Definitions

1. Define the first-order term!

The set of terms, i.e. the set Term is given by the following inductive
definition:

1. Var UF(0) C Term
2. If fe F(n), (n=1,2,...), and t; € Term, to € Term and ...
and t,, € Term then f(t1,ta,...,t,) € Term.
2. Define the first-order atomic formula!

The set of atomic formulas,(a subset of the Form set) contains the
followings:

1. P(0) € Form
2. If t; € Term and to € Term, then (t1 =1t2) € Form

3. If Pe P(n), (n=1,2,...), and t; € Term, ty € Term and ...
and t,, € Term then P(t1,t2,...,tn) € Form



Practical exercises

Let LM be a first-order language:

LW = (LC, {z1,22,...},{p. ¢, [, g, ¢} , Term, Form)
e p € P(1) and g € P(2) are predicate parameters,
e f € F(1) and g € F(2) are function parameters,

e ¢ € F(0) is a name parameter.

Let (U, ¢) be an interpretation of L(1):

U={1,23,4}

1 fze=1lorz=4
e o(p) =V p’(m)={

0 otherwise

1 ifx>y

0 otherwise

e o(g)=¢ d(z,y)= {

e of)=f  [fllz)=5-u,
o 0(g)=¢ g (x,y) =abs(z —y) +1
2

First-order evaluation
3. |c\1<)U’Q> if v(z1) =1,v(x) =3

(U,0) =92

ey

4. Jzo| 72 i v(2q) = 1, v(2s) = 3

2|79 =3



ot

SIS i v(an) = 1,0(zs) = 3
)7 =3
6. [£(g(c, )" if (1) =1, 0(wa) =3

£ (g(e, )79 = 4

=~

l9(f (1), F@2))|009 if v(@1) = 1,v(z2) = 3
9(f(21), f(22))|(09 =3
8. 1f(g(x1, g(az, )T if v(ar) = 1, v(zs) = 3

1f(g(z1, g(aa, )"0 =3

\I2\<U’Q> if v(zy) = 2,v(z2) =4

v

©w

|x2|1()U7g> —4
10. |g(f(x1), F(x2)) if v(a1) = 2,v(zs) = 4
l9(f (@), f(x2)))¢ =3

11 |f(g(z1, g(z2, )0 if v(21) = 2,v(x2) = 4

£ (g(z1, g(aa, )P0 =3

3



12.

13.

14.

15.

16.

17.

18.

la(21,22) D =g(f(@1), fl@a)|? if v(a1) = 1, v(22) = 3
(w1, 22) D ~q(f(21), f(22))|1 = 1
Va1 (g(f (1), 22) D —q(wr, f(@2))[S7 if v(wr) = 1,0(22) = 3
V1 (q(f (21), 72) D ~q(an, f(22))){ =1
|3z2(q(f(c), w2) D =q(e, F@)| if v(w1) = 1,0(x5) = 3
32 (q(f(c),22) D —qle, f(22))])"¢ =1
F3a1p(z1) O Var—q(zr, f(@)7 if v(ar) = 1,v(zs) = 3

|E|$1p(l‘1) D vml—!q(gjl’f(xl))‘ff],@) =0

4



19. Vay3za—q(z, f(22)) 09 if v(zy) = 1,v(z2) = 3

|V£U1E|CE2—'€]($17f($2))|£U’g> =1

20. |31 Vaaq(a, fz2)[? if v(z) = 1,0(ws) = 3

|3$1V962WI($17f(332))|£U’g> =1

21. |V Vaa(q(zr, f(22) V a(f(x2), 21)) "2 if v(z) = 1 v(zz) = 3

Vo Vo (g2, flae)) V q(f(xs), 5131))|1<}U’g> -0

22. Prenex form of: Va1q(f(z1),x2) D —q(z1, f(x2))

)
Va1q(f(r1),72) D —q(z1, f(72))
Vasq(f(xs), r2) D —q(x1, f(r2))
Jz3(q(f(x3), 22) D ~q(z1, f(22))

23. Prenex form of: Jzaq(f(c),z2) D —q(c, f(z2))
D (e, f(z2))

) 1‘2) <
1) D ~q(c, f(x2)) &

),21) > ~qe, f(22))

=
=
)

Jwaq(f(
Jz1q(f(
Vi (q(f

C), T2

)
c)
(c

24. Prenex form of: 3x1p(x1) D Vei1—q(xy, f(z1))

Jzip(x1) D Vai—q(zy, f(x1)) ©
Jzip(x1) D Vao—q(xs, f(x2)) &
Vai(p(x1) D Vaoq(xs, f(22)
Va1Vas(p(z1) D —~q(z2, f(z2)

) &

)
)



25. Prenex form of: —Vz13xaq(x1, f(22))

—\Vxlﬂxzq(ﬂﬁlv f(mQ)) A
Jw1—3xaq (a1, fa2)) &
Az, Vro—g(z1, f(22))

26. Prenex form of: —3x1Vaaq(xy, f(22))

—\E|$1vl'2q<$17 f(l?g)) A
Va1 —=Vaeq(xy, f(z2)) &
Vay3xa—g(xy, f(xs2))

27. Prenex form of: Va1Ves(q(z1, f(z2)) V q(f(22), 1))

Va1Vaa(q(zr, f(x2)) V q(f(z2), 1)) is in prenex form.

28. Construction tree of: Va1q(f(x1),x2) D —q(x1, f(x2))

Vriq(f(x1), 22) D —q(w1, f(x2))

/\

Vr1q(f(21), 2) —q(z1, f(x2))

} )

q(f(x1),22) q(z1, f(22))
29. Construction tree of: Jx2q(f(c), z2) D —q(c, f(x2))
Fraq(f(c), w2) D ~q(c, f(w2))

— T

Jraq(f(c),m2)  —qle, f(a2))

} }

q(f(c),z2) q(c, f(x2))



30. Construction tree of: Jxip(x1) D Voi—q(z1, f(z1))

Jo1p(z1) D Vorg(w, f(21))

/\

Jz1p(x1) Var1=q(z1, f(z1))

} }

p(r1) —q(w1, f(21))

!

q(z1, f(z1))
31. Construction tree of: —Va13xaq(z1, f(22))
—Va13z2q(21, f(22))

!

Va3zaq(z1, f(22))

!

EIqu(xla f(mQ))

!

q(z1, f(22))
32. Construction tree of: ~3x1Vxaq(z1, f(22))

-3z Veaq(z1, f(z2))

!

Fz1Vroq(xy, f(x2))

!

Vzoq(zy, f(z2))

!

q(z1, f(w2))



33. Construction tree of: Vr1Vxa(q(z1, f(x2)) V q(f(z2),21))
ViV (q(z, f(22)) V q(f(22), 71))

}

Va(q(ar, f(22)) V q(f(2), 21))

!

q(z1, f(x2)) V q(f(22), 1)

/\

q(z1, f(72)) q(f(z2),21)



