its own cycle structure,
and the choice of Q0 determines which cycle is realised in the r-ary XNFA for each symbol. There are
2n − 1 possible choices for Q0 (we exclude the empty set). Evidently, the cycles associated with each
symbol might overlap, and so the structure of the r-ary XNFA would not be cyclic itself, although the
transitions for each symbol would exhibit cyclic behaviour. Specifically, for an r-ary XNFA N and some
symbol σ ∈ Σ, we refer to the cycle structure of N on σ as the cycle structure resulting from considering
only transitions on σ . Our main results will be derived from examining the cycle structure induced by
each symbol of the alphabet of the automaton, as well as the ways in which the cycles overlap.

For any c(X) = Xn+cn−1Xn−1+ · · ·+c1X +c0 there is a normal form matrix M of the form given in
Fig. 1, such that c(X) = det(XI−M), where I is the identity matrix. We say that M is in canonical form.

In the next lemma, it will be convenient to represent XDFA states ds ⊆ Q as s= 〈sn−1,sn−2, ...,s1,s0〉,
where si = 1 if qi ∈ ds and 0 otherwise. The lemma is adapted from [8] on the basis of the equivalence
between unary XNFA and LFSRs.

Lemma 1. Let Mσ be a transition matrix representing transitions on σ for some XNFA N, with charac-
teristic polynomial cσ (X), and let Mσ be in canonical form. Let f be a bijection of the states of the equiv-
alent XDFA ND onto polynomials of degree n− 1, such that f maps the state s = 〈sn−1,sn−2, ...,s1,s0〉
into the polynomial f (s) = sn−1Xn−1 + sn−2Xn−2 + · · ·+ s1X + s0. Then f maps the state Mσ · s into the
polynomial X f (s) mod cσ (X).

Lemma 1 provides a mapping between polynomials over GF(2) and the states of XDFA. The XDFA
state arrived at after a transition from state s on σ corresponds to the polynomial which results from
multiplying f (s) by X in the polynomial algebra of GF(2)[X ] modulo c(X).

Example 1. Let N be a binary XNFA (shown in Figure 1), where Ma is the normal form matrix of
ca(X) = X4+X2+X +1 and Mb is the normal form matrix of cb(X) = X4+X3+X +1. Ma and Mb are
given in Fig. 2 and 3. The resulting XDFA is shown in Figure 5, while some examples comparing state
transitions and polynomial multiplication are shown in Table 1. Note that, for now, the focus is on the
cyclic behaviour of the equivalent XDFA, and so we do not refer to any final states.
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Ma =




0 1 0 0
0 0 1 0
0 0 0 1
1 1 1 0




Figure 2: Example 3, transition matrix for a

Mb =




0 1 0 0
0 0 1 0
0 0 0 1
1 1 0 1




Figure 3: Example 3, transition matrix for b

q0start

q1

q2

q3

a,b a,b

a,ba,b

a,b
a

b

Figure 4: Example 1, N
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q1
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q3
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q3
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a,b

a
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a

b

a

b

a

b

a,b

Figure 5: Example 1, ND

Table 1: Transitions on δ correspond to multiplication by X
δD(s,σ) X f (s) mod cσ (X)

δD({q0},a) = {q1} X(1) = X
δD({q3},a) = {q0,q1,q2} X(X3) = X4 mod ca(X)

= X2 +X +1
δD({q0,q2,q3},a) = {q0,q2,q3} X(X3+X2+1) = X4 +X3+X mod ca(X)

= X3 +X2+1
δD({q1},b) = {q2} X(X) = X2

δD({q0,q1,q3},b) = {q0,q2,q3} X(X3+X +1) = X4 +X2+X mod cb(X)

= X3 +X2+1
δD({q1,q2,q3},b) = {q0,q1,q2} X(X3+X2+X) = X4 +X3+X2 mod cb(X)

= X2 +X +1
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4 Non-unary SV-XNFA

The upper bound on state complexity is simply 2n −1, since this is the number of non-empty subsets for
any set of n XNFA states. We now work towards establishing a lower bound on state complexity. First,
we restate the following lemma from [6] for the unary case.

Lemma 2. Let c(X) = (X +1)φ(X) be a polynomial of degree n with non-singular normal form matrix
M, and let N be a unary XNFA with transition matrix M and Q0 = {q0}. Then the equivalent XDFA ND
has the following properties:

1. |QD|> n

2. |d| is odd for d ∈ QD

3. [q0], [q1], ..., [qn−1] ∈ QD

|d| is the number of XNFA states in the XDFA state d ⊆ Q, or the number of one’s in the representa-
tion of d as 〈sn−1,sn−2, ...,s1,s0〉 where si = 1 if qi ∈ d and 0 otherwise.

Theorem 1. Let Mσ1 , Mσ2 , ..., Mσr be the normal form matrices of r polynomials cσ1(X)= (X+1)φσ1(X),
cσ2(X) = (X + 1)φσ2(X), ..., cσr (X) = (X + 1)φσr (X), respectively, and let Mσ1 , Mσ2 , ..., Mσr be the
transition matrices of some r-ary XNFA N with Σ = {σ1,σ2, ...,σr} and Q0 = {q0}. Then the number of
states in the equivalent XDFA ND does not exceed 2n−1. Furthermore, any choice of Fa and Fr such that
Fa ∪Fr = Q and Fa ∩Fr = /0 is an SV-assignment.

Proof. By Lemma 2, |d| is odd for d ∈ QD in the unary case. That is, for any symbol with a transition
matrix whose polynomial has X +1 as a factor, a transition from an odd-sized XDFA state is to another
odd-sized XDFA state. Since Q0 = {q0} and |{q0}| is odd, and cσ1(X), cσ2(X),...cσr(X), have X + 1 as
a factor, only odd-sized states are reachable on any transition. The number of XDFA states d such that
|d| is odd is 2n/2 = 2n−1, and so ND can have at most 2n−1 states. Since every XDFA state contains
an odd number of XNFA states, any choice of Fa and Fr such that Fa ∪Fr = Q and Fa ∩Fr = /0 is an
SV-assignment.

The following lemma provides further information on the cycle structure induced by polynomials
with X +1 as a factor.

Lemma 3. Let cσ (X) = (X + 1)φ(X). Then, in the normal form matrix Mσ of cσ (X), which is the
transition matrix on some symbol σ for an XNFA, the state mapped to φ(X) as described in Lemma 1,
i.e. dφ , is contained in a cycle of length one, when considering only transitions on σ .

Proof. Consider the following:

(X +1)φ(X) = cσ (X)

Xφ(X)+φ(X) = cσ (X)

Xφ(X) = φ(X)+ cσ (X)

Therefore, Xφ(X) = φ(X) in the representation of GF(2n) as polynomials over GF(2) modulo cσ (X).
By Lemma 1, this corresponds to δD(dφ ,σ) = dφ .

We now present a witness language for any n to show that 2n−1 is a lower bound on the state com-
plexity of SV-XNFA with non-unary alphabets. First, we restate the following theorem from [6].

Theorem 2. For any n ≥ 2, there is an SV-XNFA N whose equivalent ND has 2n−1 −1 states.
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Ma =




0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
0 0 · · · 1
c0 c1 · · · cn−2 cn−1




Figure 6: Lemma 4, transition matrix for a

Mb =




0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
0 0 · · · 1
φ0 φ1 · · · φn−2 φn−1




Figure 7: Lemma 4, transition matrix for b

Lemma 4. Let φ(X) = Xn−1 +φn−2Xn−2 + · · ·+φ1X +φ0 be any primitive polynomial of degree n−1.
Let N be a binary XNFA, and let the transition matrix on a be the normal form matrix of ca(X) =
(X +1)φ(X) and the transition matrix on b be the normal form matrix of cb(X) = Xn +φ(X). Then the
equivalent XDFA of the XNFA with Q0 = {q0} contains exactly 2n−1 odd-sized states.

Proof. We write ca(X) and cb(X) in the following way:

ca(X) = Xn + cn−1Xn−1 + · · ·+ c1X + c0

cb(X) = Xn +φn−1Xn−1 +φn−2Xn−2 + · · ·+φ1X +φ0

Since φ(X) is primitive, it has no roots in GF(2), including 1, so it must have an odd number of non-zero
terms. Therefore, by Lemma 1, |dφ | is odd. Furthermore, cb(X) has an even number of non-zero terms,
and so has 1 as a root. Consequently, cb(X) has X +1 as a factor.

The transition matrices Ma and Mb are given in Fig. 6 and 7. Note that they are both non-singular. Let
Q0 = {q0}. Then by Theorem 2, the cycle structure on a is equivalent to an XDFA cycle with 2n−1 − 1
states, all of which, by Lemma 2, have odd size. Also, by Lemma 3, dφ is not contained in this cycle.
This means that on a, every odd-sized state in the XDFA is reached except for dφ . Now, from Mb it
follows directly that δD({qn−1},b) = dφ . Furthermore, since X +1 is a factor of cb, every transition from
an odd-sized state on b is to an odd-sized state. Consequently, the binary XNFA N is equivalent to an
XDFA that reaches all 2n−1 odd-sized states and none other.

Theorem 3. For any n ≥ 2, there is a language Ln so that some n-state binary SV-XNFA accepts Ln
and the minimal SV-XDFA that accepts Ln has 2n−1 states.

Proof. Let ca(X) = (X + 1)φ(X) and cb = Xn + φ(X), where φ(X) is a primitive polynomial and let
ca(X) and cb(X) have degree n. We construct an SV-XNFA N with n states whose equivalent XDFA
ND has 2n−1 states as in Lemma 4, and let Fa = {q0} and Fr = Q \Fa. Recall that for N, we have
δ : Q×Σ → 2Q, and for ND, we have δD : 2Q ×Σ → 2Q.

Let L 1
n = a(2

n−1−1)i+ j for i ≥ 0 and j ∈ J, where J is some set of integers, represent a subset of the
language accepted by N that consists only of strings containing a. Now, from the transition matrix of N
it follows that 0,n ∈ J, while 1,2, ...,n−1 /∈ J, since q0 ∈ δ (q0,an), but q0 /∈ δ (q0,am) for m < n.

If there is an N ′
D with fewer than 2n−1 −1 states that accepts L 1

n , then there must be some d j ∈ QD
such that {q0} ⊂ d j, q0 ∈ δD(d j,an) and there is no m < n so that q0 ∈ δD(d j,am). That is, if N ′

D exists,
then on ND, δD({q0},a) = δD(d j,a), and δD({q1},a) = δD(d j+1,a) etc.

Let dk be any state in ND such that dk 6= {q0}. Let max(dk) be the largest subscript of any SV-XNFA
state in dk. Then max(dk) > 0. Let m = n−max(dk), so m < n. Then, from the transition matrix of N,
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Ma =




0 1 0 0
0 0 1 0
0 0 0 1
1 0 1 1




Figure 8: Example 2, transition matrix for a

Mb =




0 1 0 0
0 0 1 0
0 0 0 1
1 1 0 1




Figure 9: Example 2, transition matrix for b

it follows that q0 ∈ δD(dk,am). That is, for any dk there is an m < n so that q0 ∈ δD(dk,am). Therefore,
there is no N ′

D with fewer than 2n−1 −1 states that accepts L 1
n .

Now, let L 2
n = bna∗, which is also a subset of the language accepted by N. In order to accept

this language, after reading bn, a state must have been reached whereafter every transition on a must
result in an accept state, i.e. an XDFA state containing q0. But there is only one such state, and that is
dφ , since δD(dφ ,a) = dφ , which is excluded from the cycle needed to accept L 1

n . Therefore, all 2n−1

odd-sized states are necessary to accept L 1 ∪L 2. Let Ln be the language accepted by N, then since
L 1

n ∪L 2
n ⊂ Ln, at least 2n−1 states are necessary to accept Ln.

We illustrate Theorem 3 for n = 4.

Example 2. Let φ(X) = X3 +X + 1, which is a primitive polynomial. Now, let N be an XNFA with
transition matrices Ma and Mb. Ma is the normal form matrix of ca(X)= (X +1)φ(X)=X4+X3+X2+1
and Mb the normal form matrix of cb(X) = X4 +φ(X) = X4 +X3 +X +1. Let Q0 = {q0} and let Fa =
{q0} and Fr = {q1,q2,q3}. Ma and Mb are shown in Figures 8 and 9, while N and its equivalent XDFA
ND are shown in Figures 10 and 11. We have L 1 = a7i+ j for i ≥ 0 and j ∈ {0,4,5} and L 2 = bbbba∗.

The following is a simple corollary of Theorem 3.

Corollary 3.1. For any m,n ≥ 2, there is a language L ′
n so that some n-state m-ary SV-XNFA accepts

L ′
n and the minimal SV-XDFA that accepts L ′

n has 2n−1 states.

We now show that any given SV-XNFA can be used to obtain another one via a so-called change of
basis.

Theorem 4. Given any SV-XNFA N = (Q,Σ,δ ,Q0,Fa,Fr) with n states and transition matrices Mσ1 ,
Mσ2 , ..., Mσr , and any non-singular n × n matrix A, we encode Q0 as a vector v(Q0) of length n
over GF(2) and Fa and Fr as vectors v(Fa) and v(F r) respectively. Then there is an SV-XNFA N ′ =
(Q,Σ,δ ′,Q′

0,F
′a,F ′r) where M′

σi
= A−1MσiA for 0 ≤ i ≤ r, v(Q′

0) = v(Q0)A, v(F ′a)T = A−1v(Fa)T and
v(F ′r)T = A−1v(F r)T , and N ′ accepts the same language as N.

Proof. In the discussion in Section 2.1 we showed that for XNFA, the change of basis described on an
XNFA N that results in N ′, ∆′(w) = ∆(w). We extend this to SV-XNFA by defining two new functions.
Recall that Mw represents the sequence of matrix multiplications for some w of length k, and that M′

w =
A−1MwA. Then, let

accept(w) = v(Q0)Mwv(Fa)T

re ject(w) = v(Q0)Mwv(F r)T .
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q0start

q1

q2

q3

a,b a,b

a,ba,b

b
a

a,b

Figure 10: Example 2, N
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a,b

a,b
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a

a

ba

a

b

a

Figure 11: Example 2, ND
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The SV-condition is that accept(w) 6= re ject(w) for any w ∈ Σ∗. Similar to ∆(w), we have

accept ′(w) = v(Q′
0)M

′
wv(F ′a)T

= v(Q0)A(A−1MwA)A−1v(Fa)

= v(Q0)Mwv(Fa)

= accept(w)

and

re ject ′(w) = v(Q′
0)M

′
wv(F ′r)T

= v(Q0)A(A−1MwA)A−1v(Fr)

= v(Q0)Mwv(F r)

= re ject(w)

Clearly, the SV-condition is met by accept ′ and re ject ′, and so N ′ is an SV-XNFA that accepts the same
language as N.

The number of non-singular n×n matrices over GF(2) (including the identity matrix) is |GL(n,Z2)|=
∏n−1

k=0(2
n −2k), and so, up to isomorphism, for any SV-XNFA at most another |GL(n,Z2)|−1 equivalent

SV-XNFA can be found.
Example 3. Let N be an SV-XNFA with alphabet Σ = {a,b,c}, and the following transition matrices: Ma
is the normal form matrix of c(X) = X4+X3+X2+1, Mb is the normal form matrix of X4+X3+X +1,
and Mc is the normal form matrix of c(X) = X4 + X2 + X + 1. Let Q0 = {q0}, Fa = {q0,q2} and
Fr = {q1,q3}. Figure 12 shows N and the equivalent XDFA ND is given in Figure 13, where a double
edge indicates an accept state and a thick edge indicates a reject state. Consider the following matrix A:

A =




0 1 1 1
1 0 1 0
1 1 0 0
0 1 0 1


 .

We use A to make a change of basis from N to N ′. Let N ′ be an XNFA with Σ = {a,b,c}, where M′
a =

A−1MaA, M′
b = A−1MbA and M′

c = A−1McA. Furthermore, let v(Q′
0) = v(Q0)A, i.e. Q′

0 = {q1,q2,q3}.
Finally, let v(F ′a)T = A−1v(Fa)T and v(F ′r)T = A−1v(F r)T , i.e. F ′a = {q0,q2} and F ′r = {q2,q3}.
Figure 14, shows N ′, with a double edge indicating an accept state, a thick edge indicating a reject state
and a thick double edge indicating a state that is both an accept state and a reject state. Figure 15 gives
the equivalent XDFA N ′

D. It is worth noting that, although N ′ has a different structure than N, N ′
D has

the same structure as ND, and accepts the same language. Also, note that in N ′
D, the state {q0,q1,q2} is

a reject state, because it contains an even number of accept states, namely q0 and q2, but an odd number
of reject states, namely q2.

5 Conclusion

We have given an upper bound of 2n − 1 on the state complexity of SV-XNFA with alphabets larger
than one, and a lower bound of 2n−1. We have also shown that, given any SV-XNFA with n states, it is
possible, up to isomorphism, to find at most another |GL(n,Z2)|−1 equivalent SV-XNFA via a change
of basis.
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Figure 12: Example 3, N
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Figure 13: Example 3, ND
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Figure 14: Example 3, N ′
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Figure 15: Example 3, N ′
D
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[4] Galina Jirásková & Giovanni Pighizzini (2011): Optimal simulation of self-verifying automata by deter-
ministic automata. Information and Computation 209(3), pp. 528 – 535. Special Issue: 3rd International
Conference on Language and Automata Theory and Applications (LATA 2009), doi:10.1016/j.ic.2010.
11.017.

[5] Laurette Marais & Lynette Van Zijl: State Complexity of Unary SV-XNFA with Different Acceptance Condi-
tions. Submitted for publication.

[6] Laurette Marais & Lynette van Zijl (2016): Unary Self-verifying Symmetric Difference Automata. In Cezar
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Department of Information Systems, Faculty of Information Technology,

Brno University of Technology
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The L (PSCG) =L (CS) problem asks whether propagating scattered context grammars and context
sensitive grammars are equivalent. The presented paper reformulates and answers this problem in
terms of CD grammar systems. More specifically, it characterizes the family of context sensitive
languages by two-component CD grammar systems with propagating scattered context rules.

1 Introduction

Are propagating scattered context grammars as powerful as context sensitive grammars? This question
customarily referred to as the L (PSCG) = L (CS) (see [4]) problem, represents a long standing open
problem in formal language theory. The present paper reformulates and answers this question in terms
of CD grammar systems.

More precisely, the paper introduces CD grammar systems whose components are propagating scat-
tered context grammars. Then, it demonstrates that two-component grammar systems of this kind gen-
erate the family of context-sensitive languages, thus the answer to this problem is in affirmation if the
problem is reformulated in the above way.

2 Preliminaries

We assume that the reader is familiar with formal language theory (see [3, 6, 8, 9] for details). For an
alphabet (finite nonempty set) V , V ∗ represents the free monoid generated by V under the operation of
concatenation. The unit of V ∗ is denoted by ε . The length of string x1 . . .xn ∈V ∗ is denoted as |x1 . . .xn|
and is equal to n. Similarly by |x1 . . .xn|N , the length of string when counting only symbols of N is
denoted. The function al ph(α),α ∈V ∗ is defined as al ph(α) = {x : α = βxγ ;x ∈V,β ,γ ∈V ∗}.

A scattered context grammar (SCG) is a quadruple G = (N,T,P,S), where N and T are alphabets
of nonterminal and terminal symbols respectively, where N ∩ T = /0, further let V = N ∪ T . S ∈ N
is starting symbol. P is a nonempty finite set of rules of the form (A1, . . . ,An) → (α1, . . .αn), where
Ai ∈ N, αi ∈ V ∗,1 ≤ i ≤ n, for some n ≥ 1. Let u,v ∈ V ∗, where u = u1A1u2A2u3 . . .unAnun+1 and
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v = u1α1u2α2u3 . . .unαnun+1, (A1,A2,A3, . . . ,An) → (α1,α2,α3, . . . ,αn) ∈ P, where ui ∈ V ∗ for all 1 ≤
i ≤ n+1; then u ⇒ v in G.

The language generated by SCG G is defined as L(G) = {x : S ⇒∗ x,x ∈ T ∗}, where ⇒∗ and ⇒+

denote the transitive-reflexive closure and the transitive closure of ⇒, respectively. A SCG grammar
is said to be propagating (PSCG) iff each (A1, . . . ,An) → (α1, . . .αn) ∈ P satisfies αi 6= ε ,1 ≤ i ≤ n.
L (SCG) and L (PSCG) denote the families of languages generated by SCGs and PSCGs respectively.

A context-sensitive grammar (CSG) is a quadruple G = (N,T,P,S), where N and T are the alphabets
of nonterminal and terminal symbols respectively, where N∩T = /0. Set V = N∪T . S ∈ N is the starting
symbol. P is a nonempty finite set of rules of the form αAβ → αγβ , where A ∈ N, α ,β ,γ ∈ V ∗ and
γ 6= ε . Let u,v ∈ V ∗, u = u1αAβu2, v = u1αγβu2, αAβ → αγβ ∈ P where u1,u2,α ,β ,γ ∈V ∗,A ∈ N,
γ 6= ε , then u ⇒ v in G.

The language generated by CSG G is defined as L(G) = {x : S ⇒∗ x,x ∈ T ∗}, where ⇒∗ and ⇒+

denote the transitive-reflexive closure and the transitive closure of ⇒ respectively. By L (CS) the family
of languages generated by CSGs is denoted.

A grammar G = (N,T,P,S) is in Kuroda Normal form if every rule in P has one of the following
forms:

1. AB →CD

2. A →CD

3. A →C

4. A → a

where A,B,C,D ∈ N and a ∈ T . Recall that every CSG can be transformed into an equivalent grammar in
Kuroda normal form (see [5,6]). Without any loss of generality, for any CSG we assume their equivalent
in the Kuroda normal form in what follows.

To emphasize that rule p was used during the derivation step, we will sometimes write α ⇒ β [p].
A cooperating distributed grammar system (CDGS) (see [1, 2, 9]) of degree n is n+3 tuple G =

(N,T,S,P1,P2, . . . ,Pn), where N and T are alphabets of nonterminal and terminal symbols respectively,
where N ∩T = /0, further let V = N ∪T . S ∈ N is starting symbol. Pi,1 ≤ i ≤ n are nonempty finite sets
(called components) of rewriting rules over V . For a CDGS G = (N,T,S,P1,P2, . . . ,Pn), the terminating
(t) derivation by the i-th component, denoted as ⇒t

Pi
is defined as u⇒t

Pi
v iff u ⇒∗

Pi
v and there is no z ∈V ∗

such that v ⇒Pi z. The language generated by CDGS G = (N,T,S,P1,P2, . . . ,Pn) working in t mode is
defined as L(G) = {x : S⇒t

Pi1
x1 ⇒t

Pi2
x2 . . . ⇒t

Pim
x,m ≥ 1,1 ≤ i j ≤ n,1 ≤ j ≤ m,x ∈ T ∗}.

In this paper, CDGS with propagating scattered context rules (SCGS) and CDGS with context-
sensitive rules will be considered.

3 Main results

In this section, the identity of L (SCGS) and L (CS) will be demonstrated.

Lemma 1. L (SCGS)⊆ L (CS)

Proof. Recall that [3] shows that any scattered context grammar can be simulated by context-sensitive
grammar. Similarly, [2] shows that any CDGS with context-sensitive components working in t mode can
be transformed to equivalent CSG. Based on those two facts, it is easy to show that any SCGS can be
simulated by CSG.
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Lemma 2. L (CS)⊆ L (SCGS)

Take any CSG G = (N,T,P,S) satisfying Kuroda normal form. An equivalent SCGS Γ = (NGS,T,
△S,P1,P2) can be constructed using the following constructions. Set NGS = N∪{!}∪NT ∪N f irst ∪NCF ∪
NCS ∪Ncur (! /∈ N ∪T ). Where:

NT ={a
′
: ∀a ∈ T}

N△ ={△X : ∀X ∈ N ∪NT }
N▽ ={▽X : ∀X ∈ N ∪NT}
N⋄ ={⋄X : ∀X ∈ N ∪NT }

N f irst =N△∪N▽∪N⋄
NCF△ ={X| : ∀X ∈ N△}
NCF▽ ={X| : ∀X ∈ N▽}
NCF⋄ ={X| : ∀X ∈ N⋄}
NCF ={|X | : ∀X ∈ N}∪NCF△∪NCF▽∪NCF⋄

NCS ={|X< : ∀X ∈ N}∪{X< : ∀X ∈ N f irst}∪{>X | : ∀X ∈ N}
Ncur ={X∧

< : ∀X ∈ N ∪N f irst}∪{X∧
| : ∀X ∈ N ∪N f irst}.

Analogically to sets NCF△,NCF▽ and NCF⋄, we call subsets of NCS and Ncur constructed using the set
N△ as NCS△, and Ncur△, respectively. We use similar naming convention for subsets constructed using
the N▽ and N⋄.

Set P1 to the union of the following sets:

P1
T ={(△X )→ (⋄X ) : ∀X ∈ N ∪NT}
∪{(⋄X , a

′
)→ (⋄X ,a) :

∀X ∈ N ∪NT ,∀ a
′ ∈ NT}

∪{(⋄a
′
)→ (a) : ∀ a

′ ∈ NT}
P1

AtoBC ={(△X ,A)→ (▽X |, |B| |C|) :

∀X ∈ NT ∪N,∀p ∈ P, p = A → BC}
∪{(△A)→ (▽B| |C|) : ∀p ∈ P, p = A → BC}

P1
AtoB ={(△X ,A)→ (▽X |, |B|) :

∀X ∈ NT ∪N,∀p ∈ P, p = A → B}
∪{(△A)→ (▽B|) : ∀p ∈ P, p = A → B}
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P1
Atoa ={(△X ,A)→ (▽X |, |a

′
|) :

∀X ∈ NT ∪N,∀p ∈ P, p = A → a}
∪{(△A)→ (▽a

′
|) : ∀p ∈ P, p = A → a}

P1
ABtoCD ={(△X ,A,B)→ (▽X |, |C<,>D|) :

∀X ∈ NT ∪N,∀p ∈ P, p = AB →CD}
∪{(△A,B)→ (▽C<,>D|) :

∀p ∈ P, p = AB →CD}
P1

phase2 ={(X ,B)→ (X , |B|) :

∀B ∈ N ∪NT ,X ∈ NCS▽∪NCF▽}

set P2 to the union of these subsets:

P2
init ={(▽X |)→ (△X∧

| ) : ∀X ∈ NT ∪N}
∪{(▽X<)→ (△X∧

<) : ∀X ∈ NT ∪N}
P2

check ={(A∧
| , |B|)→ (A,B∧

| ) : ∀X ,A,B ∈ NT ∪N}
∪{(A∧

<,>B|)→ (A,B∧
| ) : ∀X ,A,B ∈ NT ∪N}

P2
check f ={(△A∧

| , |B|)→ (△A,B∧
| ) : ∀A,B ∈ NT ∪N}

∪{(△A∧
<,>B|)→ (△A,B∧

| ) : ∀A,B ∈ NT ∪N}
P2

end ={(△A∧)→ (△A) : ∀A ∈ NT ∪N}
∪{(△A,B∧

| )→ (△A,B) : ∀A,B ∈ NT ∪N}
∪{(△A∧

| )→ (△A) : ∀A ∈ NT ∪N}
P2

block ={(|X |)→ (!) : ∀X ∈ NT ∪N}

Basic Idea 1. We will now briefly describe how the resulting SCGS Γ simulates the input CSG G. The
system consists of two components, both working in t mode. The computation of Γ consists of two phases.
During the first one, all terminals are represented by a nonterminal variant of themselves. The simulation
itself takes place during the first phase.

The simulation in Γ of each application of one rule of G consists of two parts. Firstly, the first
component applies the selected rule using the modified nonterminals contained in the sets NCS and NCF .
Symbols of the type |X< denote that the rewriting is done in a context-sensitive way and that the remain-
ing symbol on the right hand side of the rule should appear immediately right of the symbol. Similarly
>X | denotes that the rest of the right hand side of the rule should appear immediately left of the symbol.
Symbols of the form |X | then represent context-free rewriting. After the application of the rule, the first
component rewrites all remaining symbols to their context-free variant and then deactivates. This is
done using the rules of the set P1

phase2. The fact that only one of the rules was applied is checked using
the first symbol of the sentential form. This symbol is of the form △X or ▽X (plus the context-sensitive
and context-free versions), where the marks △ and ▽ indicate, whether next rule should be simulated, or
remaining symbols should be rewritten to their context-free variant.
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The second component then checks, whether the first component applied the rule correctly. This is
done using the special ∧ mark. This symbol indicates, which symbol is currently checked, we will call
this symbol current symbol. Symbols are checked in pairs, where the first symbol of the pair is the current
symbol and the second symbol is some symbol right of the first one. During this check, the special marks
(|,<,>) on the adjacent sides of those symbols are checked and removed and the ∧ mark is moved to
the other symbol of the pair. Since the first symbol of the pair is always the current symbol, the ∧ moves
from the left side of the sentential form to the right, with no way of returning back left. When all of the
symbols are checked, the second component is deactivated and the first one simulates new rule. Since the
components have scattered context rules, it is not guaranteed that adjacent symbols are always checked
by the second component. Because of this, set of rules P2

block is created. When some of the symbols is
skipped during the checking phase, these rules will block the generation of sentence by Γ.

