Logic in Computer Science 2012 — Questions for practical test

Questions for practical test

The practical test contains questions only from this document.
Table of content:

e Zero-order syntax: formula, abbrevation, immediate subformula, set of sub-
formula, logical degree, scope, main logical connective,

e Zero-order semantics: interpretation, formula valuation, tautology, contra-
diction, equivalance, logical consequence,

e First-order syntax: formula, term, abbrevation, immediate subformula, set
of subformula, logical degree, scope, main logical connective, immediate
subterm, set of subterms, functional degree, boundings, clean formula

e First-order semantics: interpretation, formula valuation, term valuation.

Kadek Tamas, Farshad Badie  University of Debrecen 2012.




Logic in Computer Science 2012 — Questions for practical test

Zero-order syntax

Which one is a formula (but not an abbreviation)?

1. -

2
3. (X AY)v 2)
4 (X AY)vZ
5. =(X VY
6
7
8

o~ o~

. =X VvY))
(X v ZY)
(X Vv ZAY)

9.

10.

11.

12.

13.

14.

15.

(—X)

—(X)

X 5 —(Y A Z)

(X o vZY)

(X 2Y)>~(X Vv Z)
(X>Z>Y)

(X vYo>—-—2)
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Zero-order syntax

Put back the parentheses!

1. =X v ——Y 5. X A=Y >Z
2. Y5 X A—Z 6. X>-Y AZ

3. —~XAYDZ 7. Xo5(Y A=X)VY
4 ~(-X AY)DZ 8. - XvY DY AZ

Remove as much patrentheses as possible from the following formulas!

1. (XAY)D2) 4, ——((X AY)D 2)
2. (XA (Y D22) 5. (X AY)> (Z v —X))
3. (=X A (Y D22) 6. (m(X>-Y)A(Zv—X))
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Zero-order syntax

Determine the following properties!

(a) Logical degree,

(b) immediate subformulas,

1. X

(c) set of subformulsa,

(d) main logical connective.

7.
8.
9.
10.
11.
12.

(= (X A=Y) > (Z v —X))
~(X2YVv—-Z)A-YDZ
(==X DY v ——2)

X AXDY
(~=X A (Y > 2))
~—~(X AY) > 2)
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Zero-order semantics

Evaluate the expressions!

(a) Il(X) = true, Iy (Y) = false, Il(Z) = false, Il(W) = false

L |-(XAZ)oYh 6. |[=(=(X2D2Y V) AWDZ)]
2. [(Xo=Y)o—=(Y22)" 7. |~(X A=Y)D Zv X"

3. /(X v=Y)A=(Y22)" 8. [ "X AZDY v -Wh

4. |[(XvY >—=Z)o-Y rZE 9. [(-X AZDY)v =W

5 |(X5-¥)5=(¥52)F 10 [-~((X A Y) > 2"
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Zero-order semantics

Evaluate the expressions!

(b) IQ(X) = false, IQ(Y) = false, IQ(Z) = true, IQ(W) = false

L |-(XAZ)oY|R 6. |[=(=(XDYVvZ)AW D 2Z)*
2. [(Xo=Y)o~(Y22) 7. |=(X A=Y)D Zv—-X|E

3. /(X v=Y)A—=(Y 22) 8. "X AZDY v =W

4. [(X VY D—=Z)> =Y A Z|T 9. (-X AZDY)v W

5 [(X5-¥)5=(Y52)B 10 [-~((X A Y) > 2)%
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Zero-order semantics

Construct an interpretation (if possible) which satisfies the followings!
L |=(Yv—=Z2Xv2)F = true
2. [ XY VvZE =true; |[=(=XVY)|[2 =true; |ZDUVY[E2 = true
3. [ (X AY 2 2)|B =true;  |=U D =25 = true;  |Y D =U|* = true

Proove or disprove that the following formulas are tautologies or contradictions!