The second phase, which rewrites all nonterminals to terminals, is started by rewriting of the first
symbol △X to ⋄X . Then for each symbol a

′
, there is a rule of the form (⋄X , a

′
) → (⋄X ,a), where a

is corresponding terminal symbol. Finally, the leftmost symbol itself is rewritten to its terminal form.
Since all the rules of all components always check the first symbol, after this step no further rewriting
can be done and all nonterminals that remain in the sentential form cannot be removed. This phase is
represented by set P1

T .

Next, we sketch a formal proof that L(G) = L(Γ). Its fully rigorous version is left to the reader.

Claim 1. In any sentential form, there is always at most one symbol marked with any of △,▽,⋄.

Proof. Observe that no rule contains more than one symbol marked with any of ⋄,▽,△ on the right hand
side. Furthermore observe that if any marked symbol does appear on the right hand side of a rule, there
is also a marked symbol on the left hand side of the same rule. Thus no new marked symbols can be
introduced into the sentential form.

Claim 2. Any derivation that generates a sentence ends with a sequence of rules of the form p1 p21 . . . p2n p3,
where p1, p2i , p3 ∈ P1

T ,1 ≤ i ≤ n,n ≥ 0, where p1, p2i and p3 are from the first, second and third subset
of P1

T , respectively. No rule from P1
T is applied before this sequence.

Proof. Recall that only rules which have terminals on the right hand side are in set P1
T which is defined

as follows (in this proof, we named each of its subsets for the sake of simplicity):

P1
T =1P1

T ∪ 2P1
T ∪ 3P1

T

1P1
T ={(△X )→ (⋄X ) : ∀X ∈ N ∪NT}

2P1
T ={(⋄X , a

′
)→ (⋄X ,a) : ∀X ∈ N ∪NT ,∀ a

′ ∈ NT}
3P1

T ={(⋄a
′
)→ (a) : ∀ a

′ ∈ NT}

Suppose any sentential form χ such that χ = △x
′
0 x

′
1 . . . x

′
n, where x

′
i ∈ NT 0 ≤ i ≤ n and △x

′
0 ∈ N⋄.

Observe that all rules that do rewriting to terminals check the existence of a symbol ⋄X in the sentential
form. This symbol is created in a following way:

△x
′
0 x

′
1 . . . x

′
n ⇒ ⋄x

′
0 x

′
1 . . . x

′
n[p], p ∈ 1P1

T

Careful examination of sets P1 and P2 shows that only rules with ⋄x
′
0 on its left hand side are in sets

2P1
T and 3P1

T . Suppose the following derivation

⋄x
′
0 x

′
1 . . . x

′
n[p], p ∈ 1P1

T ⇒ x0 x
′
1 . . . x

′
n[p], p ∈ 3P1

T ,x0 ∈ T
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Based on the claim 1, al ph(x
′
1 . . . x

′
n)∩(N△∪N▽∪N⋄) = /0. Each rule p∈P1 contains some symbol from

N△∪N▽∪N⋄ on its left hand side. There is thus no χ ′ 6= χ ,χ = x0 x
′
1 . . . x

′
n such that χ ⇒ χ ′

[p], p ∈ P1.
Further no rule from P2 can be used (see claim 5). For any successful derivation p ∈ 3P1

T must thus be
used as a last rule of this derivation.

Suppose △x
′
0 x

′
1 . . . x

′
n ⇒ ⋄x

′
0 x

′
1 . . . x

′
n[p], p ∈ 1P1

T , and further let χ1 =
⋄x

′
0 x

′
1 . . . x

′
n where |χ1|> 1.

Based on the previous paragraph, in any successful derivation, the following sequence of rules has to be
applied

χ1 ⇒ χ2[p1]⇒ ··· ⇒ χn[pn]

where χn =
⋄x

′
0x1 . . .xn[pn], pi ∈ 2P1

T . For each χi and χi+1 following holds |χi|T = |χi+1|T −1.

We have just shown that the rules from P1
T are only applied right before the end of the successful

simulation. Consequently, we do not mention this subset in any of the following proofs.

Claim 3. The first component of Γ rewrites sentential forms of the form △X α to a string of one of the
following forms

1. ▽Y |β

2. ▽Y<γ

where X ,Y ∈ N ∪NT , α ∈ (N ∪NT )
∗, β ,γ ∈ (NCS ∪NCF)

∗ (such that Claim 1 holds) where either (a) or
(b) given next is true:

(a) β ∈ (NCF)
∗

(b) β = Y0 . . . |U< . . .>V | . . .Yn, where Yi ∈ NCF ,0 ≤ i ≤ n and |U<,>V | ∈ NCS

and γ = Y0 . . .>V | . . .Yn, where Yi ∈ NCF ,0 ≤ i ≤ n and >V | ∈ NCS.

Proof. Consider sentential form △X α defined as above, where α = X0 . . .Xn. Since there is no symbol
from the alphabet Ncur ∪N▽ only rules of the first component can be used.

From △X α , Γ makes a derivation step in one of the following eight ways (each derivation corre-
sponds to one subset of the rules of the first component of Γ):

1. △X X0 . . .Xi−1AXi+1 . . .Xn
⇒ ▽X |X0 . . .Xi−1 |B| |C|Xi+1 . . .Xn

2. △AX0 . . .Xn
⇒ ▽B| |C|X0 . . .Xn

3. △X X0 . . .Xi−1AXi+1 . . .Xn
⇒ ▽X |X0 . . .Xi−1 |B|Xi+1 . . .Xn

4. △AX0 . . .Xn
⇒ ▽B|X0 . . .Xn

5. △X X0 . . .Xi−1AXi+1 . . .Xn
⇒ ▽X |X0 . . .Xi−1 |a

′
|Xi+1 . . .Xn

6. △AX0 . . .Xn
⇒ ▽a

′
|X0 . . .Xn
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7. △X X0 . . .Xi−1AδBXi+1 . . .Xn
⇒ ▽X |X0 . . .Xi−1 |C<δ >D|Xi+1 . . .Xn

8. △AδBX0 . . .Xn
⇒ ▽C<δ >D|X0 . . .Xn

where δ ∈ (N ∪NT )
∗. Observe that each of the generated strings is in one of the following forms:

• ▽X |δ1Bδ2Cδ3 (1-7)

• ▽X<δ1 >D|δ2 (8)

where δ1,δ2,δ3 ∈ (N ∪NT )
∗, D ∈ NCS (the second subset) and either B,C ∈ NCF or B ∈ NCS (the first

subset) and C ∈ NCS (the second subset).
After this first rule is applied, the sentential form contains symbol marked with ▽. Since the com-

ponents of Γ work in t mode, rules of the first component have to be applied as long as there are some
symbols that can be rewritten. This means that the rules from the set P1

phase2 have to be used now. Be-
cause δ1,δ2,δ3 ∈ (N ∪NT)

∗ and the left hand sides of the rules from P1
phase2 are defined for all symbols

in N ∪NT . Substring δ1 = Z0 . . .Zn, Zi ∈ N ∪NT is rewritten to δ ′
1 = |Z0| . . . |Zn|, Zi ∈ N ∪NT ,0 ≤ i ≤ n.

The same applies to δ2,δ3. By using P1
phase2 we obtain one of the following sentential forms:

▽X |δ1Bδ2Cδ3 ⇒∗ ▽Y |β
▽X<δ1 >D|δ2 ⇒∗ ▽Y<γ

Claim 4. During its activation, the first component applies no more than one rule of the simulated CSG.
This follows from Claim 3 and its proof.

Claim 5. The second component of Γ rewrites any sentential form of the form ▽X | |X0| . . . |Xn| to a string

of the form △X X1 . . .Xn, where Xi ∈ N ∪NT ,0 ≤ i ≤ n .

Proof. Suppose sentential form1 χ = ▽X | |X0| . . . |Xn| where Xi ∈N∪NT ,0≤ i≤ n. Observe that |χ |Ncur =

0. Only rules2 that can be used are thus from the first subset of P2
init . This leads to

χ = ▽X | |X0| . . . |Xn| ⇒ χ0 =
△X∧

| |X0| . . . |Xn|

The only rule applicable to χ0 must be from the set P2
check f . This leads to:

χ0 =
△X∧

| |X0| . . . |Xn| ⇒ χ1 =
△X α1 X∧

i1|α2

where α1,α2 ∈ N∗
CF . Again, careful observation of rules of the set P2 shows that only rules from the set

P2
check and P2

end may be used. The first option leads to following derivations:

△X α1
1 X∧

i1|α
2
1 ⇒ △X α1

1 Xi1α1
2 X∧

i2|α
2
2 ⇒ ··· ⇒ △X α1

1 Xi1α1
2 Xi2 . . .α

1
n X∧

in|α
2
n

where α j
k ∈ N∗

CF ,1 ≤ k ≤ n, j ∈ {1,2}. Further, there is no rule p such that:

△X α1
1 Xi1α1

2 Xi2 . . .α
1
n X∧

in|α
2
n ⇒ △X α1

1 Xi1α1
2 Xi2 . . .Y

∧
| . . .α

1
n Xinα2

n [p]

1The case where |χ|=1 is trivial and is left to the reader.
2We ignore the set of blocking rules P2

block for now.
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Suppose △X α1
1 Xi1α1

2 Xi2 . . .α1
n X∧

in|α
2
n and rule p ∈ P2

end :

△X α1
1 Xi1α1

2 Xi2 . . .α
1
n X∧

in|α
2
n ⇒ △X α1

1 Xi1α1
2 Xi2 . . .α

1
n Xinα2

n [p]

Suppose that adjacent symbols were always rewritten during the application of rules from the sets
P2

check f and P2
check. This would mean that α j

k = ε ,1 ≤ k ≤ n, j ∈ {1,2} and we would thus obtain the desire
sentential form △X X1 . . .Xn, where Xi ∈ N ∪NT ,0 ≤ i ≤ n.

If, on the other hand, there was some αm
l 6= ε ,1 ≤ l ≤ n,m ∈ 1,2 this would mean that

△X∧
| |X0| . . . |Xn| ⇒∗ △X α

where |α |Ncur = 0 and |α |NCF > 0. Since both GS components work in the t-mode, and there is some
symbol from NCF , the blocking symbols have to be introduced by the rules of the P2

block set. Because
|α |Ncur = 0, no other rules can be used on this form.

Claim 6. The second component of Γ rewrites any string of the form ▽X< |X0| . . . |X j−1|>X j| . . . |Xn| to

a string of the form △X X1 . . .Xn, where Xi ∈ N ∪NT , for all i : 0 ≤ i ≤ n if and only if |X0| . . . |X j−1| = ε;
otherwise, blocking symbols are introduced.

Proof. Proof of Claim 6 is similar to proof of Claim 5 and is left to the reader.

Claim 7. The second component of Γ rewrites any string of the form ▽X | |X0| . . . |X j< |X j+1| . . . |X k−1|>X k|
. . . |Xn| to a string of the form △X X1 . . .Xn, where Xi ∈ N ∪ NT , for all i : 0 ≤ i ≤ n if and only if

|X j+1| . . . |X k−1| = ε; otherwise blocking symbols are introduced.

Proof. Proof of Claim 7 is similar to proof of Claim 5 and is left to the reader.

Based on the previous claims, it is easy to show that each simulation of a rule of G consists of a
single activation of the first component followed by a single activation of the second component of Γ. If
the simulated context-sensitive rule is applied in a scattered way, blocking symbols are introduced to the
sentential form; otherwise the sentential form is prepared for the simulation of another rule. In the end,
all nonblocking symbols are rewritten to terminals thus producing a sentence of the simulated language.
Therefore, L(G) = L(Γ).
Example 1. Suppose CSG G=({A,B,C,D,E},{b,c, d, e},P,A) with rules P= {A→BC,C →CD,BD→
DB,CD → ED,B→ b,C → c,D → d,E → e}. Observe that there is no sentential form that could be gen-
erated by grammar G where the rule BD → DB could be applied.

Based on the described constructions, equivalent SCGS Γ can be created as Γ = (NGS,T,△A,P1,P2).
We will now try to show, how would Γ simulate G. Because the amount of rules and symbols created by
the transformation algorithm is quite large, we will not list elements of these sets.

The only rule of G that has starting symbol on its left hand side is A → BC. Similarly, only rule
applicable on BC (we will ignore rules with terminals) is rule C →CD Derivation A ⇒∗ BCD would be
simulated using following sequence of derivation steps:

△A ⇒ ▽B| |C| [(△A)→ (▽B| |C|) ∈ P1
AtoBC]

⇒ △B∧
| |C| [(▽B|)→ (△B∧

| ) ∈ P2
init ]

⇒ △B C∧
| [(△B∧

| , |C|)→ (△B,C∧
| ) ∈ P2

check f ]

⇒ △BC [(△B,C∧
| )→ (△B,C) ∈ P2

end]
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This way, the first rule is simulated. It is important to note that since Γ works in t mode, rules from set
P2 are all applied together. The derivation would continue using the following rules:

△BC ⇒ ▽B| |C| |D| [(△B,C)→ (▽B|, |C| |D|) ∈ P1
AtoBC]

⇒ △B∧
| |C| |D| [(▽B|)→ (△B∧

| ) ∈ P2
init ]

⇒ △B C∧
| |D| [(△B∧

| , |C|)→ (△B,C∧
| ) ∈ P2

check f ]

⇒ △BC D∧
| [(C∧

| , |D|)→ (C,D∧
| ) ∈ P2

check]

⇒ △BCD [(△B,D∧
| )→ (△B,D) ∈ P2

end]

As was mentioned before, rule BD → DB can in fact never be applied by the grammar G. Suppose
sentential form △BCD of the Γ. Simulation of this rule would lead to the following derivation:

△BCD ⇒ ▽D<C>B| [(△B,D)→ (▽D<,>B|) ∈ P1
ABtoCD]

⇒ ▽D< |C|>B| [(▽D<,C)→ (▽D<, |C|) ∈ P1
phase2]

⇒ △D∧
< |C|>B| [(▽D<)→ (△D∧

<) ∈ P2
init ]

⇒ △D |C| B∧
| [(△D∧

<,>B|)→ (△D,B∧
| ) ∈ P2

check f ]

⇒ △B |C|D [(△B,D∧
| )→ (△B,D) ∈ P2

end]

⇒ △B!D [(B)→ (!) ∈ P2
block]

Again, each component of Γ works in t mode. This ensures that any symbols skipped during the checking
phase, will be replaced by blocking symbols (!) before the second component of Γ deactivates.

On the other hand, rule CD → ED can be applied. The simulation of this rule works as follows:

△BCD ⇒ ▽B| |E<>D| [(△B,C,D)→ (▽B|, |E<,>D|) ∈ P1
ABtoCD]

⇒ △B∧
| |E<>D| [(▽B|)→ (△B∧

| ) ∈ P2
init ]

⇒ △B E∧
<>D| [(△B∧

| , |E<)→ (△B,E∧
<) ∈ P2

check f ]

⇒ △BE D∧
| [(E∧

<,>D|)→ (E,D∧
| ) ∈ P2

check]

⇒ △BED [(△B,D∧
| )→ (△B,D) ∈ P2

end]

Theorem 1. L (SCGS) = L (CS)

Proof. This is implied by Lemmas 1 and 2.

Theorem 2. Any context-sensitive language can be generated by SCGS, where each scattered context
rule has at most two components.

Proof (Basic Idea) 1. Obviously, only the first subset of P1
ABtoCD has more than two components in its

rules. Rules of this subset can be simulated by introduction of some auxiliary rules and symbols. Suppose
rule (△X ,A,B)→ (▽X |, |A<,>B|) and sentential form △X AB. This rule can be simulated by using those
auxiliary rules in a following way:

△X AB ⇒ ∼
|X |

1
|C<B ⇒ ∼

|X | |C<
2
>D| ⇒ ▽X | |C<>D|,
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where always pairs of symbols are rewritten during each derivation step. Formal proof is left to the
reader.

The modified version of L (PSCG) = L (CS) problem was discussed in this paper. This modifica-
tion deals with combination of CD grammar systems with propagating scattered context components and
compares their generative power with context-sensitive grammars. The algorithm that constructs gram-
mar system that simulates given context-sensitive grammar has been described. Based on this algorithm,
it is shown that those two models have the same generative power. Furthermore it is shown that this
property holds even for the most simple variant of these grammar systems—that is, those using only two
components, where each scattered context rule is of degree of at most two.
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This paper introduces a new derivative parsing algorithm for recognition of parsing expression gram-
mars. Derivative parsing is shown to have a polynomial worst-case time bound, an improvement
on the exponential bound of the recursive descent algorithm. This work also introduces asymptotic
analysis based on inputs with a constant bound on both grammar nesting depth and number of back-
tracking choices; derivative and recursive descent parsing are shown to run in linear time and constant
space on this useful class of inputs, with both the theoretical bounds and the reasonability of the in-
put class validated empirically. This common-case constant memory usage of derivative parsing is
an improvement on the linear space required by the packrat algorithm.

1 Introduction

Parsing expression grammars (PEGs) are a parsing formalism introduced by Ford [6]. Any LR(k) lan-
guage can be represented as a PEG [7], but there are some non-context-free languages that may also be
represented as PEGs (e.g. anbncn [7]). Unlike context-free grammars (CFGs), PEGs are unambiguous,
admitting no more than one parse tree for any grammar and input. PEGs are a formalization of recursive
descent parsers allowing limited backtracking and infinite lookahead; a string in the language of a PEG
can be recognized in exponential time and linear space using a recursive descent algorithm, or linear
time and space using the memoized packrat algorithm [6]. PEGs are formally defined and these algo-
rithms outlined in Section 3. This paper introduces a PEG recognition algorithm in Section 4 based on
the context-free grammar derivative of Might et al. [13], which is in turn based on Brzozowski’s regular
expression derivative [4]. The essential idea of the derivative parsing algorithm is to keep an abstract syn-
tax tree representing the “rest” of the original grammar, iteratively transforming it into a new grammar
for every character in the input string. Unlike a packrat parser, which stores results of earlier parses to
enable backtracking, the derivative parser never backtracks, instead calculating all possible “backtracks”
concurrently at each point in the input. The analysis of this algorithm, presented in Section 5, reveals
that it has quartic worst-case time complexity and cubic worst-case space complexity, though for inputs
where both the grammar nesting depth and the number of backtracking options are bounded by a constant
these bounds can be improved to linear time and constant space. This analysis is extended to consider the
existing recursive descent and packrat algorithms on such inputs, providing a theoretical explanation for
the superior practical performance of recursive descent, contrary to packrat’s better asymptotic bounds.
The experimental results presented in Section 6 empirically validate these theoretical predictions, as well
as demonstrating the reasonability of the constant bounds for real-world inputs such as source code and
structured data formats.
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2 Related work

Ford [6] formalized PEG parsing and introduced the recursive descent and packrat algorithms. Medeiros
and Ierusalimschy [11] have developed a parsing machine for PEGs. Their parsing machine is concep-
tually similar to a recursive descent parser, but they demonstrate superior performance in practice.

Mizushima et al. [14] augment packrat parsers with a cut operator which indicates that the current
expression will not backtrack to another alternative. If there are no other valid alternatives for any expres-
sion currently being parsed then the entire packrat memoization table can be safely discarded; their em-
pirical results on Java, XML, and JSON grammars show roughly constant space usage. Mizushima et al.
also present a method for safe automatic insertion of cut operators, but their results demonstrate that it
is not consistently effective and manual augmentation of the grammar is necessary for optimal perfor-
mance. Redziejowkski [17] suggests that such automatic cut point insertion is likely to be insufficient for
all but LL(1) grammars, limiting the utility of this approach. The derivative parsing algorithm presented
in this paper, by contrast, has no need for manual augmentation of the grammar, and can trim backtrack-
ing choices dynamically based on the input string, rather than only statically based on the grammar.

Kuramitsu [9] has developed an elastic sliding window variant of packrat which uses constant space.
His method uses a fixed-size memoization table with hash collision-based eviction, relying on dynamic
analysis to selectively stop memoizing some nonterminals. Though reported runtime results using the
elastic sliding window method are competitive with other approaches, it does forfeit the linear worst-
case guarantee of packrat parsing. Redziejowkski [16] employs a similar but less sophisticated scheme
in his Mouse parser-generator, storing a small fixed number of recent parsing results for each nontermi-
nal. These methods heuristically discard backtracking information, in contrast to the derivative parsing
algorithm, which keeps precisely the necessary backtracking information required.

Henglein and Rasmussen [8] present progressive tabular parsing (PTP) for the TDPL formalism
PEGs are based on. PTP can iteratively generate a subset of the full parse table for a grammar on an
input string, dynamically trimming a prefix of that table based on a tunable lookahead parameter. They
prove linear time and space bounds for PTP; however, empirical comparison of their algorithm with other
approaches is left to future work, so it is impossible to compare the constant factors to packrat, which
has identical asymptotic bounds. Henglein and Rasmussen also show some evidence that constant space
usage may be achieved in practice for JSON by their dynamic table trimming mechanism; it would be
interesting to compare the efficacy of their method to that of derivative parsing or the automatic table
trimming approaches mentioned above on a wider variety of grammars.

Might et al. [13] extended the Brzozowski regular expression derivative [4] to context-free gram-
mars; Adams et al. [1] further optimized this approach and proved a cubic worst-case time bound.
The derivative parsing algorithm presented here is based on their work, with extensions to account for
the lookahead and ordered choice features of PEGs. Danielsson [5] uses derivatives as the underlying
parsing mechanism of a parser combinator system. Brachthäuser et al. [3] have developed a parser com-
binator encapsulating the derivative calculation, allowing parsers to be manipulated as first-class objects
in a parser combinator framework; they use this method to compose distinct parsers in an interleaved
manner.

3 Parsing expression grammars

A PEG is expressed as a set of matching rules A := α , where each nonterminal A is replaced by the
parsing expression α . A parsing expression either matches an input string, possibly consuming input, or
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fails, consuming no input. Formally, given a set of strings Σ∗ over an alphabet Σ, a parsing expression
α is a function α : Σ∗ → {match, fail}×Σ∗. N denotes the set of nonterminals, X the set of parsing
expressions, and R the function mapping each nonterminal to its corresponding parsing expression,
R : N →X . A grammar G is the tuple (N ,X ,Σ,R,σ), where σ ∈X is the start expression to parse.
In this paper, lowercase Greek letters are used for parsing expressions (ϕ ∈X ), uppercase Roman letters
for nonterminals (N ∈ N ), lowercase monospace letters for characters (c ∈ Σ), and lowercase non-italic
Roman letters for strings (s ∈ Σ∗). For a parsing expression ϕ , the language L (ϕ) is the set of strings
matched by ϕ , formally L (ϕ) = {s ∈ Σ∗ : ∃s′,ϕ(s) = (match,s′)}. A parsing expression ϕ is nullable if
L (ϕ) = Σ∗. Since parsing expressions match prefixes of their input, nullable expressions can be thought
of as those that match the empty string without any restrictions on what comes after it.

The simplest parsing expression is the empty expression ε ; ε always matches, consuming no input.
Another fundamental parsing expression is the character literal c that matches and consumes a c or
fails. Expressions are concatenated by a sequence expression: αβ matches if both α and β match one
after the other, failing otherwise. PEGs also provide an alternation expression: α/β first attempts to
match α , then tries β if α fails. Unlike the unordered choice in CFGs, once a subexpression matches
in a PEG none of the others are tried. Specifically, ab/a and a/ab are distinct expressions, and the
ab in the second expression never matches, as any string it would match has already matched a. The
negative lookahead expression !α never consumes any input, matching if α fails. Expressions can be
recursive; the nonterminal expression N matches only if its corresponding parsing expression R(N)
matches, consuming whatever input R(N) does. For instance, A := a A / ε matches a string of any
number of a’s.

This repetition can be achieved by the repetition expression α∗, syntactic sugar for a nonterminal
like A for a∗ above. Due to the ordered choice in PEGs this matches greedily, so, e.g. a∗ a never
matches, since a∗ consumes all available a’s, leaving none for a to match. Since repetition expressions
add no expressive power to PEGs this paper generally omits them from discussion. Some other common
syntactic sugar for PEGs is α? for α/ε and α+ for α α∗. &α , the positive lookahead operator, matches
only if α matches, but consumes no input; it can be written !(!α). • abbreviates “any character in Σ”,
while [a0 · · ·ak] is shorthand for the alternation a0/ · · ·/ak. Less commonly, several uses of negative
lookahead may be profitably simplified through use of a dedicated parsing expression: the negative
character class [∧a0 · · ·ak] for ![a0 · · ·ak]•, the end-of-input expression $ for !•, and the until expression
α → β for (!β α)∗ β (this repetition of α until a β is seen is actually implemented as a fresh nonterminal
U := β/αU , taking advantage of the ordered choice property of PEGs to avoid matching β twice).
Table 1 has formal definitions of each of the fundamental expressions in decreasing order of precedence.

3.1 Recursive descent algorithm

Since parsing expression grammars are a formalization of recursive descent parsers, it should not be
surprising that they may be recognized by a direct conversion of the expressions in Table 1 into a recursive
algorithm with a function for each nonterminal. This approach is simple and space-efficient, requiring
only enough space to store the input string and function call stack (possibly linear in the size of the input).
Recursive descent parsing may require exponential runtime; for example, consider a string of the form
ancn as input to the grammar in Figure 1. In this case, the function A is called twice after the first a, each
of those calls resulting in two calls to A after the second a, and so forth, as at each position 0 < i < n in
the input string A assumes that each of the n− i remaining a’s is eventually followed by a b, fails, and
must repeat this process assuming the a’s are followed by a c.

This time bound does not account for left-recursive grammars, where a nonterminal may call itself
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a(s) =

{
(match,s′) s = as′

(fail,s) otherwise

ε(s) = (match,s)

A(s) = (R(A))(s)

!α(s) =

{
(match,s) α(s) = (fail,s)
(fail,s) otherwise

αβ (s) =

{
(match,s′′) α(s) = (match,s′)∧β (s′) = (match,s′′)
(fail,s) otherwise

α/β (s) =





(match,s′) α(s) = (match,s′)
(match,s′′) α(s) = (fail,s)∧β (s) = (match,s′′)
(fail,s) otherwise

Table 1: Formal definitions of parsing expressions.

without consuming any input. Though left-recursion is allowable in CFGs, it causes infinite loops in
PEGs; an example of such a grammar would be A := Aa/ ε . Ford [7] defines a well-formed grammar
as one that contains no directly or indirectly left-recursive rules. This property is structurally checkable,
so this paper considers left-recursion in PEGs to be undefined behaviour, and implicitly assumes all
grammars are well-formed to guarantee a finite time bound for recursive descent and packrat parsing.

3.2 Packrat parsing

The essential idea of packrat parsing, introduced by Ford [6], is to memoize calls to nonterminal func-
tions in the recursive descent algorithm. If repetition expressions are treated as syntactic sugar for an
anonymous nonterminal as described above, all parsing expressions except for nonterminal invocations
can be parsed in time proportional to their number of subexpressions, a constant. Once a nonterminal has
been evaluated at a position it can be parsed in constant time by reading the result from the memoization
table. In any well-formed grammar, nonterminals do not left-recursively invoke themselves, and so may
be parsed in constant time after parsing of all subsidiary nonterminals. Since there are a constant number
of nonterminals, which may be parsed no more than once for each position in the input, this algorithm
takes linear time, using linear space to store the memoization entries for each nonterminal at each index.

S := A $
A := a A b / a A c / ε

Figure 1: Grammar with exponential runtime using the recursive descent algorithm.



184 Derivatives of Parsing Expression Grammars

4 Derivative parsing

This paper presents a new algorithm for recognizing parsing expression grammars based on the deriva-
tive parsing algorithm for context-free grammars introduced by Might et al. [13]. Essentially, the
derivative of a parsing expression ϕ with respect to a character c is a new parsing expression dc(ϕ)
that recognizes everything after the initial c in L (ϕ). As an example, d f ( f oo/bar/baz) = oo, while
db ( f oo/bar/baz) = ar/az, da (ar/az) = r/z, and dr (r/z) = ε . Where the specific character is not rel-
evant, the derivative of ϕ may be written ϕ ′. Formally, L (dc(ϕ)) = {s : cs ∈ L (ϕ)}. The essence of
the derivative parsing algorithm is to take repeated derivatives of the original parsing expression for each
character in the input and to check for a nullable or failure parser at each step. The repeated derivative
dck ◦ · · · ◦ dc1(ϕ) may be written dc1···ck(ϕ), or ϕ (k) where the specific characters are not important. To
compute derivatives of parsing expressions, two new parsing expressions are introduced for failure states:
∅ and ∞; ∅(s) = ∞(s) = (fail,s). ∅ represents a generic parse failure, while ∞ represents a left-recursive
infinite loop, which this algorithm can detect and terminate on.

Derivative parsing essentially tries all possible parses concurrently; since parsing expression gram-
mars are inherently unambiguous, they may actually be better suited to this approach than context-free
grammars. Nonetheless, tracking exactly which expressions in the current parse tree can match against or
consume the current character is the key problem in this algorithm. To solve this problem, the algorithm
uses the concept of backtracking generations (generations) as a way to account for choices in the parsing
process. Each backtracking generation represents a point in the input at which a parsing expression may
have matched and ceased to consume input. Generation 0 is the “leftmost” ongoing parse, where each
new character is consumed by the first subexpression of any sequence expression, while higher genera-
tions represent backtracking decisions that occurred at some earlier point and have not yet been resolved.
Expressions may have multiple outstanding backtracking decisions; to represent this, a set of generations
is denoted with uppercase sans-serif characters, such that X= {x0,x1, · · · ,xk}, where the indices 0, · · · ,k
are assigned from smallest to largest value.

To perform the derivative computation, some expressions must be augmented with generation in-
formation. The ε expression is augmented with a generation i, written ε [i]; ε [0] represents a match at
the current input location, while ε [i > 0] means that the backtracking decision deferred at generation
i did actually result in a match. In general, expressions may have different generation sets than their
subexpressions; to translate one generation set into another composition of generation sets is defined as
F ◦G = { fi : i ∈ G} (e.g. {0,3,4} ◦ {0,2} = {0,4}). Alternation expressions α/β are annotated with
[A,B,m], where A and B are the mapping sets for α and β , respectively, and m is the maximum back-
tracking generation for the expression. A and B map new generations of α and β from the same input
index to the same value, and generations that first occur at different input indices to different values,
allowing the separate backtracking generations of α and β to be expressed as generations of the com-
pound expression α/β . As an example, consider ϕ = a!c/!(ab); a!c starts by consuming characters, so
its generation mapping set A= {0}, while !(ab) represents a possible match (which would later produce
a ε [1]), so its initial mapping set B = {0,1}, to map that ε [1] to a generation 1 match of the containing
expression. Thus, the initial form of ϕ is a!c/!(ab)[{0},{0,1},1]. When the derivative of this expression
is taken, the generation information must be updated; da(ϕ) =!c/!b, but since the !c represents a possible
match at a later position than the !b it needs a new backtracking generation, 2. To map a ε [1] success
result from !c to a ε [2] for ϕ , the generation information is updated to !c/!b[{0,2},{0,1},2].

Since sequence expressions αβ encode the successor relationship, the bulk of the complication of
dealing with backtracking must also be handled in sequence expressions. The first type of backtrack-
ing handled by a sequence expression is nullability backtracking, where α is a nullable but non-empty
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ϕ back(ϕ) match(ϕ)

a {0} {}
ε [i] {i} {i}
∅ {0} {}
∞ {0} {}
A back(R(A)) where back(A) = {0} match(R(A)) where match(A) = {}

!α {1} {}
α [A,m] A◦back(α) A◦match(α)

α/β [A,B,m] A◦back(α)∪B◦back(β ) A◦match(α)∪B◦match(β )

ϕ = αβ [β1, · · · ,βk,β /0,B1, · · · ,Bk,B /0, l1, · · · , lk,m]

back(ϕ) = (0 ∈ back(α) ? {0} : {})∪i∈1..k (Bi ◦back(βi))∪{li : li > 0}∪B /0 ◦back(β /0)

match(ϕ) = ∪i∈match(α) (Bi ◦match(βi))∪{li : li > 0}∪ B /0 ◦match(β /0)

Table 2: back and match Definitions

expression, e.g. αβ = (δ/ε)β . This example is almost equivalent to δβ/β , and is handled similarly to
an alternation expression, except that a later nullable derivative δ (k) causes the second alternative β (k)

to be discarded1 . To account for this possibility the sequence expression αβ is augmented with β /0 and
B /0, the failure backtrack and the generation set that maps its backtracking generations into the sequence
expression’s generation space. β /0 is the parse to continue if α(k) is nullable (i.e. a match, where β should
possibly begin parsing) but some later α(k+i) fails (i.e. α(k) was the match which should be continued
from).

Sequence expressions αβ also handle lookahead backtracking. For each generation where α may
have ceased to consume input, yet did not unambiguously match or fail (e.g. by including a lookahead ex-
pression), αβ must begin to track derivatives of β so that the proper derivative can be computed if one of
those generations eventually results in a match. Sequence expressions implement lookahead backtrack-
ing by keeping the lookahead follower βi, the derivative of β started when generation i first appeared, its
associated generation map Bi, and the index li of the last generation of αβ where βi was nullable (0 for
none such). The li are necessary to track possible matches of αβ where both subexpressions have been
consumed. In addition to nullability and lookahead backtracking information, sequence expressions are
also annotated with m, the maximum backtracking generation of the expression.

More formally, the functions back and match produce sets of backtracking generations from parsing
expressions; back(ϕ) is the set of backtracking generations currently being parsed by ϕ while match(ϕ)
is the subset of back(ϕ) that has successfully matched. In terms of the existing literature on derivative
parsing, match is an extension of the nullability function and 0 ∈ match(ϕ) means that ϕ is nullable.
The values of back and match for all expressions are defined in Table 2; parsing expressions which need
additional bookkeeping information to perform these calculations include it in square brackets. Note that
back and match for a nonterminal A are fixed-point computations where A acts like an infinite loop ∞ if
encountered recursively. This yields correct results if match is pre-computed for each subexpression in
the original grammar by a fixed-point computation. Might et al. [13] use an approach based on Kleene’s
least-fixed-point theorem that can be straightforwardly adapted to this algorithm. Once this initial fixed

1(δ/ε)β is not exactly equivalent to δβ/β ; consider δ = a, β = a+; a ∈ L (a a+/a+), but a 6∈ L ((a/ε)a+), as (a/ε)
consumes the a but a+ still requires one.
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point is calculated the nonterminal rules preclude the introduction of any further recursion, and thus the
need for further fixed point calculations. A map expression α [A,m] is also introduced here to remap back
and match sets into a different generation space; it has the same semantics as α , i.e. α [A,m](s) = α(s).

Derivatives update the generation maps of their expressions via the following update function:

up(P,ϕ ,ϕ ′,m) =

{
P∪{m+1} max(back(ϕ ′))> max(back(ϕ))

P otherwise

up adds a new generation to the map P for any expression ϕ that adds a new backtracking gener-
ation when transformed to ϕ ′. Since backtracking generations correspond to points in the input where
a backtracking decision has been deferred, there is no more than one new generation for each parsing
expression per derivative taken, and expressions statically defined in the original grammar can have a
backtracking generation no greater than 1. To transform these static generations into the generation
space of an ongoing derivative computation, the following new generation set function is defined:

ngs(ϕ ,m) =

{
{0,m+1} max(back(ϕ)) > 0
{0} otherwise

Before it can be used in a derivative calculation, the original grammar needs some pre-processing
to insert backtracking annotations. Any ε expressions in the original grammar become ε [0]. For an
alternation expression α/β [A,B,m] the initial values of A and B are back(α) and back(β ), respectively;
m is initialized to max(A,B). Sequence expressions are more complicated: given a sequence expression
αβ , if α is nullable (i.e. 0 ∈ match(α)) then the initial failure lookahead β /0 = β , otherwise β /0 = ∅;
in either case B /0 = back(β /0). If 1 ∈ back(α) then αβ has an initial lookahead follower β1 = β with
a generation set B1 = back(β ), if β is nullable then the lookahead nullability marker l1 = 1, otherwise
l1 = 0; m = max(0,B /0,B1, l1), for any of these defined. All these constructions preserve the property that
expressions in the original grammar have a maximum backtracking generation of 1.

Having defined the necessary helper functions, Table 6 describes a single derivative step. a′ is a
straightforward derivative of a terminal, consuming an a or failing. ε [0]′ is a failure on anything except
end-of-input because there is nothing left in an ε [0] to take a derivative of, while ε [i > 0]′ is preserved
to indicate a possible match that has yet to be verified; the failure expressions ∅ and ∞ are similarly
preserved by the derivative operation. Nonterminals are again assumed to be ∞ while calculating their
derivatives to break infinite loops in the computation; for well-formed grammars this case should not
occur. Negative lookahead, mapping and alternation expressions are basically distributive with respect to
the derivative; the initial three cases for both (!α)′ and α [A,m]′ distribute matches and failures according
to the appropriate semantics, while the fourth case of α [A,m]′ strips unnecessary identity maps. The
third case for α/β [A,B,m]′ is of particular note; it implements the ordered choice property of PEGs by
stripping the β alternative in the case of any match in the α alternative.

The first case of the sequence expression derivative accounts for a straightforward match of α at gen-
eration 0, which is followed by a parse of β mapped into the sequence expression’s generation space. In
the second and third cases α has matched at generation i > 0 and is mapped to the appropriate lookahead
follower; the third case accounts for the possibility that the lookahead follower has already passed its
final match by alternating it with a match at its nullability index li. The fifth case propagates an infinite
loop failure, while the fourth case produces the failure backtrack if α fails; this backtrack will be a failure
expression itself if α has never matched. Generally speaking, the sixth case takes derivatives of α and all
the βi and β /0 lookahead and nullability backtracks. Particularly, k′ accounts for whether α produced any



A. Moss 187

a′ =

{
ε [0] c = a

∅ otherwise
ε [i]′ =

{
ε [i] i > 0∨ c = ♦
∅ i = 0

∅′ =∅ ∞′ = ∞

A′ = R(A)′ under A′ = ∞

(!α)′ =





∅ match(α ′) 6= /0
ε [1] α ′ =∅
∞ α ′ = ∞
!(α ′) otherwise

α [A,m]′ =





ε [A′ ◦{i}] α ′ = ε [i] where A′ = up(A,α ,α ′,m)

∅ α ′ =∅ m′ = max(m,A′)

∞ α ′ = ∞
α ′ A′ = {0,1, ...,m′}
α ′[A′,m′] otherwise

α/β [A,B,m]′ =





β ′[B′,m′] α ′ =∅ where A′ = up(A,α ,α ′,m)

∞ α ′ = ∞ B′ = up(B,β ,β ′,m)

α ′[A′,m′] β ′ =∅∨match(α ′) 6= /0 m′ = max(m,A′,B′)

α ′/β ′[A′,B′,m′] otherwise

αβ [β1, · · · ,βk,β /0,B1, · · · ,Bk,B /0, l1, · · · , lk,m]′

=





β [ngs(β ,m),m′] α ′ = ε [0]
β ′

i [B
′
i,m

′] α ′ = ε [0 < i ≤ k′]∧ l′i = 0
(β ′

i /ε [1])[B′
i,{0, l′i},m′] α ′ = ε [0 < i ≤ k′]∧ l′i > 0

β ′
/0[B

′
/0,m

′] α ′ =∅
∞ α ′ = ∞
α ′β †[β ′

1, · · · ,β ′
k′ ,β

†
/0 ,B

′
1, · · · ,B′

k′ ,B
†
/0, l

′
1, · · · , l′k′ ,m′] otherwise

where

m′ = max(m,B′
i,B

′
/0, l

′
i) for any of these used

β † =

{
β ′ c = ♦∧α ′ = ε [i ∈ {0,k+1}]
β otherwise

k′ =

{
k+1 max(back(α ′))> max(back(α))

k otherwise

β ′
k+1 = β β †

/0 =

{
β 0 ∈ match(α ′)

β ′
/0 otherwise

B′
1≤i≤k

B′
k+1

= up(Bi,βi,β ′
i ,m)

= ngs(β ,m)
B†

/0 =

{
ngs(β ,m) 0 ∈ match(α ′)

up(B /0,β /0,β ′
/0,m) otherwise

lk+1 = 0 l′1≤i≤k+1 =

{
m+1 0 ∈ match(β ′

i )

li otherwise

Table 6: Definition of dc(ϕ); δ ′ abbreviates dc(δ ).
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parse(ϕ ,s = [c1c2 . . .cn♦]) =





match match(ϕ) 6= /0
fail ϕ ∈ {∅,∞}
fail s = [ ]∧match(ϕ) = /0
parse(dc1 (ϕ), [c2 . . .cn♦]) otherwise

Table 7: Derivative parsing recognizer function

new backtracking generations in this derivative step, while l′i tracks the last nullability of the lookahead
backtracks. The β †

/0 and B′
/0 cases are especially notable, as they implement the ordered choice property

of PEGs by resetting to β whenever α is nullable. The special cases for end-of-input (c = ♦) are nec-
essary to resolve outstanding lookahead expressions; for instance, !• is one idiomatic way to represent
end-of-input in a PEG, but • must parse to a failure by receiving a non-character (i.e. ♦) to recognize !•
as a match. In the β † special case of the sequence expression derivative, β must also be matched against
♦ if d♦(α) resulted in a fresh ε-expression.

Given this definition of derivative, the parse function defined in Table 7 evaluates a parsing expres-
sion ϕ on an input string c1c2 . . .cn. This function computes repeated derivatives until either the input is
exhausted or the derivative becomes a success or failure value. The fact that the rest of the string is not
returned on a match should not be a practical problem: further parsing could be performed by wrapping
the start expression in another expression or the parse function could also be augmented with logic to
track the indices of each backtracking generation to return the proper suffix of the input on a match.

The derivative parsing algorithm as presented works correctly, but has exponential time and space
complexity, since each subexpression of a parsing expression may expand by the size of the grammar
during each derivative. This problem can be avoided by memoizing the derivative computation; if a table
of parsing expression derivatives ϕ ′ is constructed for each derivative step, duplicate derivative calcula-
tions can be avoided by using a single instance of ϕ ′ for all derivatives of ϕ . This changes the derivative
tree into a directed acyclic graph (DAG), and also bounds the increase in derivative size and computa-
tion time, allowing this parsing algorithm to achieve the polynomial time and space bounds proved in
Section 5. This memoization is also the reason for the generation sets and back and match functions;
these mechanisms allow a single subexpression to have multiple parents, yet be treated differently in
each context. As an additional optimization, the values of back and match are also memoized.

The treatment of backtracking generations can also be improved by eliminating information that
is never used. If a generation i is not present in back(α), then the sequence expression αβ does not
need to keep βi, Bi, and li, since α can never reduce to ε [i], which would select βi. Similarly, in the
map expression α [A = {a0,a1, · · · ,ak},m], it is not necessary to store ai for any i 6∈ back(α), so long
as the indices for the other values in A are preserved; this transforms A to a partial function of indices
to values. The same principle can be applied to the backtracking sets in the alternation and sequence
expressions as well. If these optimizations are applied, the space required for backtracking information
becomes proportional to the number of current backtracking choices, rather than the potentially much
larger number of backtracking choices seen throughout the parsing process.

To summarize, the derivative parsing algorithm for PEGs works by iterative transformation of an
abstract syntax tree representing the “rest” of the grammar. Unlike a packrat parser, which stores parse
results for efficient backtracking, the derivative parser never backtracks, instead calculating all possible
“backtracks” concurrently at each point in the input. Unlike CFGs, PEGs do not allow multiple parse
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trees or left-recursion, so this algorithm produces only one parse tree, and does not require general-
purpose fixed-point computations after pre-processing, as in derivative parsing for CFGs.

5 Analysis

The derivative parsing algorithm runs in time proportional to the cost of a derivative computation times
the size of the input, and requires as much space as the largest derivative computed. The cost of a
derivative computation dc(ϕ) is linear in the size of ϕ , but since ϕ is a memoized DAG, it may re-use
the computation of some sub-expressions of ϕ . To account for this, #(ϕ) is defined to be the number
of unique subexpressions of ϕ , including ϕ itself. Some expressions are larger than others, and take
longer to compute the derivative of, e.g. α/β [A,B,m] requires more storage and computation than !α .
To formalize this idea, the asymptotic bounds on the size |ϕ | of the root node of ϕ are given in Table 8;
this size is expressed in terms of b, the current number of generations. Each backtrack set is obviously
O(b), while a sequence expression keeps bookkeeping information for O(b) generations.

It is evident from Table 6 that, with the exception of A′, no derivative adds more expression nodes
or makes an existing node asymptotically larger. In fact, many rules strictly reduce the size of their
expression node or discard subexpressions. Furthermore, since none of the derivative rules add more
than one new backtracking generation, b is linear in the number of derivatives taken.

Having bounded the size of a single expression node, it can now be shown that the number of ex-
pression nodes is also linear in the number of derivatives taken. The proof of this statement follows
directly from the fact that taking the derivative of a nonterminal A is the only operation that adds nodes
to the expression, replacing A with R(A)′. But since R(A) is statically defined #(R(A)′) is a constant,
and since derivatives are memoized the expression nodes comprising R(A)′ are only added once per
derivative step. R(A)′ may include expansions of other nonterminals to their respective derivatives, but
cannot include a recursive expansion of A, since recursive expansions of A are replaced by ∞. Since an
∞ expression is the same size as an A expression, this expansion does not add any expression nodes, and
#(R(A)′) is bounded by a constant the size of the grammar. According to this argument, the number of
expression nodes added during a derivative computation is bounded by ∑A∈N

#(R(A)′), a constant, and
thus the number of expression nodes is at most linear in the number of derivatives taken.

Having established that the number of expression nodes is at most linear in the number of derivatives
taken and the size of each of those nodes is no more than quadratic in the number of backtracking
options (where the number of backtracking options is also linear in the number of derivatives taken),
it follows directly that the space required by the derivative parsing algorithm is O(b2n) (O(n3)). As
each derivative operation must traverse one of these expressions, the worst-case running time for this
algorithm is O(b2n2) (O(n4)). This polynomial bound guarantees quicker worst-case execution than the
recursive descent algorithm, but does not match the bound of packrat parsing.

|a|= |ε [i]|= |∅|= |∞|= |A|= |!α |= O(1)

|α [A,m]|= |α/β [A,B,m]|= O(b)

|αβ [β1, · · · ,βk,β /0,B1, · · · ,Bk,B /0, l1, · · · , lk,m]|= O(b2)

Table 8: Size |ϕ | of the root node of an expression ϕ in terms of b, the current number of generations.
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5.1 “Well-behaved” inputs

However, many real-world inputs have properties that allow these worst-case bounds to be significantly
tightened. If the number of backtracking choices b at each point in the input is bounded by a constant
then each expression node is also constant size and these bounds are reduced to linear space and quadratic
time. The results in Section 6 show this bound holds in practice; as a theoretical argument, many practical
grammars are LR, and thus can choose the correct branch of an alternation expression after reading a
constant number of terminals past the end of the expression.

It is well-known (and verified in Section 6) that real-world inputs such as source code and structured
data typically do not contain deeply nested recursive structure. To formalize this, the nesting depth of an
input string with respect to a grammar is the maximum number of nested expressions containing any ter-
minal expression, where the depth of α in α∗ is 1, as in an iterative or tail-call optimized implementation.
Bounding the nesting depth of the input by a constant implies an equivalent constant bound on the depth
of the DAG representing the derivative parser, as the DAG can only get deeper by taking the derivative of
a nonterminal. Since the bound on backtracking restricts fanout, there is a constant bound on the num-
ber of expression nodes produced in the derivative parse of an input file with constant-bounded nesting
depth and backtracking choices. Since these nodes require constant space, as shown above, these two
conditions on the input are sufficient to guarantee constant space usage for a derivative parser, implying
a linear time bound.

The time and space bounds of the recursive descent algorithm can also be tightened for inputs with
constant-bounded backtracking and nesting depth. Nesting depth corresponds directly to stack size for
this algorithm, so a constant bound on nesting depth is also a constant bound on the space usage of the
recursive descent algorithm, assuming the input is not counted in this space bound and allows random
seek (otherwise recursive descent still needs linear space to buffer the input). For the recursive descent
algorithm, a bound on the number of backtracking options b at each point in the input can be interpreted
as a bound on the number of times any character in the input is read; hence, a constant bound on b implies
that no character is read more than b times, a linear bound on the runtime of the algorithm.

It has been empirically shown [9, 14] that packrat parsers can also achieve linear time and constant
space for many practical grammars by selectively discarding backtracking information; however, the
two conditions discussed here are not sufficient to guarantee this space usage. As evidence, consider
a∗b/a∗c; the memoization table should store entries for every a in the input (which each begin an a∗
parse), a linear space requirement, while both the derivative and recursive descent algorithms would use
constant space to parse this expression. It is known [2, 9, 11] that recursive descent parsing often out-
performs packrat parsing in practice, contrary to the worst-case analysis; to the author’s knowledge, the
explanation of this phenomenon as a class of practical inputs on which recursive descent has superior
asymptotic bounds to packrat is a novel contribution of this work.

In summary, derivative parsing has a polynomial runtime bound, unlike recursive descent parsing,
yet can parse a wide class of useful inputs in linear time and constant space, improving on the space
bound of packrat parsing with no asymptotic sacrifice in time.

6 Experimental results

The author has implemented a derivative parser in C++ to empirically investigate the runtime perfor-
mance of derivative parsing. The most significant optimization not covered in the theoretical description
of the algorithm is that the implementation takes advantage of the associativity of alternation to flatten
binary trees of alternation nodes to lists of choices; this resulted in modest speedup for grammars con-
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taining alternations with many options. As done by Adams et al. [1], the implementation also uses a
memoization field in each node instead of a separate table. Limiting the number of lookahead expressions
by replacing them with negative character classes, end-of-input, and until expressions was also a useful
optimization, saving 20% runtime in some tests. An imperative variant of the algorithm was attempted,
with the intent to increase reuse of long-lived compound expression nodes by utilizing mutation, but it
did not increase performance and added significant implementation complexity.

To test the predictions made by the analysis presented in Section 5, parser-combinator-based recur-
sive descent and packrat parser-generators were also implemented by the author. All three parsers were
tested using XML, JSON, and Java inputs from Mizushima et al. [14]. Code and test data are available
online [15]. All tests were compiled with g++ 6.2.0 running on a machine with 8 GB of RAM, a dual-
core 2.6 GHz processor, and SSD main storage. No formal proof of the correctness of the derivative
algorithm is presented, but it produces the same results as the other algorithms on an extensive test suite.

Figure 2 shows the runtimes of each of the three algorithms, separated by grammar and graphed
against input size. As can be seen, all three algorithms take linear time on the given inputs, though the
constant factor depends both on the algorithm and the complexity of the grammar. More complex gram-
mars result in longer runtime; in this case the XML grammar has 23 nonterminals, the JSON grammar
has 24 nonterminals, and the Java grammar has 178 nonterminals.

Figure 3 demonstrates that the linear time guarantee provided by packrat parsing comes at a heavy
cost in memory (note the logarithmic scale on both axes), with the linear bound on memory usage fitting
tightly and resulting in memory usage two orders of magnitude greater than the size of the input. By con-
trast, derivative parsing uses constant space comparable to the input size for the well-behaved instances
in this test, while the recursive descent algorithm uses a similarly small amount of space, with the slight
linear growth due to buffering of the input to facilitate backtracking.

Figures 4 and 5 empirically validate the claims in Section 5.1 of constant bounds on backtracking
and nesting depth. Backtracks reported in Figure 4 are the maximum number of times the input string
or memoization table was read at any one index for recursive descent and packrat parsing, and the maxi-
mum number of leaf nodes in the expression tree for derivative parsing; it can be seen from these results
that these maximums are effectively constant for a given grammar. It is interesting to note that packrat
memoization is not markedly effective at reducing backtracking, with backtracks eliminated by memo-
ization fairly closely balanced by duplicated hits due to memoization cache misses. The lower amount
of backtracking in the derivative algorithm is likely an artifact of the methodology: since failures are

0

5

10

15

20

25

30

0 500 1000 1500 2000 2500

R
un

tim
e

(s
)

Input Size (KB)

Recursive XML
Recursive JSON

Recursive Java
Packrat XML
Packrat JSON

Packrat Java
Derivative XML
Derivative JSON

Derivative Java

Figure 2: Algorithm runtime with respect to input size; lower is better.



192 Derivatives of Parsing Expression Grammars

1

10

100

1000

1 10 100 1000 10000

M
ax

im
um

R
A

M
U

se
(M

B
)

Input Size (KB)

Recursive XML
Recursive JSON

Recursive Java
Packrat XML
Packrat JSON

Packrat Java
Derivative XML
Derivative JSON

Derivative Java

Figure 3: Maximum algorithm memory use with respect to input size; lower is better.

1

10

100

1000

0 500 1000 1500 2000 2500

M
ax

im
um

B
ac

kt
ra

ck
s

Input Size (KB)

Recursive XML
Recursive JSON

Recursive Java
Packrat XML
Packrat JSON

Packrat Java
Derivative XML
Derivative JSON

Derivative Java

Figure 4: Maximum backtracking performed by each algorithm, plotted against input size.

1

10

100

1000

0 500 1000 1500 2000 2500

M
ax

im
um

N
es

tin
g

D
ep

th

Input Size (KB)

Recursive XML
Recursive JSON

Recursive Java
Packrat XML
Packrat JSON

Packrat Java
Derivative XML
Derivative JSON

Derivative Java

Figure 5: Maximum nesting depth for each algorithm, plotted against input size.



A. Moss 193

removed as part of the derivative function their nodes are not counted by the instrumentation. Figure 5
shows roughly constant maximum nesting depth for each grammar; the recursive and packrat algorithms
have essentially identical results, as should be expected, while the derivative algorithm’s lesser nesting
depth is due to dynamic compaction of the derivative DAG based on the input – if one branch of an
alternation fails the alternation will be replaced with its successful branch in the derivative algorithm,
while the alternation expression will still be on the recursive descent stack.

If less well-behaved grammars are considered, the performance results are markedly different. All
three parsing algorithms were timed matching the grammar in Figure 1 on strings of the form ancn, with
a one-minute cutoff for execution time. As predicted, naive recursive descent parsing had exponential
runtime growth, with n = 27 being the largest instance it could parse inside the time limit. Derivative
parsing and packrat both showed linear growth in memory usage. Corresponding to this linear growth in
memory usage was a quadratic growth in runtime for the derivative parsing algorithm, exceeding the time
bound after n = 4000. Packrat parsing was very performant on this simple example, with no instance up
to n = 10000 reporting any perceptible runtime.

7 Conclusions and future work

This work shows that a polynomial runtime guarantee for PEG parsing incurs significant penalties for
many common inputs; the new analysis presented in Section 5.1 provides a theoretical explanation for the
good behaviour of recursive descent parsing on a restricted set of inputs, while the experimental results in
Section 6 demonstrate the real-world practicality of these restrictions on the input. The derivative parsing
algorithm presented in this paper provides a choice of trade-offs to guarantee polynomial runtime; it may
be a practical choice in memory-constrained or online systems where the asymptotic increase in memory
usage incurred by packrat parsing or input buffering is undesirable.

The algorithm presented in this paper is, formally speaking, a recognition algorithm rather than a
parsing algorithm, as it does not produce a parse tree. It should be fairly simple to augment ε expressions
with parse tree nodes, composing these nodes as their containing expressions matched or failed. An
alternate approach would be to integrate semantic action expressions into the grammar; this should be
possible by augmenting each parsing expression with an environment to store local variables. A third
option would be to extend the derivative of parsing expressions defined in this paper to a derivative of
parsing expression parsers, analogously to the extension defined by Might et al. for CFG derivatives
[13]. All these extensions are left to future work.

It would also be interesting to attempt to handle left-recursion in derivative parsing with sensible
semantics. Ford [6] removes left-recursive rules by grammar transformation, Medeiros et al. [12] modify
PEG semantics to support left-recursive grammars, and Laurent and Mens [10] use a custom parsing
expression to handle left-recursion; one of these approaches could possibly be applied dynamically in
the derivative parsing algorithm.

The author would like to acknowledge the helpful feedback of Matt Might, David Darais, Peter Buhr,
Adam Roegiest, and a number of anonymous reviewers, as well as Kota Mizushima’s provision of test
data and grammars. This work was supported in part by the author’s NSERC post-graduate scholarship.
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Watson-Crick (WK) finite automata are working on a Watson-Crick tape, that is, on a DNA molecule.
Therefore, it has two reading heads. While in traditional WK automata both heads read the whole
input in the same physical direction, in 5′→ 3′ WK automata the heads start from the two extremes
and read the input in opposite direction. In sensing 5′ → 3′ WK automata the process on the input
is finished when the heads meet. Since the heads of a WK automaton may read longer strings in a
transition, in previous models a so-called sensing parameter took care for the proper meeting of the
heads (not allowing to read the same positions of the input in the last step). In this paper, a new model
is investigated, which works without the sensing parameter (it is done by an appropriate change of
the concept of configuration). Consequently, the accepted language classes of the variants are also
changed. Various hierarchy results are proven in the paper.

1 Introduction

DNA computing provides relatively new paradigms of computation [1, 11] from the end of the last
century. In contrast, automata theory is one of the base of computer science. Watson-Crick-automata
(abbreviated as WK automata), as a branch of DNA computing was introduced in [3]; they relate to
both mentioned fields: they have important relation to formal language and automata theory. More
details can be found in [11] and [2]. WK automata work on double-stranded tapes called Watson-Crick
tapes (i.e., DNA molecules), whose strands are scanned separately by read-only heads. The symbols in
the corresponding cells of the double-stranded tapes are related by (the Watson-Crick) complementarity
relation. The relationships between the classes of the Watson-Crick automata are investigated in [3, 11,
4]. The two strands of a DNA molecule have opposite 5′ → 3′ orientation. Considering the reverse
and the 5′→ 3′ variants, they are more realistic in the sense, that both heads use the same biochemical
direction (that is opposite physical directions) [3, 6, 5]. Some variations of the reverse Watson-Crick
automaton with sensing power which tells whether the upper and the lower heads are within a fixed
distance (or meet at the same position) are discussed in [6, 7, 8, 9]. Since the heads of a WK automaton
may read longer strings in a transition, in these models the sensing parameter took care of the proper
meeting of the heads by sensing if the heads are close enough to meet in the next transition step.