1. - XA-YD(XVY) 4. = (X A= (Y A —=(Z v —X)))
2. -(X2Y)o—=(X A—Y) 5. =X o (Y o (Z o —-X))
3. (X o-Y)A(-ZDY) 6. X o (Y o(Z>-X))
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Zero-order semantics
Proove or disprove, that the following formulas are logically equivalent!
L (XvY)AX <~y X
2. (X AY)vX <y X
3.XVvY2Z <y (X A-Y)vZ
4. (XoY)oZ <y (YoX)oZ
5. X5 (Y 2Z) ~g X>(ZoY)
6. Xo(Y2Z) ~y (XoY)o2Z
7. XvYoZ <y ZvYoX

8. (XoY)v(ZoW) <y —(XAZ)v—(=Y A —=W)
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Zero-order semantics

1. Proove or disprove, that the K > X formula is a logical consequence of
the formulas below!
(Xv=Y)A(Z2W)

-YvZoXvU)

2. Proove or disprove, that the =W > Z formula is a logical consequence of
the formulas below!
(Xv=Y)A(Z2>W)

-(YvZ>XvU)
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First order syntax

Underline the 7 type terms of the L, language!
Ly = {({m},{P,Q, R} ,{f,9},{c})
e z,y,%,... are m type variables
o vi(P) =(m), v(Q)=(m1,m), vi(R)= (m1,m1)
o va(f) = (m1, ™), v2(g) = (71, 71)

e v3(c) = (m)

1. ¢ 5. c(z)

2. x 6. f(c)

3. F(x) 7. flg(z))

4. fle,x) 8. fly(x,y),2)

10.
11.
12.
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First order syntax

Underline the formulas of the L, language!
Ly = {({m},{P,Q, R} ,{f,9},{c})
e z,y,%,... are m type variables
o vi(P) =(m), v(Q)=(m1,m), vi(R)= (m1,m1)
o va(f) = (m1, ™), v2(g) = (71, 71)

e v3(c) = (m)

1. P(c) 5. Juf(x) 9. P(z) o 32Q(z, )
2. Q(a) 6. V=P() A f(z)  10. 3f(2)P(f())

3. —P(—f(x)) 7. 3eR(f(c),y) 11 () A VyQ(y, )
4. R(f(x),g(x)) 8. —3zR(P(c), f(x)) 12. P(z A y)
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First order syntax

Let P,Q, R, ... predicate symbol, f, g, h, ... function symbol, a,b, ¢, ... constant
symbol and x,y, z, ... variables of a first order language!

e Specify the functional degree of the terms and logical degrees of the for-
mulas,

e specify the immediate sub expressions!

1 P(z) v Q(z,y) > P(f(x)) » Q(f(2),y)
2. Va(P(z) v Q(z,y) = P(z) A Q(z,y))
3. flg(z.y))

4. g(f(x), f(x))

5. =P(g9(f(z), f(2)))
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First order syntax

Clean the formulas!

1.

© o N o o

:‘>9°!°

Vavy(Q(z,y) > —Q(y, x))

Va(P(z) v Q(z,¢)) = J2—Q(z, ¢)
VaVy(P(x) A Qy,z) > —P(y))
Q(z, f(z)) A =Q(y, f(y))
VaIyQ(y, z) A —~IyVazQ(y, z)
—VaVy(Q(z,y) > ~Q(y, z))
=(Vz(P(z) v Q(z,c)) = Iz—Q(z,¢))
Jz3y—(P(z) A Qy,z) > —~P(y))
VadyQ(y, z) v ~IyVzQ(y, z)
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First-order semantics

Evaluate the expression: |Vz(Q(f(z),y) 2 —Q(z, f(y)))

I,k

L= ({r} AP, Q},{f g}, {c})

® z,y,z,... are w type variables o vo(f) = (m,m), va2(g) = (m,m,m)

o ni(P)=(m), n(@Q=(mm) e v3(c) = (m)

I = (Isrt, Ipr, IFn, Ionst)

I e
o Isq(m) =1{1,2,3,4) Fila) =5-a
p ; gl(a,8) =|la—pBl+1
e Ip.(P)=P', Ip.(Q)=Q Pl(oz) _ true fa=1lora=4
- false othervise

Ipn =f1 Ipn =g’
® IR (f) f F (g) 9 true ifa>p

false othervise

Q' (a,8) = {

o Icnst(c) =2

k(z) =1, k(y)=3
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First-order semantics