The motivation of the new model is to erase the rather artificial term of sensing parameter from the
model. By the sensing parameter one can ‘cheat’ to allow only special finishing transitions, and thus, in
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the old model the all-final variants have the same accepting power as the variants without this condition.
Here, the accepted language classes of the new model are analyzed. Variations such as all-final, simple,
1-limited, and stateless 5′→ 3′ Watson-Crick automata are also detailed.

2 Preliminaries, Definitions

We assume that the reader is familiar with basic concepts of formal languages and automata, otherwise
she or he is referred to [12]. We denote the empty word by λ .

The two strands of the DNA molecule have opposite 5′→ 3′ orientations. For this reason, it is worth
to take into account a variant of Watson-Crick finite automata that parse the two strands of the Watson-
Crick tape in opposite directions. Figure 1 indicates the initial configuration of such an automaton.

Figure 1: A sensing 5′→ 3′ WK automaton in the initial configuration and in an accepting configuration
(with a final state q).

The 5′→ 3′ WK automaton is sensing, if the heads sense that they are meeting.
Formally, a Watson-Crick automaton is a 6-tuple M = (V,ρ,Q,q0,F,δ ), where:

• V is the (input) alphabet,

• ρ ⊆V ×V denotes a complementarity relation,

• Q represents a finite set of states,

• q0 ∈ Q is the initial state,

• F ⊆ Q is the set of final (accepting) states and

• δ is called transition mapping and it is of the form δ : Q×
(

V ∗

V ∗

)
→ 2Q, such that it is non empty

only for finitely many triplets (q,u,v),q ∈ Q,u,v ∈V ∗.

In sensing 5′ → 3′ WK automata every pair of positions in the Watson-Crick tape is read by exactly
one of the heads in an accepting computation, and therefore the complementarity relation cannot play
importance, instead, we assume that it is the identity relation. Thus, it is more convenient to consider
the input as a normal word instead the double stranded form. Note here that complementarity can be
excluded from the traditional models as well, see [4] for details.
Let us define the radius of an automaton by r which shows the maximum length of the substrings of the
input that can be read by the automaton in a transition. A configuration of a Watson-Crick automaton is a
pair (q,w) where q is the current state of the automaton and w is the part of the input word which has not
been processed (read) yet. For w′,x,y ∈ V ∗,q,q′ ∈ Q, we write a transition between two configurations
as:
(q,xw′y)⇒ (q′,w′) if and only if q′ ∈ δ (q,x,y). We denote the reflexive and transitive closure of the
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relation⇒ by⇒∗. Therefore, for a given w ∈V ∗, an accepting computation is a sequence of transitions
(q0,w)⇒∗ (qF ,λ ), starting from the initial state and ending in a final state. The language accepted by a
WK automaton M is:
L(M) = {w ∈V ∗ | (q0,w)⇒∗ (qF ,λ ),qF ∈ F}. The shortest nonempty word accepted by M is denoted
by ws, if it is uniquely determined or any of them if there are more than one such word(s).
There are some restricted versions of WK automata which can be defined as follows:

• N: stateless, i.e., with only one state: if Q = F = {q0};
• F: all-final, i.e., with only final states: if Q = F ;

• S: simple (at most one head moves in a step) δ : (Q× ((λ ,V ∗)∪ (V ∗,λ )))→ 2Q.

• 1: 1-limited (exactly one letter is being read in each step) δ : (Q× ((λ ,V )∪ (V,λ )))→ 2Q.

Additional versions can be determined using multiple constrains such as F1, N1, FS, NS WK automata.
Now, as an example, we show the language L = {anbm | n,m ≥ 0} that can be accepted by an N1

sensing 5′→ 3′ WK automaton (Figure 2).

Figure 2: A sensing 5′→ 3′ WK automaton of type N1 accepting the language {anbm | n,m≥ 0}.

3 Hierarchy by sensing 5′→ 3′ WK automata

Theorem 1. The following classes of languages coincide:

• the class of linear context-free languages defined by linear context-free grammars,

• the language class accepted by sensing 5′→ 3′ WK finite automata,

• the class of languages accepted by S sensing 5′→ 3′ WK automata,

• the class of languages accepted by 1 sensing 5′→ 3′ WK automata.

Proof. For DNA computing reasons (and for simplicity) we work with λ -free languages. The proof is
constructive, first we show that the first class is included in the last one. Let G = (N,T,S,P) be a linear
context-free grammar having productions only in the forms A→ aB,A→Ba,A→ a with A,B∈N, a∈ T .
Then the 1 sensing 5′→ 3′ WK automaton M = (T, id,N∪{q f },S,{q f },δ ) is defined with B∈ δ (A,u,v)
if A→ uBv ∈ P and q f ∈ δ (A,u,λ ) if A→ u ∈ P (u,v ∈ T ∪{λ}). Clearly, each (terminated) derivation
in G coincides to a(n accepting) computation of M, and vice versa. Thus the first class is included in the
last one.

The inclusions between the fourth, third and second classes are obvious by definition. To close the
circle, we need to show that the second class is in the first one. Let the sensing 5′→ 3′ WK automaton
M = (V, id,Q,q0,F,δ ) be given. Let us construct the linear context-free grammar G = (Q,V,q0,P) with
productions: p→ uqv if q ∈ δ (q,u,v) and p→ uv ∈ P if q ∈ δ (q,u,v) and q ∈ F (p,q ∈ Q, u,v ∈
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V ∗). Again, the (accepting) computations of M are in a bijective correspondence to the (terminated)
derivations in G. Thus, the proof is finished.

Based on the previous theorem we may assume that the considered sensing 5′ → 3′ WK automata
have no λ -movements, i.e., at least one of the heads is moving in each transition.

Lemma 1. Let M be an F1 sensing 5′→ 3′ WK automaton and let the word w ∈V+ that is in L(M). Let
|w|= k, then for each l, where 0≤ l ≤ k, there is at least one word wl ∈ L(M) such that |wl|= l.

Proof. According to the definition of F1 sensing 5′→ 3′ WK automaton, w can be accepted in k steps
such that in each step, the automaton can read exactly one letter. Moreover, each state is final, therefore
by considering the first l steps of the k steps, the word wl = w′lw

′′
l is accepted by M, where w′l is read by

the left head and w′′l is read by the right head during these l steps, respectively.

Remark 1. Since, by definition, every N1 sensing 5′ → 3′ WK automaton is F1 WK automaton at the
same time, Lemma 1 applies for all N1 sensing 5′→ 3′ WK automata also.

Theorem 2. The class of languages that can be accepted by N1 sensing 5′→ 3′ WK automata is properly
included in the language class accepted by NS sensing 5′→ 3′ WK automata.

Proof. Obviously, these automata have exactly one state. In NS machines, the reading head may read
some letters in a transition, while the input should be read letter by letter by N1 machines. The language
L = {a3nb2m | n,m≥ 0} proves the proper inclusion. In this language ws is bb and in an NS automaton it
can be accepted by any of the following transitions: (bb,λ ), (λ ,bb). Although by Lemma 1, ws cannot
be the shortest nonempty accepted word in a language accepted by an N1 sensing 5′→ 3′ WK automaton.
Figure 3 shows that language L can be accepted by an NS sensing 5′→ 3′ WK automaton. Therefore,
the proper inclusion stated in the theorem is proven.

Figure 3: A sensing 5′→ 3′ WK automaton of type NS accepting the language {a3nb2m | n,m≥ 0}.

Theorem 3. The class of languages that can be accepted by NS sensing 5′→ 3′ WK automata is properly
included in the language class accepted by N sensing 5′→ 3′ WK automata.

Proof. The language L = {a(2n+m)b(2m+n) | n,m ≥ 0} proves the proper inclusion. Suppose that there
is an NS sensing 5′ → 3′ WK automaton that accepts L. The NS sensing 5′ → 3′ WK automaton has
exactly one state and one of the heads can move at a time. The ws of L is aab (or abb). It can be accepted
by one of the following loop transitions: (aab,λ ), (λ ,aab), (abb,λ ) or (λ ,abb) by an NS sensing
5′ → 3′ WK automaton. Each of the mentioned transitions can lead to accept different language from
the language {a(2n+m)b(2m+n) | n,m ≥ 0}. For instance, using several times the transition (aab,λ ), the
language {(aab)n | n ≥ 0} is accepted which is not a subset of the language L. Therefore, the language
{a(2n+m)b(2m+n) | n,m≥ 0} cannot be accepted by NS sensing 5′→ 3′ WK automata. Figure 4 shows that
this language can be accepted by an N sensing 5′→ 3′ WK automaton. Hence, the theorem holds.
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Figure 4: An N sensing 5′→ 3′WK automaton of type N accepting the language {a2n+mb2m+n | n,m≥ 0}.

Now the concept of sensing 5′→ 3′ WK automata with sensing parameter is recalled [7, 9]. Formally,
a 6-tuple M = (V,ρ,Q,q0,F,δ ′) is a sensing 5′→ 3′ WK automaton with sensing parameter, where, V ,
ρ , Q, q0 and F are the same as in our model and δ ′ is the transition mapping defined by the sensing
condition in the following way:

δ ′ :
(

Q×
(

V ∗

V ∗

)
×D

)
→ 2Q, where the sensing distance set is indicated by D = {0,1, . . . ,r,+∞}

where r is the radius of the automaton. In δ ′, the distance between the two heads is used from the set D
if it is between 0 and r, and +∞ is used, when the distance of the two heads is more than r. In this way,
the set D is an efficient tool and it controls the appropriate meeting of the heads: When the heads are
close to each other only special transitions are allowed.

The next three theorems highlight the difference between the new model and the model with sensing
parameter.

Theorem 4. The class of languages that can be accepted by F1 sensing 5′→ 3′ WK automata is properly
included in the language class of FS sensing 5′→ 3′ WK automata.

Proof. Obviously, all states of these automata are final and F1 sensing 5′→ 3′ WK automata should read
the input letter by letter, while FS sensing 5′→ 3′ WK automata may read some letters in a transition.
To show proper inclusion, consider the language L = {(aa)n(bb)m |m≤ n≤m+1,m≥ 0}. The word ws

can be aa and by Lemma 1, ws cannot be the shortest nonempty accepted word for an F1 sensing 5′→ 3′

WK automaton. However, L can be accepted by an FS sensing 5′→ 3′ WK automaton as it is shown in
Figure 5. The theorem is proven.

Figure 5: A sensing 5′→ 3′ WK automaton of type FS accepting the language {(aa)n(bb)m | m ≤ n ≤
m+1,m≥ 0}.

Theorem 5. The language class accepted by FS sensing 5′→ 3′ WK automata is properly included in
the language class of F sensing 5′→ 3′ WK automata.

Proof. The language L = {a2n+qc4mb2q+n | n,q ≥ 0,m ∈ {0,1}} proves the proper inclusion. Let us
assume, contrary that L is accepted by an FS sensing 5′ → 3′ WK automaton. Let the radius of this
automaton be r. Let w= a2n+qb2q+n ∈ L with n,q≥ r such that |w|= 3n+3q> r. Then the word w cannot
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be accepted by using only one of the transitions (from the initial state q0), i.e., δ (q0,a2n+qb2q+n,λ ) or
δ (q0,λ ,a2n+qb2q+n) is not possible. Therefore, by considering the position of the heads after using any
of the transitions from the initial state q0 in FS sensing 5′→ 3′ WK automaton (all states are final and one
of the heads can move), it is clear that either a prefix or a suffix of w with length at most r is accepted by
the automaton. But neither a word from a+, nor from b+ is in L. This fact contradicts to our assumption,
hence L cannot be accepted by any FS sensing 5′→ 3′ WK automata. However, it can be accepted by F
5′→ 3′ WK automata, since the two heads can move at the same time and they can read both blocks of
a’s and b’s simultaneously. In Figure 6, an all-final 5′→ 3′ WK automaton can be seen which accepts
L.

Figure 6: A sensing 5′ → 3′ WK automaton of type F accepting the language {a2n+qc4mb2q+n | n,q ≥
0,m ∈ {0,1}}.

The following result also shows that the new model differs from the one that is using the sensing
parameter in its transitions.

Theorem 6. The language class accepted by F sensing 5′→ 3′ WK automata is properly included in the
language class of sensing 5′→ 3′ WK automata.

Proof. The language L = {ancbnc | n≥ 1} can be accepted by a sensing 5′→ 3′ WK automaton (without
restrictions) (see Figure 7). Now we show that there is no F sensing 5′ → 3′ WK automaton which
accepts L. Assume the contrary that the language L is accepted by an F sensing 5′→ 3′ WK automaton.
Let the radius of the automaton be r. Let w = amcbmc ∈ L with m ≥ r. Thus the word w cannot be
accepted by applying exactly one transition from the initial state q0. Now, suppose that there exists
q ∈ δ (q0,w1,w2) such that w can be accepted by using transition(s) from q. Since in F sensing 5′→ 3′

WK automaton all states are final, then the concatenation of w1 and w2 is accepted, thus, it must be in L
(i.e. w1w2 ∈ L). Therefore w1w2 = am′cbm′c where 2m′+2≤ r≤m. To expand both blocks a+ and b+ to
continue the accepting path of w, the left head must be before/in/right after the subword am′ , and the right
head must be right before/in/right after the subword bm′ . However, this is contradicting the fact that the
two heads together already read am′cbm′c. Hence, it is not possible to accept w by an F sensing 5′→ 3′

WK automaton and the language L cannot be accepted by an F sensing 5′→ 3′ WK automaton.

Figure 7: A sensing 5′→ 3′ WK automaton accepts the language {ancbnc | n≥ 1}.
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Proposition 1. The language L = {anbm | n = m or n = m+1} can be accepted by F1 sensing 5′→ 3′

WK automata, but cannot be accepted by N1, NS and N sensing 5′→ 3′ WK automata.

Proof. As it is shown in Figure 8, L can be accepted by an F1 sensing 5′→ 3′ WK automaton. Suppose
that L can be accepted by an N sensing 5′→ 3′ WK automaton. The ws of L is a, therefore at least one
of the loop-transitions (a,λ ) and (λ ,a) is possible from the only state. Since this automaton has only
one state, using any of these transitions leads to accept an for any n ≥ 2 which are not in L. Thus this
language cannot be accepted by an N, N1, NS sensing 5′→ 3′ WK automaton.

Figure 8: An F1 sensing 5′→ 3′ WK automaton accepts the language L = {anbm | n = m or n = m+1}.

Remark 2. The following statements follow from Proposition 1:

(a) The class of languages that can be accepted by N1 sensing 5′ → 3′ WK automata is properly
included in the language class accepted by F1 sensing 5′→ 3′ WK automata.

(b) The class of languages that can be accepted by NS sensing 5′ → 3′ WK automata is properly
included in the language class accepted by FS sensing 5′→ 3′ WK automata.

(c) The class of languages that can be accepted by N sensing 5′ → 3′ WK automata is properly in-
cluded in the language class accepted by F sensing 5′→ 3′ WK automata.

3.1 Incomparability results

Theorem 7. The class of languages that can be accepted by N sensing 5′→ 3′ WK automata is incom-
parable with the classes of languages that can be accepted by FS and F1 sensing 5′→ 3′ WK automata
under set theoretic inclusion.

Proof. The language L = {wwR | w ∈ {a,b}∗} can be accepted by an N sensing 5′→ 3′ WK automaton
(Figure 9). Suppose that an FS sensing 5′ → 3′ WK automaton accepts L. Let the radius of this au-
tomaton be r. Let w2 = w1wR

1 ∈ L with w1 = (bbbaaa)m and m > r. The word w2 cannot be accepted
by using only one of the transitions from the initial state q0, i.e., δ (q0,w1wR

1 ,λ ) or δ (q0,λ ,w1wR
1 ) is

not possible (because the length of w2 ). Therefore there exists either q ∈ δ (q0,w3wR
3 ,λ ), w3 ∈ V ∗ or

q ∈ δ (q0,λ ,w3wR
3 ), w3 ∈V ∗ such that w2 can be accepted by using transition(s) from q. Since the word

w3wR
3 should be in the language L (i.e., it is an even palindrome) and the length of bbb and aaa patterns

in w2 is odd, the only even palindrome proper prefix (suffix) of w2 is bb. Thus w3wR
3 = bb must hold.

Without loss of generality, assume that there exists q ∈ δ (q0,bb,λ ) in the automaton. By continuing
the process, we must have at least one of q′ ∈ δ (q,w4,λ ) or q′ ∈ δ (q,λ ,w4) such that bbw4 ∈ L and
w4 is either the prefix or the suffix of the remaining unread part of word w2, i.e., ba3(b3a3)m−1(a3b3)m,
with length less than m. Clearly, w4 cannot be a prefix, and it can be only the suffix bb. Thus, in q′ the
unprocessed part of the input is ba3(b3a3)m−1(a3b3)m−1a3b. Now the automaton must read a prefix or
a suffix of this word, let us say w5 such that bbw5bb ∈ L, that is w5 itself is an even palindrome, and its
length is at most r < m. But such a word does not exist, the length of bbb and aaa patterns in the unread
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Table 1: Some specific languages belonging to language classes accepted by various classes of WK
automata. Reference to figures indicate a specific automaton that accept the given language. 7 indicates
that the language cannot be accepted by the automata type of the specific column. Trivial inclusions are
also shown, e.g., in the first line N1 in, e.g., column F means that every N1 automaton is, in fact, also an
F automaton.

Language N1 NS N F1 FS F WK

{anbm | n,m≥ 0} Fig. 2 N1 N1 N1 N1 N1 N1

{a3nb2m | n,m≥ 0} 7 Fig. 3 NS 7 NS NS NS

{wwR | w ∈ {a,b}∗} 7 7 Fig. 9 7 7 N N

{anbm | n = m or n = m+1} 7 7 7 Fig. 8 F1 F1 F1

{(aa)n(bb)m |m≤ n≤m+1,m≥ 0} 7 7 7 7 Fig. 5 FS FS

{a2n+qc4mb2q+n | n,q≥ 0,m ∈
{0,1}}

7 7 7 7 7 Fig. 6 F

{ancbnc | n≥ 1} 7 7 7 7 7 7 Fig. 7

part is odd and their length is more than r. We have arrived to a contradiction, thus L cannot be accepted
by any FS sensing 5′→ 3′ WK automaton.

To prove the other direction, let us consider the language L = {anbm | n = m or n = m+ 1}. This
language can be accepted by an F1 sensing 5′→ 3′ WK automaton as it is shown in Figure 8. Moreover,
by Proposition 1 this language cannot be accepted by any N sensing 5′→ 3′ WK automata.

Figure 9: A sensing 5′ → 3′ WK automaton of type N accepting the language of even palindromes
{wwR | w ∈ {a,b}∗}.

Theorem 8. The language class accepted by NS sensing 5′→ 3′ WK automata is incomparable with the
language class accepted by F1 sensing 5′→ 3′ WK automata.

Proof. Consider the language L = {a3nb2m | n,m≥ 0}. An NS sensing 5′→ 3′ WK automaton can move
one of its heads at a time. Therefore it can read three a’s by the left head or two b’s by the right head (see
Figure 3). Although, according to Lemma 1, ws is bb and it cannot be the shortest nonempty accepted
word for an F1 sensing 5′→ 3′ WK automaton. Therefore, this language cannot be accepted by an F1
sensing 5′→ 3′ WK automaton.

Now let us consider the language L = {anbm | n = m or n = m+1}. This language can be accepted
by an F1 sensing 5′→ 3′ WK automaton as it is shown in Figure 8. By Proposition 1, it is already shown
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Figure 10: Hierarchy of sensing 5′→ 3′ WK finite automata languages in a Hasse diagram (the language
classes accepted by various types of sensing 5′→ 3′ WK finite automata, the types of the automata are
displayed in the figure with the abbreviations: N: stateless, F: all-final, S: simple, 1: 1-limited; Lin
stands for the class of linear context-free languages). Labels on the arrows indicate where the proof of
the proper containment was presented (Th stands for Theorems, Re stands for Remark). The language
classes for which the containment is not shown are incomparable.

that L cannot be accepted by any N sensing 5′→ 3′ WK automata and obviously it cannot be accepted
by any NS sensing 5′→ 3′ WK automata, neither.

4 Conclusion

Comparing the new model to the old models we should mention that the general model (the automata
without using any restrictions) has the same accepting power, i.e., the linear context-free languages,
as the old sensing 5′ → 3′ WK automata model with sensing parameter. However, by our proofs, the
new model gives a more finer hierarchy, as it is displayed in Figure 10. Table 1 gives some specific
languages that separate some of the language classes. Further comparisons of related language classes
and properties of the language classes defined by the new model are left to the future: in a forthcoming
paper the deterministic variants are addressed. It is also an interesting idea to see the connections of
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other formal models and our WK automata, e.g., similarities with some variants of Marcus contextual
grammars [10] can be established.
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We introduce an affine generalization of counter automata, and analyze their ability as well as affine
finite automata. Our contributions are as follows. We show that there is a language that can be
recognized by exact realtime affine counter automata but by neither 1-way deterministic pushdown
automata nor realtime deterministic k-counter automata. We also show that a certain promise prob-
lem, which is conjectured not to be solved by two-way quantum finite automata in polynomial time,
can be solved by Las Vegas affine finite automata. Lastly, we show that how a counter helps for affine
finite automata by showing that the language MANYTWINS, which is conjectured not to be recognized
by affine, quantum or classical finite state models in polynomial time, can be recognized by affine
counter automata with one-sided bounded-error in realtime.

1 Introduction

Quantum computation models can be more powerful than their classical counterparts. This is mainly be-
cause quantum models are allowed to use negative amplitudes, by which interference can occur between
configurations. In order to mimic quantum interference classically, recently a new concept called affine
computation was introduced [4] and its finite automata versions (AfAs) have been examined [4, 15, 2, 8].
Some underlying results are as follows: (i) they are more powerful than their probabilistic and quantum
counterparts (PFAs and QFAs) with bounded and unbounded error; (ii) one-sided bounded-error AfAs
and nondeterministic QFAs define the same class when using rational number transitions; and, (iii) AfAs
can distinguish any given pair of strings by using two states with zero-error. Very recently, affine OBDD
was introduced in [9] and it was shown that they can be exponentially narrower than bounded-error
quantum and classical OBDDs.

In this paper, we introduce (realtime) AfA augmented with a counter (AfCAs), and analyze their
ability as well as Las Vegas AfAs. It is already known that AfAs can simulate QFAs exactly by a
quadratic increase in the number of states [15]. However, this simulation cannot be extended to the
simulation of QFAs with a counter (QCAs). Therefore, the quantum interference used by QCAs cannot
be trivially used by AfCAs. Besides, the well-formed conditions for QCAs can be complicated, but as
∗Parts of the research work were done while Yakaryılmaz was visiting Yamagata University in November 2016 and all

authors were visiting Kyoto University in March 2017.
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seen soon, they are easy to check for AfCAs. Thus, we believe that AfCAs may present classical and
simpler setups for the tasks done by QCAs.

Our main contribution in this paper is that we show that there is a language that can be recognized
exactly (zero-error) by realtime AfCAs but neither by 1-way deterministic pushdown automata nor by
realtime deterministic k-counter automata. This is the first separation result concerning AfCAs. This
is a strong result since an exact one-way probabilistic one-counter automaton (PCA) is simply a one-
way deterministic one-counter automaton (DCA) and it is still open whether exact one-way QCAs are
more powerful than one-way DCAs and whether bounded-error one-way QCAs are more powerful than
one-way bounded-error PCAs (see [14, 10] for some affirmative results).

In [11], it was shown that a certain promise problem can be solved by two-way QFAs (2QCFAs)
exactly but in exponential time, and bounded-error two-way PFAs (2PFAs) can solve the problem only
if they are allowed to use logarithmic amount of memory. We show that the same problem can be
solved by realtime Las Vegas AfAs or AfAs with restart in linear expected time. Lastly, we address the
language MANYTWINS, which is conjectured not to be recognized by affine, quantum or classical finite
state models in polynomial time. We show how a counter helps for AfAs by showing that MANYTWINS
can be recognized by AfCAs with one-sided bounded-error in realtime read mode.

In the next section, we provide the necessary background. Our main results are given in Sections 3,
4 and 5, respectively. Section 6 concludes the paper.

2 Background

We assume the reader to have the knowledge of automata theory, and familiarity with the basics of
probabilistic and quantum automata. We refer [13] and [1] for the quantum models.

Throughout the paper, the input alphabet is denoted as Σ not including the left end-marker (¢) and
the right end-marker ($). The set Σ̃ denotes Σ∪{¢,$}. For a given input w ∈ Σ∗, |w| is the length of w,
w[i] is the i-th symbol of w, and w̃ = ¢w$. For any given string w ∈ {1,2}∗, e(w) denotes the encoding
of w in base-3. The value 1 in a vector represents the value that makes the vector summation equal to 1,
i.e., if the summation of all other entries is x, then it represents the value 1− x.

A (realtime) affine finite automaton (AfA) [4] A is a 5-tuple

A = (S,Σ,{Mσ | σ ∈ Σ̃},sI,Sa),

where S = {s1, . . . ,sn} is a finite set of states, Σ is a finite set of input symbols, Mσ is the n× n affine
transition matrix for symbol σ ∈ Σ̃, sI ∈ S is the initial state, and Sa ⊆ S is a finite set of accepting states.

We consider a one-to-one correspondence between the set of configurations (i.e., the set of states S)
and the standard basis of an n-dimensional real vector space. Then, any affine state is represented as an
n-dimensional real vector such that the summation of all entries is equal to 1. For a given input w∈ Σ∗, A
starts its computation in the initial affine state v0, where the I-th entry is 1 and the others are zeros. Then,
it reads w̃ symbol by symbol from the left to the right and for each symbol the affine state is changed as
follows:

v j = Mw̃[ j]v j−1,

where 1≤ j ≤ |w̃|. To be a well-formed machine, the summation of entries of each column of Mσ must
be 1. The final state is denoted as v f = v|w̃|. At the end, the weighting operator1 returns the probability

1This operator returns the weight of each value in the l1 norm of the vector.



M. Nakanishi, K. Khadiev, K. Prusis, J. Vihrovs & A. Yakaryılmaz 207

of observing each state as

Pr[observing si] =
|v f [i]|
|v f |

,

where 1≤ i≤ |S|, v f [i] is the i-th entry of v f , and |v f | is l1 norm of v f . Thus, the input w is accepted by
A with probability

fA(w) = ∑
si∈Sa

|v f [i]|
|v f |

.

Next, we define a new affine model. A (realtime) affine counter automaton (AfCA) A is an AfA
augmented with a counter. Formally, it is a 5-tuple

A = (S,Σ,δ ,sI,Sa),

where the difference from an AfA

δ : S× Σ̃×{Z,NZ}×S×{−1,0,+1}→ R

is the transition function governing the behavior of A such that when it is in the state s ∈ S, reads the
symbol σ ∈ Σ̃, and the current status of the counter is θ ∈ {Z,NZ} (Z : zero, NZ : nonzero), it makes
the following transition with value δ (s,σ ,θ ,s′,d): it switches to the state s′ ∈ S and updates the value of
the counter by d ∈ {−1,0,+1}. To be a well-formed affine machine, the transition function must satisfy
that, for each triple (s,σ ,θ) ∈ S× Σ̃×{Z,NZ},

∑
s′∈S,d∈{−1,0,+1}

δ (s,σ ,θ ,s′,d) = 1.

Remark that the value of the counter can be updated by a value in {−t, . . . ,+t} for some t > 1 but this
does not change the computational power of the model (see [18] for more details).

Any classical configuration of A is formed by a pair (s,c) ∈ S×Z, where s is the deterministic state
and c is the value of the counter. Let w ∈ Σ∗ be the given input and m = |¢w$|. Since all possible values
of the counter are in {−m, . . . ,m}, the total number of classical configurations is N = m|S|. We denote
the set {(s,c) | s ∈ S,c ∈ {−m, . . . ,m}} for w as C w. In a similar way to AfAs, the automaton A reads
¢w$ symbol by symbol from the left to the right and A operates on the classical configurations. Each
such configuration, say (s,c), can be seen as the state of an affine system which we represent as 〈s,c〉 (a
vector in the standard basis of RN). During the computation, similarly to quantum models, A can be in
more than one classical configuration with some values, i.e.

v = ∑
(s,c)∈C w

αs,c〈s,c〉 satisfying that ∑
(s,c)∈C w

αs,c = 1.

Due to their simplicity, we use such linear combinations to trace the computation of an AfCA. Then we
can also define the affine transition matrix Mσ for each σ ∈ Σ̃ as follows:

Mσ 〈s,c〉= ∑
s′∈S,d∈{−1,0,+1}

δ (s,σ ,θ(c),s′,d)〈s′,c+d〉,

where θ(c) = Z if c = 0, and θ(c) = NZ otherwise. At the beginning of computation, A is in v0 = 〈sI,0〉.
Then, after reading each symbol, the affine state of the machine is updated, i.e.

v0→ v1→ ·· · → vm, where vi+1 = Mw̃[i+1]vi (0≤ i≤ m−1).



208 Exact Affine Counter Automata

After reading the whole input, the final affine state becomes

v f = vm = ∑
(s,c)∈C w

βs,c〈s,c〉,

and then the weighting operator is applied and the input is accepted with probability

fA(w) = ∑
s∈Sa,c∈{−m,...,m}

|βs,c|
|v f |

,

which is the total weight of “accepting” configurations out of all configurations at the end.
We can extend AfCAs to have multiple counters (affine k-counter automata (AfkCAs)) in a straight-

forward way; the transition function is extended to δ : S× Σ̃×{Z,NZ}k×S×{−1,0,+1}k −→ R.
A (realtime) Las Vegas automaton is obtained from a standard one by splitting the set of states into

three: the set of accepting, rejecting, and neutral states. When it enters one of them at the end of the
computation, then the answers of “accepting”, “rejecting”, and ”don’t know” are given, respectively.

A (realtime) automaton with restart [19] is similar to a Las Vegas automaton, the set of states of it is
split into “accepting”, “rejecting”, and “restarting” states. At the end of the computation, if the automaton
enters a restarting state, then all the computation is restarted from the beginning. An automaton with
restart can be seen as a restricted sweeping two-way automaton. The overall accepting probability can
be simply obtained by making a normalization over the accepting and rejecting probabilities in a single
round (see also [20]).

If an affine automaton is restricted to use only non-negative values as an entry of its transition matrix,
then it becomes a probabilistic automaton. As a further restriction, if only 1 and 0 are allowed to be used,
then it becomes a deterministic automaton. Thus, any (realtime) AfCA using only 0 and 1 as transition
values is a (realtime) deterministic counter automaton (realtime DCA).

All the models mentioned above are realtime models, whose tape head moves to the right at each
step. Next, we introduce a one-way model, whose tape head is allowed to move to the right or stay at the
same position, but not allowed to move to the left.

A one-way deterministic pushdown automaton (1DPA) A is a 7-tuple

A = (S,Σ,Γ,δ ,sI,Z0,Sa),

where S = {s1, . . . ,sn} is a finite set of states, Σ is a finite set of input symbols, Γ is a finite set of stack
symbols, δ : S× Σ̃×Γ×S×Γ∗×{0,1} −→ {0,1} is a transition function, sI is the initial state, Z0 is the
initial stack symbol, and Sa ⊆ S is the set of accepting states. To be a well-formed machine, the transition
function must satisfy that, for each triple (s,σ ,γ),

∑
s′∈S,γ ′∈Γ∗,D∈{0,1}

δ (s,σ ,γ,s′,γ ′,D) = 1.

For a given input ¢w$, the automaton A starts its computation with the following initial configuration:

• the initial state is sI ,

• the stack has only the initial stack symbol Z0,

• the tape head points to the left endmarker.
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Then, at each step of the computation, A is updated according to the transition function δ , i.e., δ (s,σ ,
γ,s′, γ̄ ′,D) = 1 implies that if the current state is s, the scanned input symbol is σ and the stack-top
symbol is γ , then it moves to the state s′ and updates the stack by deleting the stack-top symbol and
pushing γ̄ ′. Also, the tape head moves to D where D = 0 means “stationary” and D = 1 means “move
to the right”. Note that a move with D = 0 is called an ε-move. For an input word w, if A reaches an
accepting state, then w is accepted.

A promise problem P ⊆ Σ∗ is formed by two disjoint subsets: yes-instances Pyes and no-instances
Pno. An automaton A solves P with error bound ε < 1

2 if each yes-instance (resp. no-instance) is accepted
(resp. rejected) with probability at least 1− ε . If all yes-instances (resp. no-instances) are accepted with
probability 1 (resp. 0), then the error bound is called one-sided. If ε = 0, then the problem is said to be
solved exactly (or with zero-error). A promise problem is solved by a Las Vegas algorithm with success
probability p < 1 if any yes-instance (resp. no-instance) is accepted (resp. rejected) with probability
p′ ≥ p and the answer of “don’t know” is given with the remaining probability 1− p′. If Pyes∪Pno = Σ∗,
then it is called language recognition (for Pyes) instead of solving a promise problem.

3 Exact separation

We start with defining a new language END:

END= {w ∈ {0,1,2}∗2{0,1,2}∗ | wr[|w|2] = 1},

where |w|2 is the number of symbols 2 in w, wr is the reverse of w, and wr[|w|2] is the (|w|2)-th symbol
of wr.

Theorem 1. The language END is recognized by an AfCA A exactly.

Proof. We will use two states (s1,s2) for deterministic computation and five states (p0, p1, p2, p3, p4) for
affine computation. The initial states are s1 and p0. In other words, we consider a product of a 2-state
deterministic finite automaton and a 5-state affine counter automaton.

The classical part is responsible for checking whether the given input has at least one symbol 2. For
this purpose, s1 switches to s2 after reading a symbol 2 and then never leaves s2 until the end of the
computation. If the automaton ends in state s1, the input is rejected.

From now on, we focus on the affine transitions. The computation starts in the following affine
configuration:

〈p0,0〉,
where p0 is the affine state and 0 represents the counter value.

After reading the left end-marker, p0 goes to p0, p1, and p2 with the values 1, 1, and−1, respectively,
without changing the counter value. Then, the affine state becomes

〈p0,0〉+ 〈p1,0〉−〈p2,0〉.

We list the all transitions until reading the right end-marker below, in which c can be any integer
representing the counter value. Remark that the counter status is never checked in these transitions.

• When reading a symbol 0:

– 〈p0,c〉 → 〈p0,c〉
– 〈p1,c〉 → 〈p1,c〉− 1

2〈p3,c+1〉+ 1
2〈p4,c+1〉
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– 〈p2,c〉 → 〈p2,c〉
– 〈p3,c〉 → 〈p3,c+1〉
– 〈p4,c〉 → 〈p4,c+1〉

• When reading a symbol 1:

– 〈p0,c〉 → 〈p0,c〉
– 〈p1,c〉 → 〈p1,c〉+ 1

2〈p3,c+1〉− 1
2〈p4,c+1〉

– 〈p2,c〉 → 〈p2,c〉
– 〈p3,c〉 → 〈p3,c+1〉
– 〈p4,c〉 → 〈p4,c+1〉

• When reading a symbol 2:

– 〈p0,c〉 → 〈p0,c〉
– 〈p1,c〉 → 〈p1,c−1〉− 1

2〈p3,c〉+ 1
2〈p4,c〉

– 〈p2,c〉 → 〈p2,c−1〉
– 〈p3,c〉 → 〈p3,c〉
– 〈p4,c〉 → 〈p4,c〉

Let w be the input, let n = |w|, x = wr, and |w|2 = k ≥ 1. The affine state before reading the right
end-marker is

〈p0,0〉+ 〈p1,−k〉−〈p2,−k〉+
|x|=n

∑
i=1

(−1)x[i]
(
−1

2
〈p3, i− k〉+ 1

2
〈p4, i− k〉

)
.

Here the first three terms are trivial since (i) 〈p0,0〉 never leaves itself, and, (ii) the values of p1 and p2
are never changed and the counter value is decreased for each symbol 2 (k times in total).

In order to verify the last term, we closely look into the step when reading an arbitrary input symbol,
say w[ j] (1 ≤ j ≤ n). Suppose that t ∈ {0, . . . , j−1} symbols 2 have been read until now. We calculate
the final counter values of the configurations with states p3 and p4 that are created from 〈p1,−t〉 in this
step.

• If w[ j] is 0 or 1, then the following configurations are created:

−1
2
〈p3,−t +1〉+ 1

2
〈p4,−t +1〉 or

1
2
〈p3,−t +1〉− 1

2
〈p4,−t +1〉,

respectively. In the remaining part of the computation, k− t symbols 2 and n− j− (k− t) symbols
0 or 1 are read. When reading a symbol 2, the counter value remains the same and it is increased
by 1 when a symbol 0 or 1 is read. Thus, their final counter values hit −t +1+n− j− (k− t) =
(n− j+1)− k.

• If w[ j] is 2, then the following configuration is created:

−1
2
〈p3,−t〉+ 1

2
〈p4,−t〉.

In the remaining part of the computation, k− t−1 symbols 2 and n− j− (k− t−1) symbols 0 or
1 are read. Then, as explained in the previous item, their final counter values hit −t +n− j− (k−
t−1) = (n− j+1)− k.
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It is clear that n− j+1 refers to i in the above equation, i.e. x[i] = x[n− j+1] = w[ j], and so the correct-
ness of this equation is verified. Moreover, we can follow that the counter value for these configurations
is zero if and only if i = n− j+1 = k, and, this refers to the input symbol x[|w|2] = (wr)[|w|2].

Therefore, if we can determine the value of wr[|w|2] with zero error, then we can also determine
whether the given input is in the language or not with zero error. For this purpose, we use the following
transitions on the right end-marker in which the value of the counter is not changed:

• Both states p1 and p2 switch to p1. Thus, the pair 〈p1,−k〉−〈p2,−k〉 disappears.

• If the value of the counter is non-zero, both states p3 and p4 switch to p3. Thus, each pair of the
form (−1)x[i]

(1
2〈p1, 6= 0〉− 1

2〈p2, 6= 0〉
)

disappears (i 6= k).

• If the value of the counter is zero, both states p3 and p4 switch to themselves. Moreover, the state
p0 switches to p3 and p4 with values of 1

2 . Then, the following interference appears:

v f = (−1)x[i]
(
−1

2
〈p3,0〉+

1
2
〈p4,0〉

)
+

1
2
〈p3,0〉+

1
2
〈p4,0〉.

If x[i] = 1, then v f = 〈p3,0〉. If x[i] = 0 or x[i] = 2, then v f = 〈p4,0〉. Thus, by setting (s2, p3) as the only
accepting state, we can obtain the desired machine.

Next, we prove that the language END is recognized neither by 1-way deterministic pushdown au-
tomata (1DPAs) nor by realtime deterministic k-counter automata (realtime DkCAs)2. For this pur-
pose, we introduce the following lemma (the pumping lemma for deterministic context-free languages
(DCFLs)) [21].

Lemma 1. (Pumping Lemma for DCFLs [21]) Let L be a DCFL. Then there exists a constant C for L
such that for any pair of words w, w′ ∈ L if

(1) w = xy and w′ = xz, |x|>C, and

(2) (1)y = (1)z, where (1)w is defined to be the first symbol of w

(1)w =

{
x if |w|> 1,w = xy, and |x|= 1;
w if |w| ≤ 1,

then either (3) or (4) is true:

(3) there is a factorization x= x1x2x3x4x5, |x2x4| ≥ 1 and |x2x3x4| ≤C, such that for all i≥ 0 x1xi
2x3xi

4x5y
and x1xi

2x3xi
4x5z are in L;

(4) there exist factorizations x = x1x2x3, y = y1y2y3 and z = z1z2z3, |x2| ≥ 1 and |x2x3| ≤C, such that
for all i≥ 0 x1xi

2x3y1yi
2y3 and x1xi

2x3z1zi
2z3 are in L.

Theorem 2. The language END cannot be recognized by any 1DPA.

Proof. We assume that END is a DCFL and let C be the constant for END in Lemma 1. Choose w =
2p10p−1 ∈ END and w′ = 2p10p−110p−1 for some integer p > C + 1, and set x = 2p10p−2,y = 0 and
z = 010p−1. Then, w = xy and w′ = xz satisfy (1) and (2) in Lemma 1.

We first consider the case that (3) holds. In order to satisfy x1xi
2x3xi

4x5y ∈ END for i ≥ 0, x2x4 must
not have the symbol 1 (otherwise, x1x0

2x3x0
4x5y 6∈ END). Thus, x2 and x4 are of the form 2t or 0t for some

2Since 1-way (with epsilon moves) deterministic 2-counter automata can simulate Turing machines, the restriction of “real-
time” is essential.
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constant t. If x2 = 2t1 and x4 = 2t2 , x1xi
2x3xi

4x5y 6∈ END for i 6= 1. Similarly, x2 = 0t1 and x4 = 0t2 cannot
occur. Thus, the only possible choice is x2 = 2t1 and x4 = 0t2 for some t1 and t2. In order to satisfy
x1xi

2x3xi
4x5y ∈ END for i≥ 0, t1 = t2 must hold. However, This causes x1xi

2x3xi
4x5z 6∈ END for i 6= 1. Thus,

(3) does not hold.
Next, we consider the case that (4) holds. Since |x2x3| ≤C, x2 can have only 0s. Thus, for any factor-

ization w = x1x2x3y1y2y3, x1xi
2x3y1yi

2y3 6∈ END for i 6= 1. Thus, (4) does not hold. This is a contradiction.
Therefore, END is not a DCFL, which implies no 1DPA can recognize END.

Theorem 3. The language END cannot be recognized by any realtime DkCA.

Proof. We assume that there exists a realtime DkCA that recognizes END. We consider an input of the
form w = 2mxy(x∈ {0,1}m,y∈ {0,1}∗). Then we have 2m possible x’s. For any x1 and x2 ∈ {0,1}m(x1 6=
x2), we will show that there exists a y such that 2mx1y ∈ END and 2mx2y 6∈ END or vice versa.

We assume that x1[i] 6= x2[i]. Note that there exists such an i since x1 6= x2. We also assume that
x1[i] = 1 and x2[i] = 0 without loss of generality. We set y = 0i−1. Then (2mx1y)R[m] = x1[i] = 1 and
(2mx2y)R[m] = x2[i] = 0. Thus, 2mx1y∈ END and 2mx2y 6∈ END. Therefore, the configurations after reading
2mx1 and 2mx2 must be different. However, the number of possible configurations for a realtime DkCA
after reading the partial input 2mx is O(m) while there are 2m possible x’s. This is a contradiction.

Currently, we do not know any QCA algorithm solving END. Moreover, recently another promise
problem solvable by exact QCAs but not by DCAs was introduced in [10] and we also do not know
whether AfCAs can solve this promise problem.

4 Las Vegas algorithms

In [11], some promise problems were given in order to show the superiority of two-way QFAs (2QCFAs)
over two-way PFAs (2PFAs). We show that the same problem can be solved by realtime Las Vegas AfAs
or AfAs with restart in linear expected time.

First we review the results given in [11]. Let PAL = {w ∈ {1,2}∗ | w = wr} be the language of
palindromes. Based on PAL, the following promise problem is defined: PAL-NPAL composed of

• PAL-NPALyes = {x0y | x ∈ PAL,y 6∈ PAL} and

• PAL-NPALno = {x0y | x 6∈ PAL,y ∈ PAL}.
It was shown that PAL-NPAL can be recognized by 2QCFAs exactly but in exponential time and

bounded-error 2PFAs can recognize PAL-NPAL only if they are allowed to use a logarithmic amount of
memory. Now we show that PAL-NPAL can be recognized by realtime Las Vegas AfAs and so also by
AfAs with restart in linear expected time.

Theorem 4. The promise problem PAL-NPAL can be solved by Las Vegas AfA A with any success proba-
bility p < 1.

Proof. It is known that AfAs can recognize PAL with one-sided bounded-error [15, 19] and so we can
design a Las Vegas automaton for PAL-NPAL by using similar ideas given in [11, 6].

The automaton A has 5 states S = {s1, . . . ,s5} where s1 and s2 are accepting states; s3 and s4 are re-
jecting states; and s5 is the only neutral state. After reading ¢, the affine state is set to v1 = (0 0 1 0 0)T .
Remember that e(u) denotes the encoding of the string u ∈ {1,2}∗ in base-3.
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We apply the following operators when reading symbols 1 and 2:

M1 =




4 1 1 1 1
0 1 1 0 0
0 0 3 0 0
0 0 0 1 0
−3 −1 −4 −1 0




and M2 =




5 2 2 2 2
0 1 2 0 0
0 0 3 0 0
0 0 0 1 0
−4 −2 −6 −2 −1




that encode strings u and ur into the values of the first and second states in base-3 after reading u∈{1,2}∗.
Here the third entry helps for encoding ur, the fourth entry is irrelevant to encoding, and the fifth entry is
used to make the state a well-defined affine vector. By using induction, we can show that M1 and M2 do
the aforementioned encoding if the first three entries are respectively 0, 0, and 1.

For u = 1 or u = 2, we can have respectively

v|¢1| =




1
1
3
∗
1




and v|¢2| =




2
2
3
∗
1



.

Suppose that u is read, then we have the following affine state

v|¢u| =




e(u)
e(ur)

3|u|

∗
1



.

By using this, we can calculate the new affine states after reading u1 and u2 as

v|¢u1| =




3e(u)+1 = e(u1)
e(ur)+3|u| = e(1ur)

3|u1|

∗
1




and v|¢u2| =




3e(u)+2 = e(u2)
e(ur)+2 ·3|u| = e(2ur)

3|u2|

∗
1



,

respectively. Thus, our encoding works fine.
Let x0y be the input as promised. Then, before reading the symbol 0, the affine state will be

v|¢x| =




e(x)
e(xr)

3|x|

0
1



.

For the symbol 0, we apply the following operator:

M0 =




0 0 0 0 0
0 0 0 0 0
1 1 1 1 1
1 −1 0 0 0
−1 1 0 0 0






214 Exact Affine Counter Automata

After reading 0, the new affine state will be

v|¢x0| =




0
0
1

e(x)− e(xr)
1



,

where the first three entries are set to 0, 0, and 1 for encoding y, and, the difference e(x)−e(xr) is stored
into the fourth entry.

Similarly to above, after reading y, the affine state will be

v|¢x0y| =




e(y)
e(yr)

3|y|

e(x)− e(xr)
1



.

Then, the end-marker is read before the weighting operator is applied. Let k be an integer parameter. The
affine operator for the symbol $ is

M$(k) =




k − k 0 0 0
−k k 0 0 0

0 0 0 k 0
0 0 0 − k 0
1 1 1 1 1




and so the final state will be

v f =




k(e(y)− e(yr))
−k(e(y)− e(yr))
k(e(x)− e(xr))
−k(e(x)− e(xr))

1



.

If the input x0y is a yes-instance, then x ∈ PAL and y ∈ NPAL. Thus, e(x)− e(xr) is zero and |e(y)−
e(yr)| is at least 1. In such a case, after the weighting operator, the input is accepted with probability at
least 2k

2k+1 and the answer of “don’t know” is given with probability at most 1
2k+1 .

If the input x0y is a no-instance, then x ∈ NPAL and y ∈ PAL. Thus, |e(x)− e(xr)| is at least 1 and
e(y)− e(yr) is zero. In such a case, after the weighting operator, the input is rejected with probability at
least 2k

2k+1 and the answer of “don’t know” is given with probability at most 1
2k+1 . By picking a sufficiency

big k, the success probability can be arbitrarily close to 1.

Corollary 1. The promise problem PAL-NPAL can be solved by an exact AfA with restart in linear ex-
pected time.

Proof. In the above proof, we change the neutral states to restarting states, and then obtain the desired
machine. For any promised input, the input is either only accepted or only rejected. Since the success
probability is constant (p), the expected runtime is 1

p |w| for the promised input w.

We conjecture that bounded-error 2QCFAs cannot solve PAL-NPAL and PAL in polynomial time.
Moreover, we leave open whether there exists a promise problem (or a language) solvable by bounded-
error AfAs but not by 2QCFAs.
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5 Bounded-error algorithms

Similar to PAL, the language TWIN= {w0w | w ∈ {1,2}∗} can be also recognized by one-sided bounded-
error AfAs (see also [15]). After making some straightforward modifications, we can show that the
language

TWIN(t) = {w10w20 · · ·0wt3wt0 · · ·0w20w1 | wi ∈ {1,2}∗,1≤ i≤ t}
for some t > 0 can also be recognized by negative one-sided bounded-error AfAs.

Since it is a non-regular language, it cannot be recognized by bounded-error PFAs and QFAs [1].
On the other hand, we can easily give a bounded-error 2QCFA algorithm for TWIN(t) [19] but similarly
to PAL it runs in exponential expected time. By using the impossibility proof given for PAL [5, 11], we
can also show that TWIN(t) can be recognized by 2PFAs only if augmented with a logarithmic amount of
memory. From the literature [12],3 we also know that this language can be recognized by a DFA having
at least k heads, where

t ≤
(

k
2

)
or k =

⌈√
2t +

1
4
− 1

2

⌉
.

Moreover, using nondeterminism and additional pushdown store does not help to save a single head [3].
Bounded-error PFAs can recognize TWIN(t) by using two heads but the error increases when t gets bigger
[16, 17]. For a fixed error, we do not know any PFA algorithm using a fixed number of heads. The same
result is also followed for bounded-error QFAs with a stack. (It is open whether bounded-error PFAs can
recognize TWIN(t) by using a stack [18].)

Based on TWIN(t), we define a seemingly harder language MANYTWINS that is defined by the union
of all TWIN(t)s:

MANYTWINS=
∞⋃

t=1

TWIN(t).

Since the number t is not known in advance, we do not know how to design a similar algorithm for the
affine, quantum, and classical models discussed above. On the other hand, this language seems a good
representative example for how a counter helps for AfAs.

Theorem 5. The language MANYTWINS can be recognized by an AfCA A with one-sided bounded-error
arbitrarily close to zero.

Proof. The automaton A has 10 states: {s1,s2,s3,s′1,s
′
2,s
′
3,se,s′e,sa,sr}, s1 is the initial state, and sa is the

only accepting state.
Let k be an arbitrarily big integer. If there is no symbol 3, then the automaton A never switches to

the state sa and so the input is accepted with zero probability. We assume then the input has at least one
symbol 3 from now on.

The automaton A stays in s1 without changing the value of the counter when reading ¢. Then, until
reading the first 3, it uses the following transitions.

Let u1 = w10w20 · · ·0wt3 be the prefix of the input until the first 3, where wi ∈ {1,2}∗ for each
i ∈ {1, . . . , t} and t ≥ 1.

When reading a block of {1,2}∗, say wi, before a symbol 0 or the symbol 3, it encodes wi into the
value of s2 in base-3 by help of the states s1 and s3. If wi is the empty string, then the value of s2 becomes

3In the original language, there is a symbol 0 instead of the symbol 3. But since t is fixed, the middle 0 can be easily detected
by using internal states and so the results regarding the original language still hold for this modified version.
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0. During encoding, the value of s1, which is 1, does not change and the value of s3 is updated to have a
well-formed affine state.

After reading a 0:

• It stays in s1 and increases the value of the counter by 1.

• The value of s2 is e(wi) before the transition. Then the values of se and s′e are set to ke(wi) and
−ke(wi), respectively, and the value of the counter does not change. Moreover, the value of s2 is
set to zero.

• Due to the above transitions, the value of s3 is automatically set to zero.

After reading the first 3:

• It switches from s1 to s′1 without changing the value of the counter.

• The value of s2 is e(wt) before the transition. Then the values of se and s′e are set to ke(wt) and
−ke(wt), respectively, and the value of the counter does not change. Moreover, the value of s2 is
set to zero.

• Due to the above transitions, the value of s3 is automatically set to zero.

Then, after reading u1, the affine state will be

〈s′1, t−1〉+
t

∑
i=1

(
ke(wi)〈se, i−1〉− ke(wi)〈s′e, i−1〉

)
,

where, by using the different values of the counter, k times the encoding of each wi is stored as the values
of se and s′e. If t = 0 (u1 = 3), then the affine state will be 〈s′1,0〉.

If after reading u1 the automaton reads another symbol 3, then it switches to sr from s′1, s′2, and s′3,
and then stays there until the end of the computation. Thus, in such a case, the input is also accepted
with zero probability. Therefore, in the last part, we assume that the input does not have another symbol
3.

Let u2 = w′z0w′z−10 · · ·0w′1$ be the part to be read after the symbol 3, where w′j ∈ {1,2}∗ for each
j ∈ {1, . . . ,z} and z> 0. With a similar strategy, when reading a block of {1,2}∗, say w′j, before a symbol
0 or the symbol $, the automaton encodes it into the value of s′2 in base 3 by the help of states s′1 and s′3.
If w′j is the empty string, then the value of s′2 is zero. During the encoding, the value of s′1, which is 1,
does not change and the value of s′3 is updated to have a well-formed affine state.

After reading a 0:

• It stays in s′1 and decreases the value of the counter by 1.

• The value of s′2 is e(w′j) before the transition. Then the values of−ke(w′j) and ke(w′j) are added to
se and s′e, respectively, and the value of the counter does not change. Moreover, the value of s′2 is
set to zero.

• Due to the above transitions, the value of s′3 is automatically set to zero.

After reading the $:

• It switches from s′1 to sa without changing the value of the counter.

• The value of s′2 is e(w′1) before the transition. Then the values of −ke(w′1) and ke(w′1) are added
to se and s′e, respectively, and the value of the counter does not change. Moreover, the value of s′2
is set to zero.
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• Due to the above transitions, the value of s′3 is automatically set to zero.

If z = 0, then the only transition is switching from s′1 to sa.
Suppose that t = z > 0. Then it is clear that if wt = w′z, then the values of the affine state 〈se, t− 1〉

and 〈s′e, t − 1〉 will be set to zero. Otherwise, their values will respectively be k(e(wt)− e(w′z)) and
−k(e(wt)− e(w′z)), the absolute value of each will be at least k. The same situation holds for each pair
(wi,w′j) where 1≤ i = j ≤ t. That means, if the input is a member (including the case of t = z = 0), then
the final affine state will be 〈sa,0〉 and so the input is accepted with probability 1.

On the other hand, if the input is not a member, then the final affine state will have some non-zero
coefficients as the values of some configuration like 〈se, l〉 and 〈s′e, l〉 for some l. As described above, the
absolute values of these non-zero coefficients are at least k. Thus, any non-member will be accepted with
probability at most 1

2k+1 . By picking a sufficiency big k, the success probability can be arbitrarily close
to 1.

In the algorithm given in the proof, the status of the counter is never checked and for each member
the value of the counter is set to zero. Thus, it is indeed a blind counter algorithm ([7]): The status of
the counter is never checked during the computation and the input is accepted only if the value of the
counter is zero at the end of computation. If the value of the counter is non-zero, the input is automatically
rejected regardless of the state.

6 Concluding remarks

We introduced affine counter automata as an extended model of affine finite automata, and showed a
separation result between exact affine and deterministic models. We also showed that a certain promise
problem, which cannot be solved by bounded-error 2PFAs with sublogarithmic space and is also con-
jectured not to be solved by two-way quantum finite automata in polynomial time, can be solved by Las
Vegas affine finite automata in linear time. Lastly, we showed that a counter helps for AfAs by showing
that MANYTWINS, which is conjectured not to be recognized by affine, quantum or classical finite state
models in polynomial time, can be recognized by affine counter automata with one-sided bounded-error
in realtime read mode. Since AfCAs are quantum like computation models that can use negative values,
we believe that AfCAs can well characterize quantum counter automata and it remains as a future work.
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118 00 PRAHA, Czech Republic
martin.platek@mff.cuni.cz

Friedrich Otto
Universität Kassel

Fachbereich Elektrotechnik/Informatik
34109 KASSEL, Germany

otto@theory.informatik.uni-kassel.de

Following some previous studies on restarting automata, we introduce a refined model – the h-
lexicalized restarting automaton (h-RLWW). We argue that this model is useful for expressing
lexicalized syntax in computational linguistics. We compare the input languages, which are the lan-
guages traditionally considered in automata theory, to the so-called basic and h-proper languages,
which are (implicitly) used by categorial grammars, the original tool for the description of lexicalized
syntax. The basic and h-proper languages allow us to stress several nice properties of h-lexicalized
restarting automata, and they are suitable for modeling the analysis by reduction and, subsequently,
for the development of categories of a lexicalized syntax. Based on the fact that a two-way determin-
istic monotone restarting automaton can be transformed into an equivalent deterministic monotone
RL-automaton in (Marcus) contextual form, we obtain a transformation from monotone RLWW-
automata that recognize the class CFL of context-free languages as their input languages to determin-
istic monotone h-RLWW-automata that recognize CFL through their h-proper languages. Through
this transformation we obtain automata with the complete correctness preserving property and an
infinite hierarchy within CFL, based on the size of the read/write window. Additionally, we consider
h-RLWW-automata that are allowed to perform multiple rewrite steps per cycle, and we establish an-
other infinite hierarchy above CFL that is based on the number of rewrite steps that may be executed
within a cycle. The corresponding separation results and their proofs illustrate the transparency of
h-RLWW-automata that work with the (complete or cyclic) correctness preserving property.

1 Introduction

The linguistic technique of ‘analysis by reduction’ is used to analyze sentences of natural languages with
a high degree of word-order freedom like, e.g., Czech, Latin, or German (see, e.g., [13]). A human
reader is supposed to understand the meaning of a given sentence before he starts to analyze it. Analysis
by reduction (partially) simulates such a behavior by analyzing sentences, where morphological and
syntactical tags have been added to the word-forms and punctuation marks (see, e.g., [14]).