Evaluate the expression: |3y(Q(f(c),y) > —=Q(c, f(y)))|1*

L= ({r} AP, Q},{f g}, {c})

® z,y,z,... are w type variables o vo(f) = (m,m), va2(g) = (m,m, )

e ni(P)=(m), n(@=(mm) e v3(c) = (m)

I = (Isrt,Ipr,IFn, Ionst)

I e
o Isq(m) = 1{1,2,3,4) o) =5-a
p ; gl(a,8) =|la—pBl+1
e Ip.(P)=P', Ip.(Q)=Q Pl(oz) _ true fa=1lora=4
- false othervise

Ipn =f1 Ipn =g’
® IR (f) f F (g) 9 true ifa>p

false othervise

Q' (a,8) = {

o Icnst(c) =2

k(z) =1, k(y)=3
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First-order semantics

Evaluate the expression: |32 P(z) o Vz—Q(x, f(x))|~

L= {r},{P,Q}, {f g} {c})
e x,y,z,... are 7 type variables o va(f) = (m,m), v2(g) = (m,m,m)

e ni(P)=(m), n(@=(mm) e v3(c) = (m)

I = (Isrt,Ipr,IFn, Ionst)
fI(a) =5—«

o Ign(m) ={1,2,3,4}
g (a,B) =la—pBl+1

_ pl —_ NI
o Ip.(P)=P, Ip.(Q)=Q true ifa=lora=4

I —
Pi(a) _{ false othervise

o Ipn(f) =f' Irn(9)=g'
Q.5 = {

true ifa>p

o Icnst(c) =2 false othervise

k(z) =1, k(y)=3
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First-order semantics

Evaluate the expression: |Va3y—Q(x, f(y))|!"

L= {r},{P,Q}, {f g} {c})
e x,y,z,... are 7 type variables o va(f) = (m,m), v2(g) = (m,m,m)

e ni(P)=(m), n(@=(mm) e v3(c) = (m)

I = (Isrt; Ipr,Irn,ICnst)
I — 5 _
o Isne(m) = {1,2,3,4} fil@) =5-a
g'(a, ) =la—p|+1

I _ true ifa=1lora=4
Pia) = { false othervise

e Ip(P)=P' Ip(Q)=Q'
o Irn(f) =f1 Irn(g) =g°

false othervise

Q[(Oé7ﬁ):{ true ifa>p

o Icnst(c) =2

k(z) =1, k(y)=3
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First-order semantics

Evaluate the expression: |32Vy—Q(x, f(y))|!"

L= {r},{P,Q}, {f g} {c})
e x,y,z,... are 7 type variables o va(f) = (m,m), v2(g) = (m,m,m)

e ni(P)=(m), n(@=(mm) e v3(c) = (m)

I = (Isrt; Ipr,Irn,ICnst)
I — 5 _
o Isne(m) = {1,2,3,4} fil@) =5-a
g'(a, ) =la—p|+1

I _ true ifa=1lora=4
Pia) = { false othervise

e Ip(P)=P' Ip(Q)=Q'
o Irn(f) =f1 Irn(g) =g°

false othervise

Q[(Oé7ﬁ):{ true ifa>p

o Icnst(c) =2

k(z) =1, k(y)=3
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First-order semantics

Evaluate the expression: |VaVy(Q(z, f(v)) v Q(f(y),x))|"~

L= {r},{P,Q}, {f g} {c})
e x,y,z,... are T type variables o va(f) = (mm), wa(g) = (7,7, m)

o vi(P) = (m), n(Q) = (mm) e v3(c) = (m)

I = (Isrt, Ipr,IFn, Ionst)

o Igp(m) = {1,2,3,4} @) =5-a
. I 9'(a,B8) = |a— Bl +1
e Ipr(P) =P, Ipr(Q)=Q p! _ true ifa=1lora=4
(@) = false  othervise

o Ipn(f)=f' Ipn(g) =g’ ] o> d
Lrue I «

Q' (o, B) = { false othervise

o Icnsi(c) =2

k(z) =1, k(y)=3
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