In [5] the restarting automaton was presented as a formal device to model the naive (i.e. non-tagged)
analysis by reduction. Such a restarting automaton has a finite-state control and a flexible tape with
endmarkers on which a window of fixed finite size operates. The automaton works in cycles, where each
cycle begins with the automaton being in its initial state with the window over the left end of the tape.
Now it scans the tape from left to right until, at some place, it performs a combined rewrite/restart oper-
ation that deletes one or more symbols from the window, moves the window back to the left end of the
tape, and returns the automaton to the initial state. As the tape is flexible, it adjusts automatically to the
now shortened inscription. This model, nowadays called R-automaton, is quite restricted. Accordingly,
in subsequent years this model was extended by allowing more general rewrite operations, by admitting
additional symbols (so-called auxiliary symbols) in the working alphabet, and by separating the rewrite
operation from the restart operation. In addition, models were proposed that can move their window in
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both directions, enabling them to first scan the given input completely before executing any rewrite step
(for a survey see [18] or [19]).

To model the analysis by reduction on sequences of tagged items, basic languages and proper lan-
guages of restarting automata were considered in [17]. While the input language of an automaton M
just consists of all input words that M can accept, the basic language of M consists of all words over
the working alphabet that M can accept, and the proper language consists of all words that are obtained
from the basic language by erasing all non-input (that is, auxiliary) symbols. Now one can argue that the
auxiliary symbols represent the tags, and so, the basic language models the sequences of tagged items
that are accepted. However, as it turned out, there are already deterministic restarting automata for which
these proper languages are not even recursive, although the input language (and the basic language) of
each deterministic restarting automaton is decidable in polynomial time.

Hence, lexicalized types of restarting automata were introduced in [17], in which the use of auxiliary
symbols is somewhat restricted. A lexicalized restarting automaton is deterministic and there is a positive
constant c such that essentially each factor of a word from the basic language that only consists of
auxiliary symbols has length at most c. One of the main results of [17] states that the class of proper
languages of lexicalized monotone RRWW-automata (see Sections 2 and 3 for the definitions) coincides
with the class of context-free languages.

Here, in order to give a theoretical basis for lexicalized syntax, we introduce a model of the restarting
automaton that formalizes lexicalization in a similar way as categorial grammars (see e.g. [2]) – the
h-lexicalized restarting automaton (h-RLWW). This model is obtained from the two-way restarting
automaton of [21] by adding a letter-to-letter morphism h that assigns an input symbol to each working
symbol. Then the h-proper language of an h-RLWW-automaton M consists of all words h(w), where w
is taken from the basic language of M. Thus, in this setting the auxiliary symbols themselves play the
role of the tagged items, that is, each auxiliary symbol b can be seen as a pair consisting of an input
symbol h(b) and some additional information (tags). We argue that this new model is better suited to the
modeling of the lexicalized syntactic analysis and (lexicalized) analysis by reduction of natural languages
(compare [13, 14]) through the use of basic and h-proper languages. We stress the fact that this model
works directly with the text-editing operations (rewrite, delete).

We recall some constraints that are typical for restarting automata, and we outline ways for new
combinations of constraints. As our basic technical result, we show that the expressive power of two-
way deterministic monotone restarting automata (det-mon-RLWW-automata) does not decrease, if we
use the corresponding type of automaton which instead of rewritings can only delete symbols (det-mon-
RL-automata) and which are in the so-called (Marcus) contextual form (for contextual grammars see [15,
23]). In fact, these types of automata all characterize the class LRR of left-to-right regular languages [3].
The technique for this transformation is derived from the linguistic techniques for dependency syntax.

Then we show that the h-proper languages of monotone h-RRWW- and h-RLWW-automata just
yield the context-free languages, both in the deterministic and in the nondeterministic case. In particular,
this means that h-proper languages of deterministic monotone h-RLWW-automata properly extend the
input languages of this type of automaton. Then we prove that the h-proper language of any h-RLWW-
automaton occurs as the input language of some shrinking h-RLWW-automaton, but that there are input
languages of RLWW-automata that do not occur as h-proper languages of h-RLWW-automata. Finally,
based on the size of the read/write window, we establish infinite ascending hierarchies of language classes
of h-proper languages for several subtypes of h-RLWW-automata. In particular, we obtain hierarchies
within LRR and within CFL that have LRR and CFL as their limits. In addition, we also study h-
RLWW-automata that are allowed to execute several rewrite steps within a cycle, and we establish infinite
ascending hierarchies above CFL that are based on the number of rewrite steps that are executed within
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a cycle.
The paper is structured as follows. In Section 2, we introduce our model and its submodels, we de-

fine the h-proper languages, and we state the complete correctness preserving property and the complete
error preserving property for the basic languages of deterministic h-RLWW-automata. In Section 3, we
present the aforementioned characterization of the context-free languages through h-proper languages of
deterministic monotone h-RLWW-automata, and we discuss the relationship between input and h-proper
languages for some types of h-RLWW-automata. Then, in Section 4, we derive the aforementioned hier-
archies inside LRR and CFL, and in Section 5 we consider h-RLWW-automata with several rewrites per
cycle. The paper concludes with Section 6 in which we summarize our results and state some problems
for future work.

2 Definitions

We start with the definition of the two-way restarting automaton. For technical reasons we propose a
slight modification from the original definition given in [21].

Definition 1 A two-way restarting automaton, an RLWW-automaton for short, is a machine with a single
flexible tape and a finite-state control. It is defined through an 8-tuple M = (Q,Σ,Γ,c,$,q0,k,δ ), where
Q is a finite set of states, Σ is a finite input alphabet, and Γ is a finite working alphabet containing Σ.
The symbols from ΓrΣ are called auxiliary symbols. Further, the symbols c,$ 6∈ Γ, called sentinels, are
the markers for the left and right border of the workspace, respectively, q0 ∈ Q is the initial state, k ≥ 1
is the size of the read/write window, and

δ : Q×PC≤k → P((Q×{MVR,MVL,SL(v)})∪{Restart,Accept,Reject})
is the transition relation. Here P(S) denotes the powerset of a set S,

PC≤k = (c ·Γk−1)∪Γk ∪ (Γ≤k−1 ·$)∪ (c ·Γ≤k−2 ·$)

is the set of possible contents of the read/write window of M, and v ∈ PC≤k−1.

The transition relation describes six different types of transition steps (or instructions):

1. A move-right step (q,u) −→ (q′,MVR) assumes that (q′,MVR) ∈ δ (q,u), where q,q′ ∈ Q and
u ∈ PC≤k, u 6= $. If M is in state q and sees the word u in its read/write window, then this
move-right step causes M to shift the window one position to the right and to enter state q′.

2. A move-left step (q,u) −→ (q′,MVL) assumes that (q′,MVL) ∈ δ (q,u), where q,q′ ∈ Q and u ∈
PC≤k, u 6∈ c ·Γ∗ · {λ ,$} (Here λ is used to denote the empty word). It causes M to shift the
window one position to the left and to enter state q′.

3. An SL-step (q,u) −→ (q′,SL(v)) assumes that (q′,SL(v)) ∈ δ (q,u), where q,q′ ∈ Q, u ∈ PC≤k,
and v ∈ PC≤k−1, that v is shorter than u, and that v contains all the sentinels that occur in u (if
any). It causes M to replace u by v, to enter state q′, and to shift the window by |u|− |v| items to
the left – but at most to the left sentinel c (that is, the contents of the window is ‘completed’ from
the left, and so the distance to the left sentinel decreases if the window was not already at c).

4. A restart step (q,u) −→ Restart assumes that Restart ∈ δ (q,u), where q ∈ Q and u ∈ PC≤k. It
causes M to move its window to the left end of the tape, so that the first symbol it sees is the left
sentinel c, and to reenter the initial state q0.
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5. An accept step (q,u) −→ Accept assumes that Accept ∈ δ (q,u), where q ∈ Q and u ∈ PC≤k. It
causes M to halt and accept.

6. A reject step (q,u) −→ Reject assumes that Reject ∈ δ (q,u), where q ∈ Q and u ∈ PC≤k. It
causes M to halt and reject.

There are two differences to the original definition given in [21] in that we have explicit reject steps
and in that after a rewrite, that is, an SL-step, the window is not moved but just refilled from the left. It
is easily seen that these modifications do not influence the expressive power of the model.

A configuration of an RLWW-automaton M is a word αqβ , where q ∈ Q, and either α = λ and
β ∈ {c} ·Γ∗ · {$} or α ∈ {c} ·Γ∗ and β ∈ Γ∗ · {$}; here q represents the current state, αβ is the current
contents of the tape, and it is understood that the read/write window contains the first k symbols of β or
all of β if |β |< k. A restarting configuration is of the form q0cw$, where w ∈ Γ∗; if w ∈ Σ∗, then q0cw$
is an initial configuration. We see that any initial configuration is also a restarting configuration, and that
any restart transfers M into a restarting configuration.

In general, an RLWW-automaton M is nondeterministic, that is, there can be two or more steps
(instructions) with the same left-hand side (q,u), and thus, there can be more than one computation that
start from a given restarting configuration. If this is not the case, the automaton is deterministic.

A computation of M is a sequence C =C0,C1, . . . ,C j of configurations of M, where C0 is an initial or
a restarting configuration and Ci+1 is obtained from Ci by a step of M, for all 0 ≤ i < j. In the following
we only consider computations of RLWW-automata which end either by an accept or by a reject step.

– Cycles and tails: Any finite computation of an RLWW-automaton M consists of certain phases. A
phase, called a cycle, starts in a restarting configuration, the window moves along the tape performing
non-restarting steps until a restart step is performed and thus a new restarting configuration is reached. If
no further restart step is performed, any finite computation necessarily finishes in a halting configuration
– such a phase is called a tail. Here we require that M executes exactly one SL-step within any cycle,
and that it does not execute any SL-step in a tail. The latter is again a deviation from the original model,
but in the nondeterministic setting, this does not influence the expressive power of the model, either.

We use the notation q0cu$ ⊢c
M q0cv$ to denote a cycle of M that begins with the restarting con-

figuration q0cu$ and ends with the restarting configuration q0cv$. Through this relation we define the
relation of cycle-rewriting by M. We write u ⇒c

M v iff q0cu$ ⊢c
M q0cv$ holds. The relation ⇒c∗

M is the
reflexive and transitive closure of ⇒c

M. We stress that the cycle-rewriting is a very important feature
of an RLWW-automaton. As each SL-step is strictly length-reducing, we see that u ⇒c

M v implies that
|u|> |v|. Accordingly, u ⇒c

M v is also called a reduction by M.

An input word w ∈ Σ∗ is accepted by M, if there is a computation which starts with the initial config-
uration q0cw$ and ends by executing an accept step. By L(M) we denote the language consisting of all
input words accepted by M; we say that M recognizes (or accepts) the input language L(M).

A basic (or characteristic) word w ∈ Γ∗ is accepted by M if there is a computation which starts
with the restarting configuration q0cw$ and ends by executing an accept step. By LC(M) we denote the
language consisting of all words from Γ∗ that are accepted by M; we say that M recognizes (or accepts)
the basic (or characteristic) language LC(M).

By PrΣ we denote the projection from Γ∗ onto Σ∗, that is, PrΣ is the morphism defined by a 7→ a for
all a ∈ Σ and A 7→ λ for all A ∈ ΓrΣ. If v = PrΣ(w), then v is the Σ-projection of w, and w is an extended
version of v. The proper language of M is now the language LP(M) = PrΣ(LC(M)), that is, a word v ∈ Σ∗

belongs to LP(M) iff there exists an expanded version w of v such that w ∈ LC(M).



M. Plátek & F. Otto 223

Finally, we come to the definition of the central notion of this paper, the h-lexicalized RLWW-
automaton.

Definition 2 An h-lexicalized RLWW-automaton, or h-RLWW-automaton, is a pair M̂ = (M,h), where
M = (Q,Σ,Γ,c,$,q0,k,δ ) is an RLWW-automaton and h : Γ → Σ is a letter-to-letter morphism satisfying
h(a) = a for all input letters a ∈ Σ. The input language L(M̂) of M̂ is simply the language L(M) and the
basic language LC(M̂) of M̂ is the language LC(M). Finally, we take LhP(M̂) = h(LC(M)), and we say
that M̂ recognizes (or accepts) the h-proper language LhP(M̂).

Notation. For brevity, the prefix det- will be used to denote the property of being deterministic. For any
type A of restarting automaton, L (A) will denote the class of input languages that are recognized by
automata from A, LC(A)will denote the class of basic languages that are recognized by automata from A,
and LhP(A) will denote the class of h-proper languages that are recognized by automata from A. For a
natural number k ≥ 1, L (k-A) (LC(k-A) or LhP(k-A)) will denote the class of input (basic or h-proper)
languages that are recognized by those automata from A that use a read/write window of size k.

By ⊂ we denote the proper subset relation. Finally, N+ will denote the set of all positive integers.

2.1 Further refinements and constraints on (h-lexicalized) RLWW-automata

Here we introduce some constrained types of rewrite steps.
A delete-left step (q,u) → (q′,DL(v)) assumes that (q′,SL(v)) ∈ δ (q,u) and that v is a proper sub-

sequence of u, containing all the sentinels from u (if any). It causes M to replace u by v (by deleting
excessive symbols), to enter state q′, and to shift the window by |u|− |v| symbols to the left, but at most
to the left sentinel c. Hence, the contents of the window is ‘completed’ from the left, and so the distance
of the window to the left sentinel decreases if the window was not already at the left sentinel.

A contextual-left step (q,u) → (q′,CL(v)) assumes that (q′,SL(v)) ∈ δ (q,u), where u = v1u1v2u2v3
and v = v1v2v3 such that v contains all the sentinels from u (if any). It causes M to replace u by v (by
deleting the factors u1 and u2 of u), to enter state q′, and to shift the window by |u|− |v| symbols to the
left, but at most to the left sentinel c.

An RLWW-automaton is an RLW-automaton if its working alphabet coincides with its input alphabet,
that is, no auxiliary symbols are available to this automaton. Note that in this situation, each restarting
configuration is necessarily an initial configuration.

An RLW-automaton is an RL-automaton if all its rewrite steps are DL-steps, and it is an RLC-
automaton if all its rewrite steps are CL-steps. Further, an RLWW-automaton is an RLWWC-automaton
(that is, an RLWW-automaton in Marcus contextual form) if all its rewrite steps are CL-steps. Similarly,
an RLWW-automaton is an RLWWD-automaton if all its rewrite steps are DL-steps. Observe that when
concentrating on input languages, then DL- and CL-steps ensure that no auxiliary symbols can ever oc-
cur on the tape; if, however, we are interested in basic or h-proper languages, then auxiliary symbols can
play an important role even though a given RLWW-automaton uses only DL- or CL-steps. Therefore,
we distinguish between RLWWC- and RLC-automata, and between RLWWD- and RL-automata.

An RLWW-automaton is an RRWW-automaton if it does not use any MVL-steps. From these au-
tomata, we obtain RRW-, RR-, RRC-, RRWWD-, and RRWWC-automata in an analogous way. Further,
an RRWW-automaton is an RWW-automaton if it restarts immediately after executing an SL-step. From
these automata, we obtain RW-, R-, RC-, RWWD-, and RWWC-automata. Obviously, from these types
of automata, we obtain corresponding types of h-lexicalized automata, denoted by the prefix h-. Observe
that for an h-RLW-automaton (M,h), the letter-to-letter morphism h is necessarily the identity mapping
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on Σ. Hence, for such an automaton, the input language, the basic language, and the h-proper language
all coincide.

We have the following simple facts, which illustrate the transparency of computations of determinis-
tic RLWW-automata with respect to their basic languages.

Fact 3 (Complete Correctness Preserving Property for LC(det-RLWW))
Let M be a deterministic RLWW-automaton, let C = C0,C1, . . . ,Cn be a computation of M, and let cui$
be the tape contents of the configuration Ci, 0 ≤ i ≤ n. If ui ∈ LC(M) for some i, then u j ∈ LC(M) for all
j = 0,1, . . . ,n.

Fact 4 (Complete Error Preserving Property for LC(det-RLWW))
Let M be a deterministic RLWW-automaton, let C = C0,C1, . . . ,Cn be a computation of M, and let cui$
be the tape contents of the configuration Ci, 0 ≤ i ≤ n. If ui 6∈ LC(M) for some i, then u j 6∈ LC(M) for all
j = 0,1, . . . ,n.

Fact 5 (Error Preserving Property for LC(RLWW))
Let M be an RLWW-automaton, let C = C0,C1, . . . ,Cn be a computation of M, and let cui$ be the tape
contents of the configuration Ci, 0 ≤ i ≤ n. If ui /∈ LC(M) for some i, then u j 6∈ LC(M) for all j ≥ i.

2.2 Proper languages versus h-proper languages

As each SL-step is length-reducing, and as each cycle of each computation of an RLWW-automaton
contains an application of an SL-step, it is easily seen that the membership problem for the basic language
LC(M) is decidable in polynomial time for each deterministic RLWW-automaton M. On the other hand,
in [17] it is shown that there exist deterministic RRWW-automata for which the corresponding proper
languages are non-recursive. This fact is derived from the result that, for each recursively enumerable
language L⊆Σ+

0 , where Σ0 = {a,b}, there exists a deterministic RRWW-automaton M such that LP(M)∩
Σ+

0 · c = ϕ(L), where c is an additional symbol, and ϕ is a finite-state transduction. Thus, these proper
languages are much more sophisticated than the basic languages. In particular, there is no general relation
between the terminal symbols and the auxiliary symbols in a word from the basic language LC(M).

To remedy this, a notion of lexicalization was introduced in [17]. Let NIR(M) denote the set of all
words from Γ∗ that are not immediately rejected by M, that is, the words that are either accepted in a
tail or that cause M to perform at least one cycle. An RRWW-automaton M is called lexicalized if it is
deterministic and if there exists a positive integer constant j such that, whenever a word v ∈ (ΓrΣ)∗ is
a factor of a word w ∈ NIR(M), then |v| ≤ j, that is, factors of words from NIR(M) that only consist
of auxiliary symbols are at most of length j. It was then shown that the proper language LP(M) of any
lexicalized RRWW-automaton is growing context-sensitive.

In the current paper we use the notion of h-lexicalization to obtain a stronger correspondence between
the auxiliary symbols and the terminal symbols in a word, as each auxiliary symbol is mapped to a
terminal symbol through the given morphism h. This corresponds to the process of annotation of a
given terminal word, replacing each given lexical item through a tuple containing this item together with
morphological and lexical syntactic information, which then form the basis for the subsequent analysis
by reduction.

3 Robustness of monotone RLWW-automata

We recall the notion of monotonicity as an important constraint for computations of restarting automata.
Let M be an RLWW-automaton, and let C =Ck,Ck+1, . . . ,C j be a sequence of configurations of M, where
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Ci+1 is obtained by a single transition step from Ci, k ≤ i < j. We say that C is a subcomputation of M. If
Ci = cαqβ$, then |β$| is the right distance of Ci, which is denoted by Dr(Ci). We say that a subsequence
(Ci1 ,Ci2 , . . . ,Cin) of C is monotone if Dr(Ci1) ≥ Dr(Ci2) ≥ ·· · ≥ Dr(Cin). A computation of M is called
monotone if the corresponding subsequence of rewrite configurations is monotone. Here a configuration
is called a rewrite configuration if in this configuration an SL-step is being applied. Finally, M itself is
called monotone if each of its computations is monotone. We use the prefix mon- to denote monotone
types of RLWW-automata. This notion of monotonicity has been considered before in various papers.
The following results have been established.

Theorem 6 [7, 10, 12, 20, 21]
(a) CFL = L (mon-RWW) = L (mon-RRWW) = L (mon-RLWW).

(b) LRR = L (det-mon-RL) = L (det-mon-RLW) = L (det-mon-RLWW).

(c) DCFL = L (det-mon-RC) = L (det-mon-RR) = L (det-mon-RRWW).

Here DCFL denotes the class of deterministic context-free languages, LRR is the class of left-to-
right regular languages from [3], and CFL is the class of context-free languages. Actually the result in
Theorem 6 (b) can be strengthened as follows.

Theorem 7 LRR= L (det-mon-RLC) = L (det-mon-RLWW).

Thus, for each det-mon-RLWW-automaton Ma, there is a det-mon-RLC-automaton Mb that accepts
the same input language.
Proof outline. To prove this result one must overcome the problem that there is no straightforward
simulation of a det-mon-RLWW-automaton by a det-mon-RLC-automaton. This follows from the ob-
servation that any det-mon-RLC-automaton fulfills the Complete Correctness Preserving Property for its
input language and that, moreover, all its rewrite steps are contextual. On the other hand, the det-mon-
RLWW-automaton Ma will in general not satisfy any type of correctness preserving property for its input
language. This means in particular that the reductions of Ma and Mb will in general differ substantially.
The second difficulty results from the problem of how to ensure that Mb chooses the correct places for
executing CL-steps in a deterministic fashion without the ability to use any non-input symbols.

In [22] these problems are solved through a sequence of transformations. First it is shown that each
det-mon-RLWW-automaton Ma can be transformed into an equivalent automaton M1 that uses additional
length-preserving rewrite steps, that has a window of size two only, and that works in three well-defined
passes. During the first pass, M1 just applies a sequence of MVR-steps until it reaches the right sentinel.
During the second pass M1 applies length-preserving rewrite steps and MVL-steps until the window
reaches the left sentinel again. In this way information is encoded at each position of the input on the
suffix to the right of that position. Finally, in the third pass M1 only applies length-preserving rewrite
steps, MVR-, and SL-steps, simulating the actual reductions of Ma. In addition, M1 is monotone with
respect to its SL-steps. As M1 has a window of size two, each of its SL-steps can be interpreted as
replacing the left symbol inside the window and deleting the right symbol from the window. It follows
that the computation of M1 can be described by a tree-like graph, called an SL-graph, that has nodes
in one-to-one correspondence to the initial tape contents. Essentially, an SL-graph describes through
its (oriented) edges which symbols are deleted with which symbols as their immediate left neighbours.
Based on some combinatorial arguments cutting lemmas can be established for these graphs. These in
turn lead to a simulation of M1 by an automaton M2 that works in so-called strong cycles, and that uses
CL-steps instead of SL-steps. Each strong cycle of M2 consists of three passes, similar to the passes
of M1, where the third pass ends with a strong restart that resets the automaton into its initial state,
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replaces each symbol currently on the tape by its associated input symbol with respect to the letter-
to-letter morphism of M2, and moves the window to the left end of the tape. Further, the window of
M2 is quite large, as the CL-steps of M2 do not correspond to the SL-steps of M1, but rather a single
CL-step simulates the effect of a whole sequence of SL-steps. Finally, it can be shown that the effect
of the three passes of the strong cycles of M2 and the subsequent strong restart step can be described
through a sequence of four deterministic two-way finite-state transducers. As the class of functions that
are computable by these transducers is closed under composition [1], it follows that the transformation
on initial configurations that is induced by the strong cycles of M2 can be realized by a deterministic
two-way finite-state transducer. Now this transducer can be converted into a det-mon-RLC-automaton
Mb that still accepts the same language as Ma. �

3.1 Robustness of monotonicity and h-proper languages

The following theorem extends the basic theorem from [17] and completes the aforementioned charac-
terization of the context-free languages.

Theorem 8 CFL = LhP(det-mon-h-RRWWC) = LhP(mon-h-RRWW)
= LhP(det-mon-h-RLWW) = LhP(mon-h-RLWW).

Proof. The proof is based mainly on ideas from [17]. Here it is carried over from monotone lexicalized
RRWW-automata to monotone h-RLWW-automata.

Let M = ((Q,Σ,Γ,c,$,q0,k,δ ),h) be a monotone h-RLWW-automaton. Then the characteristic lan-
guage LC(M) is context-free [7, 21]. As LhP(M) = h(LC(M)), and as CFL is closed under morphisms, it
follows that LhP(M) is context-free.

Conversely, assume that L⊆ Σ∗ is a context-free language. Without loss of generality we may assume
that L does not contain the empty word. Thus, there exists a context-free grammar G = (N,Σ,S,P) for L
that is in Greibach normal form, that is, each rule of P has the form A → aα for some symbol a ∈ Σ and
for some word α ∈ N∗ (see, e.g., [4]). For the following construction we assume that the rules of G are
numbered from 1 to m.

From G we construct a new grammar G′ = (N,B,S,P′), where B = {(∇i,a) | 1 ≤ i ≤ m and the i-th
rule of G has the form A → aα } is a set of new terminal symbols that are in one-to-one correspondence
to the rules of G, and P′ = {A → (∇i,a)α | A → aα is the i-th rule of G, 1 ≤ i ≤ m}.

Obviously, a word ω ∈ B∗ belongs to L(G′) if and only if ω has the form

ω = (∇i1 ,a1)(∇i2 ,a2) · · · (∇in ,an)

for some integer n > 0, where a1,a2, . . . ,an ∈ Σ, i1, i2, . . . , in ∈ {1,2, . . . ,m}, and the sequence of indices
(i1, i2, . . . , in) describes a (left-most) derivation of w = a1a2 · · ·an from S in G. If we define a letter-to-
letter morphism h : B∗ → Σ∗ by taking h((∇i,a)) = a for all (∇i,a) ∈ B, then it follows that h(L(G′)) =
L(G) = L. From ω the derivation of w from S in G can be reconstructed deterministically. In fact,
the language L(G′) is deterministic context-free. Hence, there exists a deterministic monotone RRC-
automaton M for this language (see [7]). By interpreting the symbols of B as auxiliary symbols and by
adding the terminal alphabet Σ, we obtain a deterministic monotone RRWWC-automaton M′ from M
such that h(LC(M′)) = h(L(M)) = h(L(G′)) = L. Thus, (M′,h) is a deterministic monotone h-RRWWC-
automaton with h-proper language L. Observe that the input language L(M′) of M′ is actually empty. �

Using automata, the construction above illustrates the linguistic effort to obtain a set of categories
(auxiliary symbols) that ensures the correctness preserving property for the corresponding analysis by
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reduction. Note that in its reductions, the automaton M′ above only uses delete steps (in a special way).
This is highly reminiscent of the basic (elementary) analysis by reduction learned in (Czech) elementary
schools.

From our results derived so far we obtain the following separation result, showing that for determin-
istic monotone h-RLWW-automata, the h-proper languages strictly contain the input languages.

Corollary 9 LRR= L (det-mon-h-RLWW)⊂ LhP(det-mon-h-RLWW ) = CFL.

In the following we will shortly consider another generalization of the RLWW-automaton, the so-
called shrinking RLWW-automaton, see [11]. A shrinking RLWW-automaton M is defined just like
an RLWW-automaton with the exception that it is no longer required that each rewrite step of M must
be length-reducing. Instead it is required that there exists a weight function ω that assigns a positive
integer ω(a) to each letter a of M’s working alphabet Γ such that, for each cycle-rewriting u ⇒c

M v of M,
ω(u) > ω(v) holds. Here the function ω is extended to a morphism ω : Γ∗ → N as usual. We denote
shrinking RLWW-automata by sRLWW. In the following (see the proof of the next proposition) we will
work with a special, linguistically motivated, weight function, which we will call lexical disambiguation.
Let us recall that reductions are cycle-rewritings that decrease the length of the tape contents.

Proposition 10 For each h-RLWW-automaton M, there exists an h-sRLWW-automaton Ms such that
L(Ms) = LhP(Ms) = LhP(M), and there is a one-to-one correspondence between the sets of (length-
reducing) reductions of Ms and M.

Proof. Let M = (M̂,h) = ((Q,Σ,Γ,c,$,δ ,q0,k),h) be an h-RLWW-automaton with basic language
LC(M) and h-proper language LhP(M) = h(LC(M)). We construct an h-sRLWW automaton Ms =
(M̂s,hs) = ((Qs,Σ,Γs,c,$,δs, q0,k),hs) with weight function ωs as follows. Let Γs = Γ∪{ â | a ∈ Σ},
where â (a ∈ Σ) are new working symbols such that hs(â) = a, and let hs(b) = h(b) for all b ∈ Γ.

We say that the degree of lexical ambiguity of an input symbol a ∈ Σ is j, if the set {d ∈ Γ | h(d) = a}
has cardinality j. This is expressed as dga(a) = j. Now we define the weight function ωs by taking, for
each a ∈ Σ, ωs(a) = dga(a)+1, and for each b ∈ Γs rΣ, ωs(b) = 1.

The automaton M̂s will work in two phases. In the first phase, M̂s nondeterministically performs the
so-called lexical analysis, that is, the input symbols on the tape are replaced by symbols from Γs rΣ in
such a way that each a ∈ Σ on the tape is rewritten by a symbol b such that hs(b) = a. For example, this
is achieved by processing the tape from right to left, replacing a single symbol in each cycle. Obviously,
each of these rewritings is strictly weight-decreasing with respect to the weight function ωs. Phase one
ends as soon as the first symbol to the right of the left sentinel c has been rewritten.

In the second phase M̂s simply simulates the given RLWW-automaton M̂ on the rewritten tape con-
tents. During this phase the new auxiliary symbols â are used as substitutes for the input symbols a,
that is, no input symbols occur on the tape during this phase. Now it follows that L(Ms) = LhP(Ms) =
h(LC(M)) = LhP(M). As all the rewrite steps of M̂ are strictly length-reducing, it follows that all the
simulating steps of M̂s are shrinking with respect to the weight function ωs. Moreover, it is easily seen
that the sets of reductions of Ms and M coincide (up to the replacement of a by â for all a ∈ Σ). �

The construction above illustrates the linguistic technique of composing lexical analysis with the
analysis by reduction within a (basic) syntactic analyzer. Observe, however, that not every language
from L (RLWW) is the h-proper language of some h-RLWW-automaton.

Proposition 11 The language Le = {a2n | n ∈N} ∈L (det-RLWW) is not the h-proper language of any
h-RLWW-automaton.
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Proof. It is not hard to construct a det-RLWW-automaton Me such that L(Me) = Le using the ideas
from [6]. In fact, let Me = ({q0,q1},{a},{a,b},c,$,δe,q0,3) be the deterministic RWW-automaton that
is specified by the following transitions:

δe(q0,ca$) = Accept, δe(q0,cb$) = Accept,
δe(q0,caa) = (q0,MVR), δe(q0,cbb) = (q0,MVR),
δe(q0,aaa) = (q0,MVR), δe(q0,bbb) = (q0,MVR),
δe(q0,aa$) = (q1,SL(b$)), δe(q0,bb$) = (q1,SL(a$)),
δe(q0,aab) = (q1,SL(bb)), δe(q0,bba) = (q1,SL(aa)),
δe(q0,cab) = Reject, δe(q0,cba) = Reject,
δe(q1,x) = Restart for all x ∈ {a,b,c,$}≤3.

Given a word w = am as input, Me will rewrite w from right to left, replacing each factor aa by the
symbol b. This continues until no more rewrites of this form are possible. If m is uneven, then Me halts
and rejects, otherwise, the word bm1 is obtained with m1 =

m
2 . In the latter case, Me will rewrite bm1 from

right to left, replacing each factor bb by the symbol a. Again this continues until no more rewrites of this
form are possible. If m1 is uneven, then M2 halts and rejects, otherwise, the word am2 is obtained with
m2 =

m1
2 = m

4 . It can now be easily seen that L(Me) = Le.
To show that Le /∈LhP(h-RLWW), assume that Le = LhP(M) for some h-RLWW-automaton (M,h) =

((Q,{a},Γ,c,$,δ ,q0,k),h). Let z = a2n ∈ Le, where n is a sufficiently large integer satisfying 2n − k >
2n−1, and such that M makes at least one cycle within an accepting computation on some word w ∈ Γ∗

satisfying w ∈ LC(M) and h(w) = z. It is easily seen that such a word w exists, since otherwise the set
of words accepted by M would be a regular language. The accepting computation on w begins with a
reduction of the form w ⇒c

M w′. Since w ⇒c
M w′ is a part of an accepting computation, it follows that

w′ ∈ LC(M), which in turn implies that h(w′) ∈ Le. Thus, h(w′) = am for some integer m satisfying
2n − k ≤ m < 2n. As 2n−1 < 2n − k ≤ m < 2n, this is a contradiction. Hence, Le is not the h-proper
language of any h-RLWW-automaton. �

Together with Proposition 10 this yields the following proper inclusion.

Corollary 12 LhP(h-RLWW)⊂ L (sRLWW).

It can be shown, however, that the language Le, which is not the h-proper language of any h-RLWW-
automaton, is in fact the h-proper language of a deterministic h-sRLWW-automaton that only has length-
preserving rewrite steps.

4 Hierarchies based on window size

In this section we transfer, extend, and generalize the results of [16] from input languages to h-proper
languages and from RRW-automata to h-RLWW-automata. We will show that the classes of h-proper
languages that are accepted by h-RLWW-automata (and by several subclasses of h-RLWW-automata)
form infinite ascending hierarchies with respect to the size of the read/write window. As separating
witness languages, we can actually use the same languages as in [16]. In addition, we obtain a proper
infinite ascending hierarchy within the left-to-right regular languages that converges to the class LRR,
and we obtain a proper infinite ascending hierarchy within the context-free languages that converges
to the complete class CFL. For input languages of RRWW- and RLWW-automata, an analogous result
is impossible, as it follows from [16, 24] that the corresponding hierarchies for the input languages of
RRWW- and RLWW-automata (and of several subclasses of RLWW-automata) collapse into only two
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classes: those that are accepted by RLWW-automata with window size one, and those that are accepted
by RLWW-automata with window size two or larger. The new result on the hierarchy for the complete
class CFL stresses the meaning of the main results from the previous section, since it is based on them.

Recall that an RWW-automaton must restart immediately after executing a rewrite step (see Subsec-
tion 2.1). From [16] we know that RWW-automata with a window of size one are fairly weak. Observe
that the rewrite steps of any RLWW-automaton with window size one do just delete single symbols.
Accordingly, we have the following characterization, where REG denotes the class of regular languages.

Lemma 13
REG = L (1-RC) = L (1-R) = L (1-RW) = L (1-RWW) = LhP(1-h-RWW).

On the other hand, RRWW-automata with a window of size one are more expressive – already a
1-RR-automaton can accept a non-context-free language [16].

Let D1 denote the Dyck language over the alphabet {a1, ā1}, that is, D1 is the language that is gen-
erated by the context-free grammar G = ({S},{a1, ā1},S,P) with the set of rules P = {S → a1Sā1,S →
SS,S → λ}. An alternative way to describe D1 is to interpret a1 as a left bracket and ā1 as a right bracket,
and then D1 is the set of all words consisting of well-balanced brackets. The language D1 is deterministic
context-free, but it is not regular. However, it is accepted by a deterministic 2-det-mon-RC-automaton
that just scans its tape from left to right and deletes the first factor a1ā1 that it encounters.

Lemma 14 [16] D1 ∈ L (2-det-mon-RC).

The next technical lemma lays the foundation for the hierarchies mentioned above.

Lemma 15 For all k ≥ 1, L ((k+1)-det-mon-RC)rLhP(k-h-RLWW) 6= /0.

Proof. We provide a sequence of languages {Lk}∞
k=1 which satisfy

Lk ∈ L ((k+1)-det-mon-RC)rLhP(k-h-RLWW).

1. For k = 1, we take the language L1 = D1. By Lemma 14, D1 ∈ L (2-det-mon-RC). Now assume
that D1 is the h-proper language of an h-RLWW-automaton M1 = ((Q,Σ,Γ,c,$,q0,1,δ ),h) with
window size one. As D1 is not regular, there exists an integer n such that there is a word w∈LC(M1)
such that h(w) = an

1ān
1 ∈ D1 and w is not accepted by a tail computation of M1. Now we consider

an accepting computation of M1 that begins with the restarting configuration q0cw$. As this is not
a tail computation, it contains a first cycle in which the word w is shortened to a word w′. As M1
has window size one, this means that |w′| = 2n− 1 = |h(w′)|. Then h(w′) ∈ LhP(M1), but as D1
does not contain any words of uneven length, this is a contradiction. Thus, D1 is not the h-proper
language of any 1-h-RLWW-automaton.

2. For k ≥ 2, let Lk = {anck−1bn | n ≥ 0}. One can easily design a det-mon-RC-automaton M′
k with a

window of size k+1 such that Lk = L(M′
k), which shows that Lk ∈L ((k+1)-det-mon-RC). Now

assume that Lk is the h-proper language of an h-RLWW-automaton Mk = ((Q,Σ,Γ,c,$,q0,k,δ ),h)
with window size k. Again, as Lk is not regular, there exists an integer n such that there is a word
w ∈ LC(Mk) such that h(w) = anck−1bn ∈ Lk and w is not accepted by a tail computation of Mk.
Now we consider an accepting computation of Mk that begins with the restarting configuration
q0cw$. As this is not a tail computation, it contains a first cycle in which the word w is reduced to
a shorter word w′ such that 2n−1≤ |w′|= |h(w′)| ≤ 2n+k−2. However, as the window size of Mk
is only k, we see that either the prefix corresponding to an or the suffix corresponding to bn of the
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word w is not altered through this rewrite step, which implies that h(w′) either has the prefix an or
the suffix bn. This is a contradiction, as no word from Lk of length at most 2n+ k−2 has prefix an

or suffix bn. Thus, it follows that Lk is not the h-proper language of any h-RLWW-automaton with
window size k. �

Let us note that in the above proof the language L′
1 = {anbn | n ≥ 0} cannot be used to separate

L (1-R) from L (2-R) or L (1-RW) from L (2-RW), etc., since L′
1 6∈L (2-RW) [16]. The above lemma

yields the following hierarchy results.

Corollary 16 For all X ,Y ∈ {RC,R,RW,h-RWW,h-RWWC,h-RWWD,RRC,RR,RRW,h-RRWW,
h-RRWWC,h-RRWWD,RLC,RL,RLW,h-RLWW,h-RLWWC,h-RLWWD}, all prefixes prefX ,prefY ∈
{λ ,det,mon, det-mon}, and all k ≥ 1, the following hold:
(a) LhP(k-prefX -X) ⊂ LhP((k+1)-prefX -X).

(b) LhP((k+1)-prefX -X) r LhP(k-prefY -Y ) 6= /0.

For example, if prefX = mon and X = R, the expression prefX -X denotes mon-R, and for prefX = λ
and X = RRW, the expression prefX -X denotes RRW.

From Theorem 7 and Corollary 16, we see that the classes of h-proper (and input) languages that are
accepted by the deterministic monotone versions of RLC-, RL-, and RLW-automata form infinite strictly
ascending hierarchies within the language class LRR.

Corollary 17 For all X ∈ {RLC,RL,RLW}, the following hold:
(a) For all k ≥ 1, LhP(k-det-mon-X) = L (k-det-mon-X)⊂ LhP((k+1)-det-mon-X)⊂ LRR.

(b)
⋃∞

k=1 LhP(k-det-mon-X) =
⋃∞

k=1 L (k-det-mon-X) = LRR.

From Theorem 8 and Corollary 16, we obtain that the classes of h-proper languages that are accepted
by the monotone versions of deterministic and nondeterministic h-RRWW- and h-RLWW-automata form
proper ascending hierarchies within the class CFL.

Corollary 18 For all X ∈ {h-RRWW,h-RLWW} and all pref ∈ {λ , det} the following hold:
(a) For all k ≥ 1, LhP(k-pref-mon-X) ⊂ LhP((k+1)-pref-mon-X) ⊂ CFL.

(b)
⋃∞

k=1 LhP(k-pref-mon-X) = CFL.

5 Restarting automata with multiple rewrites

In this section we consider still another generalization of the RLWW-automaton, the h-RLWW-
automaton with multiple rewrites (mrRLWW-automaton for short). The aim of this generalization is
to obtain a transparent tool which is strong enough to cover the (surface) syntax of natural languages. An
mrRLWW-automaton M is defined just like an h-RLWW-automaton with the exception that it is required
that, in each cycle of a computation, the automaton M must execute a positive number of SL-steps. By
mrRLWW( j) we denote the class of mrRLWW-automata for which the number of SL-steps in a cycle is
limited by the number j. For mrRLWW-automata we will consider similar subclasses as for h-RLWW-
automata and we will use similar denotations for them. Further, we use the same important notions for
them as for h-RLWW-automata.

It is easily seen that for deterministic mrRLWW-automata and their basic languages, the complete
correctness (error) preserving property does not hold. However, we have the following useful facts on
their computations.



M. Plátek & F. Otto 231

Fact 19 (Cycle Error Preserving Property)
Let M be an mrRLWW-automaton. If u ⇒c∗

M v and u /∈ LC(M), then v /∈ LC(M).

Fact 20 (Cycle Correctness Preserving Property)
Let M be a deterministic mrRLWW-automaton. If u ⇒c∗

M v and u ∈ LC(M), then v ∈ LC(M).

These two facts ensure the transparency for computations of mrRLWW-automata and their basic and
h-proper languages. From the results obtained above, we get the following corollary.

Corollary 21 For all X ∈ {mrRRWW,mrRRWWD,mrRRWWC,mrRLWW,mrRLWWD,mrRLWWC}
and all pref ∈ {λ , det} the following hold:
(a) CFL ⊆ LhP(pref-X).

(b) CFL ⊂ L (mrRRWW)⊆ L (mrRLWW).

This corollary ensures the basic request on the power of mrRLWW-automata and its variants. The
following results support the idea that mrRLWW-automata are strong enough to cover the (surface)
syntax of natural languages.

Lemma 22 For all j ≥ 1, L (det-mrRRC( j+1))rLhP(mrRLWW( j)) 6= /0.

Proof. We provide a sequence of languages {Lm j}∞
j=1 which satisfy

Lm j ∈ L (det-mrRRC( j+1))rLhP(mrRLWW( j)).

1. For j = 1, we take the language Lm1 = {ucu | u ∈ {a,b}∗}. It is not hard to show that Lm1 ∈
L (det-mrRRC(2)). In fact, this language is accepted by a det-mrRRC(2)-automaton M′

1 which,
in each cycle, simply deletes the first symbol and the first symbol following the symbol c if these
two symbols coincide. In a tail M′

1 just accepts c.
Now assume that Lm1 is the h-proper language of an h-RLWW-automaton M1 =
((Q,Σ,Γ,c,$,q0,k,δ ),h). As Lm1 is not regular, there exists an integer n > k such that there is
a word w ∈ LC(M1) such that h(w) = anbncanbn ∈ Lm1 and w is not accepted by a tail compu-
tation of M1. Now we consider an accepting computation of M1 that begins with the restarting
configuration q0cw$. As this is not a tail computation, it contains a first cycle in which the word
w is shortened to a word w′. As M1 has window size k, and as it can use exactly one SL-step in
a cycle, it follows than h(w′) cannot be from Lm1. This is a contradiction, since any cycle in an
accepting computation is correctness preserving. Thus, Lm1 is not the h-proper language of any
h-RLWW-automaton.

2. For j ≥ 2, let Lm j = {(uc) ju | u ∈ {a,b}∗ }. One can easily design a det-mrRRC( j+ 1)-automa-
ton M′

j for Lm j, which shows that Lm j ∈ L (det-mrRRC( j+1)).
Now assume that Lm j is the h-proper language of an mrRLWW( j)-automaton M j =
((Q,Σ,Γ,c,$,q0,k,δ ),h). Again, as Lm j is not regular, there exists an integer n > k such that
there is a word w∈ LC(M j) such that h(w) = (anbnc) janbn ∈ Lm j and w is not accepted by a tail
computation of M j. Now we consider an accepting computation of M j that begins with the restart-
ing configuration q0cw$. As this is not a tail computation, it contains a first cycle in which the
word w is reduced to a shorter word w′, where at least one factor v of w satisfying h(v) = an (or
h(v) = bn) is shortened or at least one c is deleted, while another factor y of w satisfying h(y) = an

(or h(y) = bn) remains unchanged. This, however, means that h(w′) /∈ Lm j, a contradiction. Thus,
it follows that Lm j is not the h-proper language of any mrRLWW( j)-automaton. �
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Thus, we obtain the following consequences.

Corollary 23 For all X ,Y ∈ {mrRRC,mrRR,mrRRW,mrRRWW,mrRRWWD,mrRRWWC,mrRLC,
mrRL,mrRLW,mrRLWW,mrRLWWD,mrRLWWC}, all prefixes prefX ,prefY ∈ {λ ,det}, and all k ≥ 1,
the following hold:
(a) LhP(prefX -X(k)) ⊂ LhP(prefX -X(k+1)).
(b) LhP(prefX -X(k+1)) r LhP(prefY -Y (k)) 6= /0.

We believe that already the class of mrRLWWD(2)-automata is strong enough to model lexical-
ized (surface) syntax of natural languages, that is, to model their analysis by reduction. In the future
we will investigate the relationship of mrRLWWD(2)-automata to the class of mildly context-sensitive
languages [8, 9].

6 Conclusion

We have introduced the h-lexicalized extension of the RLWW-automaton, which yields a formal en-
vironment that is useful for expressing the lexicalized syntax in computational linguistics. Then we
presented the input, basic, and h-proper languages of these automata, and we compared the input lan-
guages, which are the languages that are traditionally considered in automata theory, to the basic and
h-proper languages, which leads to error preserving computations for h-RLWW-automata, and in the
deterministic case it yields complete correctness preserving computations. Based on the result that each
det-mon-RLWW-automaton can be transformed into a det-mon-RLC-automaton that accepts the same
input language, we obtained a transformation from mon-RLWW-automata that characterize the class
CFL of context-free languages through their input languages to det-mon-h-RLWW-automata that char-
acterize the class CFL through their h-proper languages. Through this transformation we have obtained
automata with the complete correctness preserving property and infinite ascending hierarchies within the
classes LRR and CFL, based on the size of the read/write window. Finally, we have introduced classes of
restarting automata with transparent computing which are strong enough to model the syntax of natural
languages (like, e.g., Czech, German or English). For the future we are interested in deriving a charac-
terization of mildly context-sensitive languages [8, 9] by suitable classes of restarting (and list) automata
that have the correctness preserving property.
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the results presented.
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We show that some results from the theory of group automata and monoid automata still hold for
more general classes of monoids and models. Extending previous work for finite automata over
commutative groups, we prove that the context-free language L1∗ = {anbn : n ≥ 1}∗ can not be rec-
ognized by any rational monoid automaton over a finitely generated permutable monoid. We show
that the class of languages recognized by rational monoid automata over finitely generated com-
pletely simple or completely 0-simple permutable monoids is a semi-linear full trio. Furthermore,
we investigate valence pushdown automata, and prove that they are only as powerful as (finite) va-
lence automata. We observe that certain results proven for monoid automata can be easily lifted to
the case of context-free valence grammars.

1 Introduction

A group automaton is a nondeterministic finite automaton equipped with a register which holds an el-
ement of a group. The register is initialized with the identity element of the group, and modified by
applying the group operation at each step. An input string is accepted if the register is equal to the iden-
tity element at the end of the computation. This model has implicitly arisen under various names such as,
for instance, nondeterministic blind counter machines [8], and finite automata with multiplication [10].

The notion of group automata has been actively investigated in the last decade, especially in the case
of commutative groups and in the case of free (non commutative) groups, where remarkable results on
the structure of the languages accepted by such automata have been proven [1, 3, 16]. Subsequently, the
notion of group automaton has been extended in at least two meaningful ways. The first one is that of
monoid automaton, also known as valence automaton, by assuming that the register associated with the
model is a monoid [6, 12, 13]. The second one is that of valence pushdown automaton introduced in [6],
where the underlying model of computation is a pushdown automaton.

The notions of monoid and group automata are also strictly related to that of valence grammar intro-
duced by Pǎun in [20]. A valence grammar is a formal grammar in which every rule of the grammar is

∗The first author is partially supported by TÜBİTAK (Scientific and Technological Research Council of Turkey).
†The second author is supported by a EC-FP7 Marie Curie-TÜBİTAK Co-Funded Brain Circulation Scheme Project 2236
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equipped with an element of a monoid called the valence of the rule. Words generated by the grammar
are defined by successful derivations. A successful derivation is a derivation, that starts from the start
symbol of the grammar and such that the product of the valences of its productions (taken in the obvious
order) is the identity of the monoid.

In the case of context-free grammars, a thorough study of several remarkable structural properties
of the languages generated by the corresponding valence grammars has been done in [6], over arbitrary
monoids and in particular over commutative groups.

In the case of monoid automata where the corresponding monoid is not a group, the requirement that
a successful computation should end with the identity element limits the extent to which we can make
use of the algebraic structure. In order to overcome this obstacle, a new model called monoid automaton
with targets has been introduced and studied. The targets of the automaton are two subsets of the monoid
associated with the model, called respectively the initial set and the terminal set, that define its successful
computations. Precisely, at the beginning of the computation, the register is initialized with an element
from the initial set and a computation is successful if the register holds an element of the terminal set
at the end of the computation. If the targets of the automaton are rational subsets of the monoid, the
corresponding model is called rational monoid automaton. The idea of allowing more general accepting
configurations has been also applied to valence grammars, leading to the concept of valence grammars
with target sets [5].

In this paper, our aim is to show that some of the results from the theory of monoid automata and
group automata still hold for more general models and more general classes of monoids. In the first
part, we will extend some results proven in [16] for finite automata over commutative groups to rational
monoid automata defined by finitely generated inverse permutable semigroups, which are a remarkable
generalization of some commutative semigroups. We prove a lemma similar to the Interchange Lemma
proven in [16] which helps us to show that the language L1

∗ = {anbn : n ≥ 1}∗ can not be recognized by
any rational monoid automaton over a finitely generated permutable monoid. It is also shown that the
class of languages recognized by rational monoid automata over finitely generated completely simple
or completely 0-simple permutable monoids is a semi-linear full trio. In the second part of the paper,
we investigate valence pushdown automata and context-free valence grammars. Using the well known
equivalence between pushdown automata and finite automata over polycyclic monoids, valence push-
down automata and finite valence automata turn out to be equivalent in terms of language recognition
power. We also show that the results proven in [21] for monoid automata can be easily verified for
context-free valence grammars.

2 Background

Let M be a monoid. We denote by ◦ the binary operation of product of M and by 1 its identity. An
(extended) finite automaton over M [15] (also named an M-automaton) is a 6-tuple

E = (Q,Σ,M,δ ,q0,Qa),

where Q is the set of states, Σ is the input alphabet, q0 ∈ Q denotes the initial state, Qa ⊆ Q denotes the
set of accept states and the transition function δ is defined as

δ : Q×Σε → P(Q×M),

where P denotes the power set and Σε = Σ∪{ε} where ε denotes the empty string. For every (q×σ) ∈
Q×Σε , (q′,m) ∈ δ (q,σ) means that when E reads σ in state q, it will move to state q′, and write x ◦m
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in the register, where x is the old content of the register. The initial value of the register is the identity
element of M. The string is accepted if, after completely reading the string, E enters an accept state with
the content of the register being equal to 1.

Extended finite automata over monoids are sometimes called monoid automata as well. We will
denote the family of languages accepted by M-automata by L1(M). In the cases where the monoid is a
group, such models are called group automata.

Let M be a monoid. An M-automaton is said to be with targets if it is equipped with two subsets
I0, I1 ⊆ M called the initial set and the terminal set respectively. An input string w ∈ Σ∗ is accepted by the
automaton if there exists a computation from the initial state to some accepting state such that x0x ∈ I1,
where x0 ∈ I0 and x ∈ M is the content of the register of the machine after the reading of w. Recall
that the rational subsets of a monoid are the closure of its finite subsets under the rational operations
union, product and Kleene star. In the case that I0 and I1 are rational subsets of M, the model is called
rational monoid automaton defined by M [21, 22]. The family of languages accepted by rational monoid
automata defined by a monoid M will be denoted by LRat(M). Note that the family of languages accepted
by rational monoid automata where I0 = I1 = {1} coincides with the set of languages recognized by
ordinary M-automata.

Rational semigroup automata are defined analogously by taking M as a semigroup instead of a
monoid.

Let G = (N,T,P,S) be a context-free grammar where N is the nonterminal alphabet, T is the terminal
alphabet, P⊆N×(N∪T )∗ is the set of rules or productions, and S∈N is the start symbol. We will denote
by ⇒ and ⇒∗ the step derivation relation and its regular closure respectively. L(G) denotes the language
{w ∈ T ∗ : S ⇒∗ w} of words generated by G.

Let us now recall the notion of valence context-free grammar introduced in [6]. Given a monoid M,
a context-free valence grammar over M is a five-tuple G = (N,T,P,S,M), where N,T,S are defined as
before and P ⊆ N × (N ∪T)∗×M is a finite set of objects called valence rules. Every valence rule can
be thus described as an ordered pair p = (A → α ,m), where (A → α) ∈ N × (N ∪T)∗ and m ∈ M. The
element m is called the valence of p.

The step derivation (⇒) of the valence grammar is defined as follows: if (w,m),(w′,m′) ∈ T ∗×M,
then (w,m) ⇒ (w′,m′) if there exists a valence rule (A → α ,n) such that w = w1Aw2 and w′ = w1αw2
and m′ = mn. The regular closure of ⇒ will be denoted by ⇒∗. A derivation of G will be said successful
or valid if it is of the form (S,1)⇒∗ (w,1), that is, it transforms the pair (S,1) into the pair (w,1), after
finitely many applications of the step derivation relation. The language generated by G is the set L(G)
of all the words w of T ∗ such that (S,1)⇒∗ (w,1).

A context-free valence grammar is said to be regular if all of its rules are right-linear, that is, every
valence rule (A → α ,n) is such that α = uX , where u ∈ T ∗ and X ∈ N. The language families generated
by context-free and regular valence grammars over M are denoted by L(Val,CF,M) and L(Val,REG,M),
respectively.

Let us finally recall the notion of valence pushdown automaton introduced in [6]. Let

P = (Q,Σ,Γ,δ ,q0,Qa)

be a finite nondeterministic pushdown automaton, where Q is the set of states, Σ is the input alphabet, Γ
is the stack alphabet, q0 is the initial state, Qa is the set of accept states, and

δ : Q×Σε ×Γε → P(Q×Γε)

is the transition function, where Γε = Γ∪{ε}. Given a monoid M, a nondeterministic valence pushdown
automaton (PDA) over M is the model of computation obtained from P as follows: with every transition
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of P is assigned an element of M, called valence of the transition. Then the valence of an arbitrary
computation is defined as the product of the valences of all the transitions of the computation (taken
in the obvious order). A word of Σ∗ is said to be accepted by the model if there exists an accepting
computation for the word whose valence is the identity of M. The set of all the accepted words is
defined as the language accepted by the valence pushdown automaton. The family of languages accepted
by valence PDA over M is denoted L(Val,PDA,M). It is worth noticing that the equivalence between
valence pushdown automata and valence context-free grammars does not hold for an arbitrary monoid.
However a remarkable result of [6] shows that such equivalence is true if M is a commutative monoid.

Let us finally recall that in the case the pushdown automaton P is a finite state automaton, the corre-
sponding valence model has been called valence automaton over M, and this model coincides with that
of M-automaton. In particular, the family L(Val,NFA,M) of languages accepted by valence automata
coincides with L1(M), and one can prove that L(Val,NFA,M) = L(Val,REG,M) [6].

Throughout the paper, we will denote by REG and CF the class of regular and context-free languages
respectively.

3 Rational monoid automata over permutable monoids

In this part of the paper, we will generalize some results proved in [16]. This generalization is based
upon two different concepts: the permutation property for semigroups and monoid automata with rational
targets.

3.1 Permutation property for semigroups

Let us talk about the notion of permutation property. We assume that the reader is familiar with the
algebraic theory of semigroups (see [9, 14]). The interested reader can find in [4] an excellent survey on
this topic.

Let n be a positive integer and let Sn be the symmetric group of order n.
Let S be a semigroup and let n be an integer with n ≥ 2. We say that S is n-permutable, or that S

satisfies the property Pn, if, for every sequence of n elements s1, . . . ,sn of S, there exists a permutation
σ ∈ Sn, different from the identity, such that

s1s2 · · · sn = sσ(1)sσ(2) · · · sσ(n).

A semigroup S is said to be permutable or that S satisfies the permutation property if there exists
some n ≥ 2 such that S is n-permutable.

Obviously the property P2 is equivalent to commutativity. If S is a finite semigroup of cardinality
n, then one immediately verifies that S is r-permutable, with r ≥ n+ 1. The permutation property was
introduced and studied by Restivo and Reutenauer in 1984 [23] as a finiteness condition for semigroups.

Let us recall that an element s of a semigroup S is said to be periodic if there exist two integers i, j,
with 1 ≤ i < j, such that si = s j. In particular, if s = s2, s is called idempotent. Moreover, if S is a group
and 1 is its identity, then x is periodic if and only if xn = 1, for some positive integer n. If every element
of S is periodic, then S is said to be periodic.

The following result holds.

Fact 1. [23] Let S be a finitely generated and periodic semigroup. Then S is finite if and only if S is
permutable.
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In the case of finitely generated groups, Curzio, Longobardi and Maj proved a remarkable algebraic
characterization of permutable groups.
Fact 2. [2] Let G be a finitely generated group. Then G is permutable if and only if G is Abelian-by-finite,
i.e. G has a (normal) Abelian subgroup of finite index.

One of the most important class of semigroups is that of inverse monoids (see [9, 14, 19]). A monoid
M is said to be inverse if every element m ∈ M possesses a unique element m′, called the inverse of m,
such that m = mm′m and m′ = m′mm′ (see [9, 19]). An important class of inverse monoids called the
polycyclic monoids will be further explored in Section 4.

A remarkable result of Okniński provides a characterization of the permutation property for finitely
generated inverse monoids [19].
Fact 3. [19] Let M be a finitely generated inverse monoid. Then the following conditions are equivalent:

(i) M is permutable.

(ii) The set of idempotent elements E(M) of M is finite and every subgroup of M is finitely generated
and Abelian-by-finite.

The following result is a straightforward consequence of Fact 3 and some basic facts of inverse
monoids. For this purpose, we recall that the algebraic structure of a monoid M is described by its
Green’s relations: L ,R,H ,D , and J . In particular, we recall that, for every m,m′ ∈ M, m R m′

(resp., m L m′) if mM = m′M (resp., Mm = Mm′), and H = R∩L (the interested reader is referred to
Ch. II and Ch. V of [9], or Ch. III of [4]).
Proposition 1. Let M be a finitely generated inverse monoid. Then M is finite if and only if M is
permutable and every finitely generated subgroup of M is periodic.

Proof. If M is finite then trivially it is periodic and, by Fact 1 it is permutable.
Let us prove the converse. Suppose M is permutable and every finitely generated subgroup of M is

periodic.
As an immediate consequence of a well-known property of finitely generated semigroups ([4], Ch.

III Prop. 3.2.4 or [14] Lem. 3.4), the He-class of an arbitrary idempotent e of M is a finitely generated
maximal subgroup of M. Since every finitely generated subgroup of M is periodic, He is periodic. Since
M is inverse and permutable, by Fact 3, the set of idempotent elements E(M) of M is finite and every
finitely generated subgroup of M is Abelian-by-finite. Therefore, He is Abelian-by-finite. Now by Fact
2, it follows that He is permutable. Since He is periodic and permutable, we conclude that He is finite
by Fact 1.

Moreover, always as a consequence of the fact that M is inverse, every R-class and every L -class
of M contain exactly one idempotent ([9], Ch. V Thm. 1.2). Since E(M) is finite, it follows that the
number of R-classes and L -classes of M is finite which implies that the number of H -classes of M is
finite. Recall now that, for every R-class R of M, the cardinality of an arbitrary H -class contained in
R equals the cardinality of the unique He-class contained in R, whose representative is an idempotent e
([9], Ch. II Lem. 2.3). Since we have proved that, for every idempotent e, the He-class is finite, by the
latter, we then get that every H -class is finite which implies that M is finite.

3.2 New results on rational monoid automata over permutable monoids

Let M be the family of finitely generated inverse permutable monoids. We now prove that some mean-
ingful properties proved in [16] in the case of extended finite automata over finitely generated Abelian
groups can be lifted to rational monoid automata defined by monoids of M .

We start with the following basic facts.
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Lemma 1. Let M be a monoid of M . Then one has:

(i) LRat(M) contains the family REG.

(ii) If M has an infinite subgroup, then LRat(M) contains the language L1 = {anbn : n ≥ 1}, over the
alphabet Σ = {a,b}.

Proof. (i) Let L be a regular language accepted by a finite automaton A = (Q,Σ,M,δ ,q0,Qa). We
can turn A into a rational monoid automaton B by setting I0 = I1 = {1} and, for every state q ∈ Q
and for every letter a ∈ Σε , by replacing the state q′ such that q′ ∈ δ (q,a) into the ordered pair
(q′,1). Then one easily checks that L is accepted by B.

(ii) Let G be an infinite subgroup of M. Since M is inverse and permutable, by Fact 3, G is finitely
generated and Abelian-by-finite. By Fact 2, it follows that G is permutable. Since G is infinite, by
Fact 1, G has an element x which is not periodic. Let e be the identity of G. Let x′ be the inverse
of x in G. Let A be the rational monoid automaton over two states q0,q1, where q0 is the (unique)
initial state, q1 is the (unique) final state, I0 = I1 = {e} and the transition function δ of A is defined
as: δ (q0,a) = (q0,x),δ (q0,b) = (q1,x′),δ (q1,b) = (q1,x′),δ (q1,a) = /0. Then one easily checks
that L1 is accepted by A .

In Thm. 1 of [16], it is proven that for any group G, L(G) = REG if and only if all finitely generated
subgroups of G are finite. The following proposition gives a similar characterization for rational monoid
automata defined over finitely generated inverse permutable monoids.

Proposition 2. Let M be a monoid of M . Then LRat(M) = REG if and only if every finitely generated
subgroup of M is periodic.

Proof. Let us prove the necessity. By contradiction, assume the contrary. Hence there exists a subgroup
of M with an element which is not periodic. By Lemma 1, one gets {anbn : n ≥ 1} ∈ LRat(M), so
LRat(M) 6= REG.

Let us prove the sufficiency. By Proposition 1, M is finite. If a language belongs to the set LRat(M),
then it is accepted by a rational monoid automaton with initial set I0 = {1} [21]. Let us show that an
arbitrary rational monoid automaton A = (Q,Σ,M,δ ,q0,Qa) with rational targets I0 = {1} and I1, can be
simulated by a finite automaton. Indeed, let B = (Q×M,Σ, δ̂ ,q0 × I0,Qa × I1) be the nondeterministic
finite automaton (with ε-moves), where the transition function δ̂ of B is defined as

δ̂ (〈q,m〉,a) := {〈q′,m′〉 ∈ Q×M : (q′,x) ∈ δ (q,a) with m′ = mx}

for every 〈q,m〉 ∈ Q×M, and for every a ∈ Σε . Since M is finite, B is well defined and it can be easily
checked, by induction on the length of the computation that spells a word u, that u is accepted by A if
and only if u is accepted by B. This proves LRat(M)⊆ REG. Since by Lemma 1, REG⊆ LRat(M), from
the latter, we get REG= LRat(M).

We now prove that the language L1
∗ = {anbn : n ≥ 1}∗ is not in the family of LRat(M ). In order to

achieve this result, we prove a lemma that is similar to the “Interchange Lemma” proven in [16] Lem. 2
for Abelian groups.
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Lemma 2. Let M be a k-permutable monoid and let L ∈ LRat(M). Then there exists a positive integer
m such that, for every word w ∈ L, with |w| ≥ m, and, for every factorization of w = w1w2 · · ·wm, |wi| ≥
1 (1 ≤ i ≤ m), there exist integers 0 ≤ i0 < i1 < i2 < · · ·< ik < ik+1 ≤ m such that

w = λW1W2 · · ·Wkµ , (1)

where
λ = w1 · · ·wi0 , µ = wik+1 · · ·wm,

1 (2)

and, for every j = 1, . . . ,k,
Wj = w1+i j−1 · · ·wi j (3)

there is a permutation σ ∈Sk, different from the identity, such that the word wσ = λWσ(1)Wσ(2) · · ·Wσ(k)µ
is in L.

Proof. By hypothesis, there exists a rational monoid automaton A , defined by a k-permutable monoid M,
that accepts L. Let A = (Q,Σ,M,δ ,q0,Qa) with rational targets I0 and I1. If c is an arbitrary computation
of A , the element of M associated with c will be denoted by m(c).

Let w be a word of L and let c be a successful computation of A such that c spells w. In particular,
there exists some i0 ∈ I0 where i0m(c) ∈ I1.

Let m = max{k,n}2 + 1 where n is the number of states of A . Suppose now that |w| ≥ m2. By
using the pigeonhole principle, there exists a state q of A such that c can be factorized as the product of
computations

c = cλ c1c2 · · ·ckcµ ,

where

• cλ = q0 → q, is a computation that spells λ ;

• cµ = q → q f , with q f ∈ Qa, is a computation that spells µ ;

• for every i = 1, . . . ,k, ci = q → q, is a computation that spells Wi, (1 ≤ i ≤ k),

and λ ,µ , and Wi, with 1 ≤ i ≤ k, are defined as in (2) and (3) respectively. Hence, from the latter, and
taking into account that M is k-permutable, we have that there exists a permutation σ ∈ Sk \{id.}, such
that

m(c) = m(cλ )m(c1) · · ·m(ck)m(cµ) = m(cλ )m(cσ(1)) · · ·m(cσ(k))m(cµ). (4)

Let cσ be the product of computations cσ = cλ cσ(1) · · ·cσ(k)cµ . Observe that, by the definition of the
computation ci,1 ≤ i ≤ k, cσ is well defined as a computation of A , cσ = s0 → s f , from s0 to s f .
Moreover, by (4), one has m(cσ ) = m(c). Since cσ spells wσ , one has wσ ∈ L. This completes the
proof.

It is shown that L1∗ = {anbn : n ≥ 1}∗ can not be recognized by any finite automaton over an Abelian
group in [16] Prop. 2. Now we prove that the same language is not in LRat(M) when M is a finitely
generated permutable monoid.

Corollary 1. Let M be a finitely generated permutable monoid. Then L1
∗ = {anbn : n ≥ 1}∗ /∈ LRat(M).

1it is understood that if i0 = 0 (resp., ik+1 = m), then λ = ε (resp., µ = ε).
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Proof. By contradiction, assume the contrary. Thus there exists a rational monoid automaton A de-
fined by a permutable monoid such that L1∗ is accepted by A . Let us consider the word of L1

∗,
w = (ab)(a2b2) · · · (aℓbℓ), for ℓ ∈ N sufficiently large. Let us consider the following factorization for
w:

a ·ba2 ·b2a3 · · ·bi−1ai ·biai+1 · · ·aℓ−1 ·bℓ−1aℓ ·bℓ, (5)

that is, w = w1 · · ·wℓ+1, where wi = bi−1ai, i = 1, . . . , ℓ, and wℓ+1 = bℓ. Let us apply Lemma 2 to w
with respect to the factorization (5). Hence we can write w = λW1W2 · · ·Wkµ in the form of the fac-
torization (1) of Lemma 2, and there exists a permutation σ ∈ Sk \ {id.}, such that the word wσ =
λWσ(1)Wσ(2) · · ·Wσ(k)µ is in L1

∗.
Let k = {1, . . . ,k} and let i be the minimal number of k such that σ(i) 6= i. Since σ 6= id., this number

exists and i < k. Moreover the number j ∈ k such that i = σ( j) is strictly larger than i. Indeed, otherwise
j ≤ i, would imply j < i, so contradicting the minimality of i. Now, according to (2) and (3) of Lemma
2, and taking into account that i < j, there exist positive integers α ,β , with β > 1+α such that

λW1 · · ·Wi−1 = a(ba2) · · · (bα a1+α),

where
Wj = (bβ a1+β ) · · · (bγa1+γ), β ≤ γ .

Hence we get

wσ = λW1 · · ·Wi−1WjWσ(i+1) · · ·Wσ(k)µ

= (aba2 · · ·bα a1+α)(bβ a1+β · · ·bγa1+γ)u, u ∈ A∗,

so that aba2 · · ·bα a1+α bβ is a prefix of wσ . Since β > 1+α , the latter contradicts the fact that wσ ∈ L1
∗.

Hence L1∗ /∈ LRat(M).

We can conclude that the following closure properties proven in [16] Thm. 8 for finite automata over
commutative groups also hold for rational monoid automata over finitely generated inverse permutable
monoids.

Corollary 2. Let M be a monoid of M . Then either LRat(M) =REG, or LRat(M) is closed neither under
Kleene star ∗, nor under substitutions.

Proof. If every finitely generated subgroup of M is periodic, by Proposition 2, LRat(M) = REG. Oth-
erwise, by Lemma 1, LRat(M) contains the language L1 = {anbn : n ≥ 1} and, by Corollary 1, L1∗ /∈
LRat(M). The non-closure under substitutions follows since LRat(M) contains REG and it is not closed
under Kleene star.

We finally discuss a property of the class of languages recognized by rational monoid automata.
First, let us recall some definitions about semigroups.

Let S be a semigroup. S1 is the semigroup obtained from S by adjoining an identity element to S.
Similarly S0 is the semigroup obtained from S by adjoining a zero element to S.

An ideal I of a semigroup S is a subset of S with the property that S1IS1 ⊆ I. A semigroup is called
simple if it contains no proper ideal. A semigroup S with a zero element is called 0-simple if the only
ideals of S are {0} and S itself, and SS 6= {0}.

An idempotent element is called primitive if for every non-zero idempotent f , e f = f e = f implies
that e= f . A semigroup is completely simple (completely 0-simple) if it is simple (0-simple) and contains
a primitive idempotent.
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Among the closure properties fulfilled by LRat(M), it is known that, for an arbitrary finitely generated
monoid M, LRat(M) is a full trio [21]. We recall that a family of languages is said to be a full trio if it
is closed under taking morphisms, intersection with regular languages, and inverse morphisms. This can
be reinforced in the case of monoids that are completely simple or completely 0-simple (see [9], Ch. III
for a basic introduction to such structures).

For this purpose, let us recall the following theorem of [22].

Fact 4. [22] Let M be a completely simple or completely 0-simple monoid with maximal non-zero sub-
group G. Then LRat(M) = LRat(G) = L1(G).

A subset S ⊆ Nn is a linear set if S = {v0 + Σk
i=1civi|c1, . . . ,ck ∈ N} for some v0, . . . ,vk ∈ Nn. A

semi-linear set is a finite union of linear sets. A full trio is called semi-linear if the Parikh image of every
language of the family is semi-linear. Moreover a language L ⊆ A∗ is said to be bounded if there exist
words u1, . . . ,un ∈ A+ such that L ⊆ u∗1 · · ·u∗n. A bounded language is said to be (bounded) semi-linear
if there exists a semi-linear set B of Nn such that L = {ub1

1 · · ·ubn
n : (b1, . . . ,bn) ∈ B}. We have then the

following corollary.

Corollary 3. Let M be a finitely generated completely simple or completely 0-simple monoid with max-
imal non-zero subgroup G. If M is permutable, then LRat(M) is a semi-linear full trio. In particular,
every bounded language in LRat(M) is (bounded) semi-linear.

Proof. Let G be the maximal subgroup of M. By Fact 4, LRat(M) = L1(G). Since M is a finitely
generated semigroup, then G is a finitely generated group as well ([4], Ch. III Prop. 3.2.4 or [14] Lem.
3.4). Moreover, since G is permutable, by Fact 2, G has a finitely generated Abelian subgroup H of
finite index in G. By Cor. 3.3 of [1], L1(G) = L1(H) and by Thm. 7 of [16], one has L1(H) = L1(Zm)
for some m ≥ 1, where Zm is the free Abelian group over m generators. We now recall that, by a result
of [8] L1(Zm) is a semi-linear full trio. Let L be a bounded language in LRat(M). By the previous
considerations, L ∈ L1(Zm) and the fact that L is (bounded) semi-linear follows from a classical theorem
of Ibarra [11].

4 Valence grammars and valence automata

In this section, we are going to focus on valence grammars and valence automata. We start by making a
connection between valence automata and valence PDA, proving that valence PDA are only as powerful
as valence automata. Then, we extend some results proven for regular valence grammars to context-free
valence grammars.

4.1 Equivalence of finite and pushdown automata with valences

A well known class of inverse monoids is that of the polycyclic monoids. Let X be a finite alphabet and
let X∗ be the free monoid of words over X . For each symbol x ∈ X , let Px and Qx be functions from X∗

into X∗ defined as follows: for every u ∈ X∗,

Px(u) = ux, Qx(ux) = u.

Note that Qx is a partial function from X∗ into X∗ whose domain is the language X∗x. The submonoid
of the monoid of all partial functions on X∗ generated by the set of functions {Px, Qx | x ∈ X} turns
out to be an inverse monoid, denoted by P(X), called the polycyclic monoid on X . It was explicitly
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studied by Nivat and Perrot in [18] and, in the case |X |= 1, the monoid P(X) coincides with the well-
known structure of bicyclic monoid which will be denoted by B (see [9]). Polycyclic monoids have
several applications in formal language theory and, in particular, define an interesting storage model of
computation for the recognization of formal languages [1, 7, 13, 17, 18].

For any element x ∈ X , PxQx = 1 where 1 is the identity element of P(X) and for any two distinct
elements x,y ∈ X , PxQy is the empty partial function which represents the zero element of P(X). The
partial functions {Px,Qx} model the operation of pushing and popping x in a PDA, respectively. In order
to model popping and pushing the empty string, let us define Pε and Qε as Pε = Qε = 1. The equivalence
between PDA with stack alphabet X and P(X)-automata is investigated in various papers [1, 7, 13]. Note
that a P(X)-automaton is a valence automaton over P(X).

We will focus on the polycyclic monoid of rank 2, which will be denoted by P2, since it contains
every polycyclic monoid of countable rank.

Theorem 1. For any monoid M, L(Val,PDA,M) = L(Val,NFA, P2 ×M).

Proof. Let L ∈ L(Val,PDA,M) and P = {Q,Σ,X ,δ ,q0,F,M} be a valence PDA recognizing L. We
know that a PDA with stack alphabet X is equivalent to a valence automaton over P(X). Hence, P
can be seen as an NFA where two distinct valences (one in P(X) and one in M) are assigned to each
transition. An equivalent valence automaton M = {Q,Σ,P(X)×M,δ ′,q0,F} can be constructed, where
a valence from the monoid P(X)×M is assigned to each transition. Recall that the partial functions Qa
and Pb model the operations of popping a and pushing b respectively. A transition of P of the form
(q′,b,m) ∈ δ (q,σ ,a) where a,b ∈ Xε , q,q′ ∈ Q, σ ∈ Σε and m ∈ M can be expressed equivalently as
(q′,〈QaPb,m〉) ∈ δ ′(q,σ) where 〈QaPb,m〉 ∈ P(X)×M.

A string is accepted by M if and only if the product of the valences labeling the transitions in M
is equal to 〈1,1〉, equivalently when the product of the valences labeling the transitions in P is equal to
the identity element of M and the stack is empty. Since any polycyclic monoid is embedded in P2, we
conclude that L ∈ L(Val,NFA,P2 ×M).

Conversely, let L∈L(Val,NFA,P2×M) and let M = {Q,Σ,P2×M,δ ,q0,F} be a valence automaton
over P2 ×M recognizing L. Suppose that 〈p,m〉 ∈ P2 ×M is a valence labeling a transition of M . The
product of the labels of a computation which involves a transition labeled by the zero element of P2 can
not be equal to the identity element. Hence we can remove such transitions. Any nonzero element p
of P2 can be written as Qx1 Qx2 . . .QxnPy1Py2 . . .Pyo for some n,o ∈ N and xi,yi ∈ Xε , after canceling out
elements of the form PaQa and PbQb, where X = {a,b} is the generator set for P2. The product can be
interpreted as a series of pop operations followed by a series of push operations performed by a PDA,
without consuming any input symbol. Hence, an equivalent valence PDA P = {Q′,Σ,X ,δ ′,q0,F,M}
can be constructed where a valence from M is assigned to each transition. Let (q′,〈p,m〉) ∈ δ (q,σ)
where q,q′ ∈ Q, σ ∈ Σε , 〈p,m〉 ∈ P2 ×M and p = Qx1Qx2 . . .QxnPy1Py2 . . .Pyo be a transition in M . In
P , we need an extra n+o states {q1, . . . ,qn+o} /∈ Q and the following transitions to mimic that specific
transition of M .

(q1,ε ,m) ∈ δ ′(q,σ ,x1)

(q2,ε ,1) ∈ δ ′(q1,ε ,x2)

...

(qn+1,ε ,1) ∈ δ ′(qn,ε ,xn)



244 Generalized Results on Monoids as Memory

(qn+2,y1,1) ∈ δ ′(qn+1,ε ,ε)
(qn+3,y2,1) ∈ δ ′(qn+2,ε ,ε)

...

(q′,yo,1) ∈ δ ′(qn+o,ε ,ε)

A string is accepted by P if and only if the product of the valences labeling the transitions in P is
equal to the identity element of M and the stack is empty, equivalently when the product of the valences
labeling the transitions in M is equal to 〈1,1〉. We conclude that L ∈ L(Val,PDA,M).

Note that when M is commutative, the equality L(Val,CF,M) = L(Val,NFA,P2 ×M) also holds.

Corollary 4. Let M be a polycyclic monoid of rank 2 or more. Then L(Val,PDA,M) is the class of
recursively enumerable languages.

Proof. It is known that L(Val,NFA,M×M) is the class of recursively enumerable languages [13] when
M is a polycyclic monoid of rank 2 or more. Since L(Val,PDA,M) = L(Val,NFA,P2×M), by Theorem
1, the result follows.

4.2 Context-free valence languages

It is known that the class of languages generated by regular valence grammars and the class of languages
recognized by valence automata coincide [6]. In this section, we are going to prove that the results
proven in [21] which hold for valence automata and therefore regular valence grammars, also hold for
context-free valence grammars. Although the proofs are almost identical, they are presented here for
completeness. Note that the same proofs can be also adapted to valence PDA.

Let I be an ideal of a semigroup S. The binary relation ρI defined by

aρIb ⇐⇒ either a = b or both a and b belong to I

is a congruence. The equivalence classes of S mod ρI are I itself and every one-element set {x} with
x ∈ S\ I. The quotient semigroup S/ρI is written as S/I and is called the Rees quotient semigroup [9].

S/I = {I}∪{{x}|x ∈ S\ I}

In [21] Prop. 4.1.1, it is shown that the elements belonging to a proper ideal of a monoid do not have
any use in the corresponding monoid automaton. We show that the same result holds for context-free
valence grammars.

Proposition 3. Let I be a proper ideal of a monoid M. Then L(Val,CF,M) = L(Val,CF,M/I).

Proof. Let L ∈ L(Val,CF,M) and let G be a context-free grammar over the monoid M such that L(G) =
L. The product of the valences which appear in a derivation containing a rule with valence x∈ I, will itself
belong to I. Since I is a proper ideal and 1 /∈ I, such a derivation is not valid. Hence any such rules can
be removed from the grammar and we can assume that G has no such rules. For any x1,x2, . . . ,xn ∈ M\ I,
it follows that x1 . . .xn = 1 in M if and only if {x1}{x2} . . .{xn}= {1} in M/I. Let G′ be the context-free
grammar with valences in M/I, obtained from G by replacing each valence x ∈ M with {x}. It follows
that a string w has a valid derivation in G if and only if the product of the valences is mapped to {1} in
G′. Hence L(G′) = L.
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Conversely let L ∈ L(Val,CF,M/I) and let G′ be a context-free grammar over the monoid M/I such
that L(G′) = L. Suppose that there exists a valid derivation consisting of a rule with I as the valence.
Then the product of the valences of the whole derivation will be I, which is not possible. Let G be the
context-free grammar with valences in M, obtained from G′ by replacing each valence {x} ∈ M/I with
x. Since {x1}{x2} . . .{xn}= {1} in M/I if and only if x1 . . .xn = 1 in M, a string w has a valid derivation
in G if and only if the product of the valences is mapped to {1} in G′. Hence L(G) = L.

Let S be a semigroup. S is the null semigroup if it has an absorbing element zero and if the product
of any two elements in S is equal to zero. A null semigroup with two elements is denoted by O2.

The following corollary is analogous to [21] Cor. 4.1.2.

Corollary 5. For every monoid M, there is a simple or 0-simple monoid N such that
L(Val,CF,M) = L(Val,CF,N).

Proof. If M has no proper ideals then it is simple. Otherwise, let I be the union of all proper ideals
of M and let N = M/I. We can conclude from the proof of Cor. 4.1.2 [21] that N2 = 0 or N is 0-
simple. If N2 = 0, then N is O2 and the semigroup O2 does not add any power to the grammar since it
does not even contain the identity element. Hence, L(Val,CF,O2) = L(Val,CF,{1}) where {1} is the
trivial monoid which is simple. In the latter case N is 0-simple and by Proposition 3, L(Val,CF,M) =
L(Val,CF,M/I) = L(Val,CF,N).

Prop. 4.1.3 of [21] states that a finite automaton over a monoid with a zero element is no more
powerful then a finite automaton over a version of the same monoid from which the zero element has
been removed, in terms of language recognition. The result is still true for context-free valence grammars
since the same proof idea applies. The following notation is used: M0 =M∪{0} if M has no zero element
and M0 = M otherwise.

Proposition 4. Let M be a monoid. Then L(Val,CF,M0) = L(Val,CF,M).

Proof. Since M ⊆ M0, it follows that L(Val,CF,M)⊆ L(Val,CF,M0). Suppose L ∈ L(Val,CF,M0) and
let G be a context-free grammar with valences in M0 and L(G) = L. Note that a valid derivation can not
contain a rule with a zero valence since otherwise the product of the valences would be equal to zero.
Any such rules can be removed from G to obtain G′, a context-free grammar with valences in M, without
changing the language, and L ∈ L(G′).

Fact 5. [21] A simple (0-simple) monoid with identity 1 is either a group (respectively, a group with 0
adjoined) or contains a copy of the bicyclic monoid as a submonoid having 1 as its identity element.

Now we are ready to prove the main theorem of the section which will allow us to determine the
properties of the set of languages generated by context-free valence grammars. We need the following
proposition which is the grammar analogue of Prop. 1 of [12].

Proposition 5. Let M be a monoid, and suppose that L is accepted by a context-free valence grammar
over M. Then there exists a finitely generated submonoid N of M such that L is accepted by a context-free
valence grammar over N.

Proof. There are only finitely many valences appearing in the rules of a grammar since the set of rules
of a grammar is finite. Hence, the valences appearing in derivations are from the submonoid N of M
generated by those elements. So the grammar can be viewed as a context-free valence grammar over
N.
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Recall that a group G is locally finite if every finitely generated subgroup of G is finite.

Theorem 2. Let M be a monoid. Then L(Val,CF,M) either

(i) equals CF,

(ii) contains L(Val,CF,B),

(iii) contains L(Val,CF,Z) or

(iv) is equal to L(Val,CF,G) for G an infinite periodic group which is not locally finite.

Proof. Let M be a monoid. By Corollary 5, L(Val,CF,M) = L(Val,CF,N) for some simple or 0-simple
monoid N. By Fact 5, N either contains a copy of the bicyclic monoid as a submonoid or N is a group (a
group with 0 adjoined). In the former case (ii) holds.

In the latter case, if N is a group with zero adjoined, then by Proposition 4 we know that for some
group G, L(Val,CF,N) = L(Val,CF,G). If G is not periodic, then it has an element of infinite order
which generates a subgroup isomorphic to Z and hence (iii) follows. Otherwise, suppose that G is
locally finite. By Proposition 5, every language in L(Val,CF,G) belongs to L(Val,CF,H) for some
finitely generated subgroup H of G. Since G is locally finite, H is finite. Any language L(Val,CF,H) is
context-free by a result from [24] and hence (i) holds. The only remaining case is that G is a periodic
group which is not locally finite, in which case (iv) holds.

For instance, the result about valence grammars over commutative monoids in [6], now follows as a
corollary of Theorem 2.

Corollary 6. Let M be a commutative monoid. Then L(Val,CF,M) = L(Val,CF,G) for some group G.

Proof. Since no commutative monoid M can contain a copy of the bicyclic monoid as a submonoid, the
result follows by the proof of Theorem 2.

5 Future work

Is it possible to prove a pumping lemma for rational monoid automata over permutable monoids?
In Section 4.1, we prove that a valence PDA over M is equivalent to a valence automaton over P2×M.

Can we prove a similar equivalence result for context-free valence grammars?
In Theorem 2, we conclude that when M is a monoid that contains B, L(Val,CF,M) contains the

class L(Val,CF,B). Since B is not commutative, no correspondence with valence PDA exists, and little
is known about the class L(Val,CF,B), except that it contains the set of partially blind one counter
languages. What can we say further about L(Val,CF,B)?
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Ö. Salehi, F. D’Alessandro & A. C. C. Say 247

[4] Aldo de Luca & Stefano Varricchio (1999): Finiteness and Regularity in Semigroups and Formal Languages.
Springer-Verlag New York, Inc., doi:10.1007/978-3-642-59849-4.

[5] Henning Fernau & Ralf Stiebe (2001): Valence grammars with target sets. In: Words, Semigroups, and
Transductions, pp. 129–140, doi:10.1142/9789812810908 0010.

[6] Henning Fernau & Ralf Stiebe (2002): Sequential grammars and automata with valences. Theoretical Com-
puter Science 276(12), pp. 377 – 405, doi:10.1016/S0304-3975(01)00282-1.

[7] Robert H. Gilman (1996): Formal languages and infinite groups. Geometric and computational perspectives
on infinite groups, pp. 27–51.

[8] Sheila A. Greibach (1978): Remarks on blind and partially blind one-way multicounter machines. Theoretical
Computer Science 7, pp. 311–324m doi:10.1016/0304-3975(78)90020-8.

[9] John M. Howie (1995): Fundamentals of Semigroup Theory. Clarendon Oxford.
[10] Oscar H. Ibarra, Sartaj K. Sahni & Chul E. Kim (1976): Finite automata with multiplication. Theoretical

Computer Science 2(3), pp. 271 – 294, doi:10.1016/0304-3975(76)90081-5.
[11] Oscar H. Ibarra & Shinnosuke Seki (2015): Semilinear sets and counter machines: A brief survey. Funda-

menta Informaticae 138(1-2), pp. 61–76.
[12] Mark Kambites (2006): Word problems recognisable by deterministic blind monoid automata. Theoretical

Computer Science 362(1), pp. 232–237, doi:10.1016/j.tcs.2006.06.026.
[13] Mark Kambites (2009): Formal languages and groups as memory. Communications in Algebra 37(1), pp.

193–208, doi:10.1016/0022-0000(83)90003-X.
[14] Gerard Lallement (1979): Semigroups and Combinatorial Applications. John Wiley & Sons, Inc.
[15] Victor Mitrana & Ralf Stiebe (1997): The accepting power of finite automata over groups. In: New Trends

in Formal Languages, Springer-Verlag, pp. 39–48, doi:10.1007/3-540-62844-4 4.
[16] Victor Mitrana & Ralf Stiebe (2001): Extended finite automata over groups. Discrete Applied Mathematics

108(3), pp. 287–300, doi:10.1016/S0166-218X(00)00200-6.
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